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Preface

The main goal of this book is to give a presentation of various types of coherent
states introduced and studied in the physics and mathematics literature during al-
most a century. We describe their mathematical properties together with application
to quantum physics problems. It is intended to serve as a compendium on coherent
states and their applications for physicists and mathematicians, stretching from the
basic mathematical structures of generalized coherent states in the sense of Gilmore
and Perelomov' via the semiclassical evolution of coherent states to various specific
examples of coherent states (hydrogen atom, torus quantization, quantum oscilla-
tor).

We have tried to show that the field of applications of coherent states is wide,
diversified and still alive. Because of our own ability limitations we have not covered
the whole field. Besides this would be impossible in one book. We have chosen some
parts of the subject which are significant for us. Other colleagues may have different
opinions.

There exist several definitions of coherent states which are not equivalent. Nowa-
days the most well known is the Gilmore—Perelomov [84, 85, 155] definition: a co-
herent state system is an orbit for an irreducible group action in an Hilbert space.
From a mathematical point of view coherent states appear like a part of group rep-
resentation theory.

In particular canonical coherent states are obtained with the Weyl-Heisenberg
group action in Lz(R) and the standard Gaussian ¢g(x) =7 1/ 4e’x2/ 2 Modulo mul-
tiplication by a complex number, the orbit of ¢ is described by two parameters
(g, p) € R? and the L?-normalized canonical coherent states are

0g.p(x) = g VA= (=) /24i((x=q)p+qp/2)

Wavelets are included in the group definition of coherent states: they are obtained
from the action of the affine group of R (x — ax + b) on a “mother function”
Ve L%(R). The wavelet system has two parameters: ¥, (x) = ﬁl/f(xa;b).

IThey have discovered independently the relationship with group theory in 1972.
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One of the most useful property of coherent system 1, is that they are an “over-
complete” system in the Hilbert space in the sense that we can analyze any n € H
with its coefficient (¥, n) and we have a reconstruction formula of 1 like

n:fdzmzwz,

where 7 is a complex valued function depending on (v;, ).

Coherent states (being given no name) were discovered by Schrodinger (1926)
when he searched solutions of the quantum harmonic oscillator being the closest
possible to the classical state or minimizing the uncertainty principle. He found that
the solutions are exactly the canonical coherent states ¢, .

Glauber (1963) has extended the Schrddinger approach to quantum electro-
dynamic and he called these states coherent states because he succeeded to explain
coherence phenomena in light propagation using them. After the works of Glauber,
coherent states became a very popular subject of research in physics and in mathe-
matics.

There exist several books discussing coherent states. Perelomov’s book [156]
played an important role in the development of the group aspect of the subject and in
its applications in mathematical physics. Several other books brought contributions
to the theory of coherent states and worked out their applications in several fields
of physics; among them we have [3, 80, 126] but many others could be quoted as
well. There is a huge number of original papers and review papers on the subject;
we have quoted some of them in the bibliography. We apologize the authors for
forgotten references.

In this book we put emphasis on applications of coherent states to semi-classical
analysis of Schrodinger type equation (time dependent or time independent). Semi-
classical analysis means that we try to understand how solutions of the Schrédinger
equation behave as the Planck constant 7 is negligible and how classical mechanics
is a limit of quantum mechanics. It is not surprising that semi-classical analysis
and coherent states are closely related because coherent states (which are particular
quantum states) will be chosen localized close to classical states. Nevertheless we
think that in this book we have given more mathematical details concerning these
connections than in the other monographs on that subjects.

Let us give now a quick overview of the content of the book.

The first half of the book (Chap. 1 to Chap. 5) is concerned with the canonical
(standard) Gaussian Coherent States and their applications in semi-classical analysis
of the time dependent and the time independent Schrédinger equation.

The basic ingredient here is the Weyl-Heisenberg algebra and its irreducible rep-
resentations. The relationship between coherent states and Weyl quantization is ex-
plained in Chaps. 2 and 3. In Chap. 4 we compute the quantum time evolution of
coherent states in the semi-classical régime: the result is a squeezed coherent states
whose shape is deformed, depending on the classical evolution of the system. The
main outcome is a proof of the Gutzwiller trace formula given in Chap. 5.

The second half of the book (Chap. 6 to Chap. 12) is concerned with extensions
of coherent states systems to other geometry settings. In Chap. 6 we consider quan-
tization of the 2-torus with application to the cat map and an example of “quantum
chaos”.
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Chapters 7 and 8 explain the first examples of non canonical coherent states
where the Weyl-Heisenberg group is replaced successively by the compact group
SU(2) and the non-compact group SU(1, 1). We shall see that some representations
of SU(1, 1) are related with squeezed canonical coherent states, with quantum dy-
namics for singular potentials and with wavelets.

We show in Chap. 9 how it is possible to study the hydrogen atom with coherent
states related with the group SO(4).

In Chap. 10 we consider infinite systems of bosons for which it is possible to
extend the definition of canonical coherent states. This is used to prove mean-field
limit result for two-body interactions: the linear field equation can be approximated
by a non linear Schrodinger equation in R? in the semi-classical limit (large number
of particles or small Planck constant are mathematically equivalent problems).

Chapters 11 and 12 are concerned with extension of coherent states for fermions
with applications to supersymmetric systems.

Finally in the appendices we have a technical section A around the stationary
phase theorem, and in section B we recall some basic facts concerning Lie algebras,
Lie groups and their representations. We explain how this is used to build general-
ized coherent systems in the sense of Gilmore—Perelomov.

The material covered in these book is designed for an advanced graduate student,
or researcher, who wishes to acquaint himself with applications of coherent states
in mathematics or in theoretical physics. We have assumed that the reader has a
good founding in linear algebra and classical analysis and some familiarity with
functional analysis, group theory, linear partial differential equations and quantum
mechanics.

We would like to thank our colleagues of Lyon, Nantes and elsewhere, for discus-
sions concerning coherent states. In particular we thank our collaborator Jim Ralston
with whom we have given a new proof of the trace formula, Stephan Debievre, Alain
Joye and André Martinez for stimulating meetings.

M.C. also thanks Sylvie Flores for offering valuable support in the bibliography.

To conclude we wish to express our gratitude to our spouses Alain and Marie-
France whose understanding and support have permitted to us to spend many hours
for the writing of this book.

Lyon and Nantes, France Monique Combescure
Didier Robert
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Chapter 1
Introduction to Coherent States

Abstract In this Chapter we study the Weyl-Heisenberg group in the Schrédinger
representation in arbitrary dimension n. One shows that it operates in the Hilbert
space of quantum states (and on quantum operators) as a phase-space translation.
Then applying it to a Schwartz class state of arbitrary profile we get a set of gen-
eralized coherent states. When we apply the Weyl-Heisenberg translation operator
to the ground state of the n-dimensional Harmonic Oscillator, one gets the stan-
dard coherent states introduced by Schrodinger (Naturwissenshaften 14:664—666,
1926) in the early days of quantum mechanics (1926). Later the coherent states
have been extensively studied by Glauber (Phys. Rev. 131:2766-2788, 1963; Phys.
Rev. 130:2529-2539, 1963) for the purpose of quantum optics and it seems that their
name comes back to this work. The standard coherent states have been generalized
by Perelomov (Generalised Coherent States and Their Applications, 1986) to more
general Lie groups than the Weyl-Heisenberg group.

We also introduce the usual creation and annihilation operators in dimension n
which are very convenient for the study of coherent states. We show that coherent
states constitute a non-orthogonal over-complete system which yields a resolution
of the identity operator in the Hilbert space and which allows a computation of the
Hilbert—Schmidt norm and of the trace of respectively Hilbert—Schmidt class and
trace-class operators.

We study their time-evolution for the quantum Harmonic Oscillator hamiltonian
and show that a time evolved coherent state located around phase-space point z is up
to a phase a coherent state located around the phase-space point z;, where z; is the
phase-space point of the classical flow governed by the Harmonic Oscillator. This
property was described by Schrodinger as the non-spreading of the time evolution
of coherent states under the quantum Harmonic Oscillator dynamics.

We also show how to go from the Schrédinger to the Fock—Bargmann represen-
tation using the standard coherent states.

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 1
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_1, © Springer Science+Business Media B.V. 2012



2 1 Introduction to Coherent States

1.1 The Weyl-Heisenberg Group and the Canonical Coherent
States

1.1.1 The Weyl-Heisenberg Translation Operator

Consider quantum mechanics in dimension n. Then the position operator O hasn
components Ql, .. Qn where Q j is the multlphcatlon operator in LZ(R") by the

coordinate x;. Simllarly the momentum operator P hasn components P where

A

_—h— 1.1
laxj (1.1)

h is the Planck constant divided dy 27. Q and P are selfadjoint operators with
suitable domains D(Q) and D(P).

D(Q) = {u € Lz(R”) |xju(x) c Lz(R”), Vj= 1n}

D(ﬁ):{ueL (R”)‘ax e L*(R"), '=1,...,n}

The operators Q and P obey the famous Heisenberg commutation relation
[P, Ox] = —8;xihi 1.2)

on the domain of Q P—P. Q The bracket [A, B] is the commutator:

~

[4, 8] = Ak BA

On the intersection of the domains D(Q) N D(IS) the operator p - Q —q- P is well
defined for z = (¢, p) € R?", where the dot represents the scalar product:

n
0=) pj0;
1

It is selfadjoint so it is the generator of a unitary operator f(z) called the Weyl—
Heisenberg translation operator:

A i
T(z)= exp<ﬁ(

p.Q—q.ﬁ)> (1.3)
Now we use the Baker—Campbell-Hausdorff formula

Lemma 1 Consider two_anti-selfadjoint operators A, B in the Hilbert space H,
with domains D(A), D(B). We assume the following conditions are satisfied:

(i) There exists a linear subspace space Ho dense in H, which is a core for A
and B.
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(ii) Ho is invariant for A, B, e elB ,VteR.
(iii) A and B commute with [A B] in Ho and l[A B] well defined in Ho, has a
selfadjoint extension in H.

Then we have

[4. é]>exp( )exp(B) (1.4)

N =

exp(A + é) = exp(—

Proof Let us introduce
F(t)u —t /2[A B]etAetBu

where u € Hy is fixed. Let us compute the time derivative

F'(tyu = —t[A, é]efﬂ/z[/i,é]e Aetéu
+e HAABIGA(Z 4 B)e'By (1.5)

The only difficulty is to commute B with ', But we have, using the commutations
assumptions,

So we get that
F'(ty=(A+ B)F(1) (1.6)
and the formula (1.4) follows. U

Using this formula, one deduces the multiplication law for the operators f(z):
T()T () =eXp<—2iho(z,z’)>f(z+z’) (1.7)
where for z = (¢, p), 2 = (¢, p'), o (z, Z’) is the symplectic product:
0(z,2)=q-p'—p-q (1.8)
and
T()T ()= eXp(—%a(z, z/)) T(Z)7(2)

which is the integral form of the Heisenberg commutation relation. In particular we
have:

A _1 A A
(T@) =(T@)' =T
since the symplectic product of z by itself is zero.

The fact that the Weyl-Heisenberg unitary operator is a translation operator can
be seen in the following lemma:
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Lemma 2 For any z = (q, p) € R*" one has

A

7() (g) T = (g:;’)) (19

Proof Let us denote i(z) =p- Q —q- Pifz= (g, p). We have easily
ih— <e%i(z) Qe—ji(z)) — e%i(z)[Q’ i(z)]e—%i(z)

But we have [Q, f,(z)] = —ihq. So we get the formula for Q With the same proof
we get the formula for P. O

Corollary 1
P (2) =e7ia P2y Qe (1.10)
Proof Let
0(1) = e~ir°0p/2he #p-0 o= "Hq-P
Using Lemma 1 we get

iA,)_iU,_iﬁ(t U@)
dt (Z_dt ()_h U(

Hence the corollary follows. t

Let us specify the situation in dimension 1. We introduce:

i
el = —P
Vh
a;
erp = —
Vh
e3=1il
We easily check that
[e1, e2] = e3, [e1,e3] =[e2,e3]1=0

This means that the operators Q, P, 1 generate a Lie algebra denoted by h; which
is the Weyl-Heisenberg algebra. The elements of this algebra are defined using
triplets of coordinates (s; x, y) € R3 by:

W =xe1 + yez + se3 (1.11)
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In quantum mechanics it is more convenient to use the following coordinates:
it i, A .

W=-—1+ ﬁ(pQ—qP)

where the real numbers ¢, g, p are defined as
qz—x/ﬁ, pzx/ﬁy, t = —2hs
Then we can calculate the commutator of two elements W, W’ of the Lie algebra b :
Lemma 3
(W, W= (xy/ - yx/)e3 (1.12)
o((x,y), (x",¥)) =xy' —x'y is simply the symplectic product of (x, y) and (x', y').

Proof We simply use Lemma 1. O

For any W in b we can define the unitary operator ¢" and we get a group using
(1.4). This group is denoted Hj. It is a Lie group and its Lie algebra is ;. The Lie
group Hj is simply R? with the non commutative multiplication

t, ), )= (t+1+0(z,7),z+7), wherer eR,zeR? (1.13)

We deduce (1.13) from an elementary computation. If W, W’ € §; using (1.4) we
have

! " 1
eVeW ="' where W' = 5[W, W1+ W+ W

Using the (¢, g, p) and (¢, g, p’) coordinates for W and W’ respectively, we get the
corresponding coordinates (¢t”, ¢”, p”) for W such that

" =t+1+0(z7), =747

which is the Weyl-Heisenberg group multiplication (1.13).
In the same way we define the Weyl-Heisenberg algebra b, and its Lie Weyl—
Heisenberg group H,, for any n > 1.

The Weyl-Heisenberg Group H,, and Schrodinger Representation in Dimen-
sion n  The Weyl-Heisenberg Lie algebra b, is a real linear space of dimension
2n 4+ 1. Any W € b, has the decomposition

W=zl 2(p-0—g-P). where 0=(01.....0,). P=(Pr..... By)

(t;q, p) = (t;2) € R x R?" is a coordinates system for W. The Lie bracket of W
and W', in these coordinates, is

(W, W= %a(z,z/)]l
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This reflects the Heisenberg commutation relations (1.2).
As for n = 1 a group multiplication is introduced in R x R?" to reflect multiplica-
tion between operators " . So, H,, is the set R x R?" with the group multiplication

)" )= (t+1"+0(z,2)2+7) (1.14)
where o is the symplectic bilinear form in R>":
o(z)=q-p'—q"-p, ifz=(qp), =@ p"

H, is a Lie group of dimension 2n 4+ 1.

The Schrodinger representation is defined as the following unitary representation
of H,, in L2(R"):

p(t.2)=e""*"T(z), (t.2) €H,

In other words the map (¢, z) — p(¢, z) is a group homomorphism from the Weyl—
Heisenberg group H, into the group of unitary operators in the Hilbert space
L2(R™M).

By taking the exponential of W one recovers the Weyl-Heisenberg Lie group
defined above:

A

eV =ei1/20 exp(% (pO- qﬁ)) =e 2T (g)
Recall that z = (g, p).
Remark 1 The Schrodinger representation is irreducible, this will be a consequence
of the Schur Lemma 10. According to the celebrated Stone—von Neumann theorem

(see [182]) the Schrodinger representation is the unique irreducible representation
of H,,, up to conjugation with a unitary operator, for every & > 0.

1.1.2 The Coherent States of Arbitrary Profile

The action of the Weyl-Heisenberg translation operator on a state u € L>(R") is the
following:

(f"(z)u)(x) = exp(—%q . p> exp(%x . p)u(x —-q) (1.15)

Physically it translates a state by z = (g, p) in phase space. One has a similar for-
mula for the Fourier transform that we denote F defined as follows:

Fu(€) = Qnh)™" f e V€4 (0 dx

n
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(F(T(u)E) = exp(ﬁq : p) exp(—%q -s)f(uxs —p)

which says that the state is translated both in position and momentum by respec-
tively ¢ and p. Now taking any function u¢ in the Schwartz class S(IR") the coherent
state associated to it will be simply

uz(x) = (T (2Juo) (x) (1.16)

A useful example for applications is the following generalized Gaussian function.
Le be I' a symmetric complex n x n matrix such that its imaginary part JI" is
positive-definite. Then we can take ug = (p(F ), where

0D (x) = (h) " 4det /4 (3 Me (1.17)

1.2 The Coherent States of the Harmonic Oscillator

1.2.1 Definition and Properties

They have been introduced by Schrodinger and have been extensively studied and
used. They are obtained by taking as reference state ug the ground state of the har-
monic oscillator

2
o(x) = po(x) = (wh)~"/* eXp(—%) (1.18)

Thus ¢, := f‘(z)<p0 is simply a Gaussian state of the form

. . N2
0. (x) = (hy "4 exp(—;—hq . p) exp(%x ~p> exp(—%) (1.19)

1 (] - . _ 2
(F)(€) = (xh) ™4 exp(%) exp(—i% = %) (1.20)

. is a state localized in the neighborhood of a phase-space point z = (¢, p) € R*"
of size +/h in all the position and momentum coordinates. Then it is a quantum
state which is the analog of a classical state z obtained by the action of the Weyl—
Heisenberg group H,, on ¢g. They are also called canonical coherent states. They
have many interesting and useful properties that we consider now.

It is useful to use the standard creation and annihilation operators:

a=—(0+iP) (1.21)

al=—(0—iP) (1.22)
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at is simply the adjoint of a defined on D(Q) N D(13). Furthermore a simple con-
sequence of the Heisenberg commutation relation is that:

[aj.a]]=6;x (1.23)
Then the Hamiltonian of the n-dimensional harmonic oscillator of frequency 1 is
H, —1(132+Q2)—hi afa; + = —E(aT~a+a-aT) (1.24)
) e\ ) 2 '
J:

It is trivial to check that the ground state ¢g of Hys is an eigenstate of a with eigen-
value 0. A question is: are the coherent states ¢, also eigenstates of a? The answer
is yes and is contained in the following proposition:

Proposition 1 Let z = (q, p) € R*. We define the number o € C" as

cx:\/%(q+ip) (1.25)
Then the following holds
T(aT(z) ' =a—« (1.26)
Moreover
ap; = ag; 1.27)

Proof We simply use Lemma 2 to prove (1.26). Then we remark that:
T(@al ()"'o: =T(@apy=0=(a— g O

The Baker—Campbell-Hausdorff formula (1.4) is still true for annihilation-
creation operators but we need to adapt the proof with the following modifications.

Let H be the linear space spanned by the products ¢ (x)e™ where « € N and
n € C". We can extend the definition of f(z)u for every u € Hp and z € Cc2n,

Lemn}a 4 Foreveryu € Ho,z f"(z)u can be extended analytically to C2" More-
over T (2)u € Ho and we have for every z, 7z € C** and every u € H,,

T()T (' )u= exp(—ﬁm, z’>)f<z +2)u (1.28)

where o is extended as a bilinear form to C*" x C".

Proof Using formula (1.15), we can extend T(@)u analytically to C2". So we can
define

A

exp(%(p- O0—q- P))u =T (u, forz=(q,p)eC>
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Now with the same proof as for (1.4), we get that (1.28) is still true for every z,
7 eC". O

Using (1.28), in the creation and annihilation operators representation we have
that

2
T(z)=exp(e-a' —@-a)= exp(—%) exp(a-a’)exp(—a - a) (1.29)

Recall that by convention of the scalar product - we have:
n n
&«azz&jaj, a~a1'=ZajajI.
Jj=1 Jj=1

Using (1.29) we have, since exp(—a - a)go = ¢p:

|| ;
¢:=exp| ——- exp(a-a")go (1.30)

Two different coherent states overlap. Their overlapping is given by the scalar prod-
uct in LZ(R"). We have the following result:

Proposition 2

0(2,7) e =2
(@2, 92) =e><p(l o )exp(— i (1.31)
Proof We first establish a useful lemma:
Lemma 5
(9o, T (2)¢0) = ex _kP (1.32)
@0, ¥o) = eXp an .

Proof We use (1.29). So we get

2 . 2 _
T L e [ e

But since ¢y is an eigenstate of a with eigenvalue 0, we simply have
le™* 0] =1 :

The operator T(z) transforms any coherent state in another coherent state up to
a phase:
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Lemma 6
“ i
T()p, = exp(— ﬁo(z, z’))(pzﬂ/

Proof The proof is immediate using (1.7).
The overlap between ¢, and ¢, is given by:

(@2 02) = (T (@0, T(Z)po) = eXp<21—ha(z, z’)>(¢0, T(z —2)¢0)

where we have used (1.7). Now using the lemma for the last factor we get the re-
sult. O

In the particular case of the dimension n equals one, the kth eigenstate ¢y of
the harmonic oscillator (the Hermite function, normalized to unity) is generated
by (ah)k:

¢ = (k)" (a") o

so that expanding the exponential, formula (1.30) gives rise to the following well-
known identity:

ok
¢ = exp(—lal?/2) 3 S=gy
) k=0m

In arbitrary dimension n, the operator (aT.)k excites the ground state of the harmonic
oscillator to the kth excited state of the jth degree of freedom. More precisely let
k = (k1, ..., k,) € N" be a multiindex. The corresponding eigenstate of Hog is:

Pk (x) = @, (x1) - . . Pr, (x) (1.33)

and it has eigenvalue Ex = (k| + k2 + - - - 4+ k;, + n/2)h. Note that this eigenvalue is
highly degenerate, except Ey. We have

Lemma 7

_ J
w=]1-"w (1.34)
The physicists often use the ket notation for the quantum states. Let us define it
for completeness:

10) = @0
k) = ¢k

and they also designate the coherent state with the ket notation:

|z) = ¢,
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Then we have:

Lemma 8

7\ 00
I2) :exp<—%> 3 %u() (1.35)

qj+ip;
where o ; = “ ==L and
J N

k _ _ki_k k
o =0y

k! =kilka!. . . ky!

1.2.2 The Time Evolution of the Coherent State for the Harmonic
Oscillator Hamiltonian

A remarkable property of the coherent states is that the Harmonic Oscillator dy-
namics transforms them into other coherent states up to a phase. This property was
anticipated by Schrodinger himself [175] who describes it as the non-spreading of
the coherent states wavepackets under the Harmonic Oscillator dynamics. Further-
more the time-evolved coherent state is located around the classical phase-space
point of the harmonic oscillator classical dynamics.

Let z := (¢, p) € R?" be the classical phase-space point at time 0. Then it is
trivial to show that the phase-space point at time 7 is just z; := (¢;, p;) given by

2 =Fiz

where F; is the rotation matrix

Fl=<CO.St smt)
—sinz cost
We have the following property:

Lemma 9 Define

<Q:(l)> — o—itHos/h <Q:> oit Hos/ B
P (1) P

Note that Q(—t), ﬁ(—t) are the so-called Heisenberg observables associated to
Q, P.Then:
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()
00\ _, (0
<13(t)> =F, <ﬁ> (1.36)
(ii)
emitHos /R ()i tHos/h — T (7,
Proof

(i) One has, using the Schrédinger equation and the commutation property of Q P

that
£(80)-(20)
dt \ P(t) o)
Then the solution is (1.36).
(ii) Then

A

e MM (p- Q0 —q - P)e M =p-00) —q - P)=pi- Qg P
By exponentiation one gets the result. O

Proposition 3 The quantum evolution for the harmonic oscillator dynamics of a
coherent state @, is given by

e—itl:l(,s/h —itn/2

¢ =¢ Dz
Proof
e—irﬁos/h(pz _ e—itﬁﬂs/hf(z)eitﬁos/h % e—nﬁm/h%
= 7Aw(Zz)e_im/z(PO = e_im/zfﬂz[
where we have used that ¢ is an eigenstate of 1’:10S with eigenvalue n % ]

In Chap. 3 we shall see a similar property for any quadratic hamiltonian with
possible time-dependent coefficients. Then the quantum time evolution of a coherent
state will be a squeezed state instead of a coherent state, located around the phase-
space point z; for the associated classical flow which is linear (since the Hamiltonian
is quadratic).

1.2.3 An Over-complete System

We have seen that the coherent states are not orthogonal. So they cannot be con-
sidered as a basis of the Hilbert space L?(R") of the quantum states. Instead they
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will constitute an over-complete set of continuous states over which the states and
operators of quantum mechanics can be expanded.

We can now introduce the Fourier-Bargmann transform that will be studied in
more details in Sect. 1.3. We start from ug € L*(R"), [[ug|* := [gu luo(x)|*dx =1.
Let us define the Fourier—-Bargmann transform by the following formula

]-“qu(z) =v%(2) = @rh) " (u.,v), z=1(q,p) eR*" (1.37)

If ug is the standard Gaussian @, the associated Fourier—-Bargmann transform will
be denoted F5.

Proposition 4 ]-'MB is an isometry from L*(R") into L>(R>")
Proof We have
(5, v) = 7R P4 /R V() uo(x — e ¥ PR gx (1.38)
From Plancherel theorem we get
Qrh)™" /R (g, py» v)|*dp = fRn@(x)uo(x —q)| dx (1.39)

Then we integrate in ¢ variable and change the variables: ¢’ = x — g, x’ = x, so we
get the result. (|

Then by polarization we get that the scalar product of two states v, ¥’ € L?(R")
can be expressed in terms of ¥¥, (y/)%:

W.y)= / dz(y") ()P (2) (1.40)

We deduce, using Fubini theorem that the function ¥*(z) determines the state v/
completely:

v =/dzw”(z)<pz (1.41)

This implies that the Schrodinger representation is irreducible.
Then we use Schur’s lemma:

Lemma 10 IfA is a bounded operator in L*>(R") such that
AT(@) =T (A, VzeR™
then
A=ci

for some C € C.
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We deduce that the coherent states provide a resolution of unity. Define the fol-
lowing measure:

du(z)=Cdz=Cdq1dqy...dg,dpi1dp>...dp, (1.42)

where and C € C is a constant to be determined later. Let |z)(z| be the projection
operator on the state |z). We consider the operator

A :/d,u(z) 12)(z]

We have the following result:
Proposition 5 A commutes with all the operators f(z).

Proof Using (1.7) we get:
[A,T(2)] = /d,u(z’)(exp(—%_bo(z,z’))lz/)(z/ —7z|

- exp(—%ia(z, z/>>|z + z’><z’|)

Now using the change of variable 7"/ = z + 7’ in the last term we get zero.
Therefore in view of the Schur’s lemma A must be a multiple of the identity
operator:

A=d "1

We determine the constant d by calculating the average of the operator A in the
coherent state |z):

/2

2h

The constant C can be chosen so that d = 1. Therefore the resolution of the identity
takes the form:

/du(z)lz)(ZI =1 (1.43)

where d i (z) is given by (1.42) and the constant C is such that
|z
C d —— =1
\/RZn < exp ( Q.h

C=@uhy™ (1.44)

This gives
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The resolution of identity (1.43) allows to compute the trace of an operator in

terms of its expectation value in the coherent states. Let us recall what the trace of
an operator is when it exists.

Definition 1 An operator B is said to be of trace class when for some (and then
any) eigenbasis ¢; of the Hilbert space one has that the series (e, (B*B)!/ Zer) is
convergent. Then the trace of B is defined as

Tr(B) = (ex. Bex) (1.45)

keN

An operator B is said to be of Hilbert—Schmidt class if B*B is of trace class.

Proposition 6 Let B be an Hilbert-Schmidt operator in L*(R") then we have
~ 112 —n A2
18] = @xh) f | Buc| az (1.46)
R n
If B is a trace-class operator in L>(R") then we have

TrB = (27rh)_”/2 (uz, Buy)dz (1.47)
R n

Proof Let {e;} be an orthonormal basis for L*(R") (for example the Hermite basis
¢;). We have

18155 ="lBe;]?
j
= l(Bey)’| (1.48)
j
But we have
(Bej)*(2) = (Bej,ur) = (ej, B*u,) (1.49)

Using Parseval formula for the basis {e;} we get

SlBe | = anyr [ 157w a: (1.50)

Jj=0 R

Using that || B ||%” = | B* ||%{S we get the first part of the corollary.

For the second part we use that every class trace operator can be written as B=
B} By where By, By are Hilbert-Schmidt. Moreover the Hilbert-Schmidt norm is

associated with the scalar product (l§2, 3’1) = Tr(l§§1§1). So we get
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Tr(é) :Tr(lg’;él) =Q2rh)™" /Rzn<é2uz, éluz)dz

- (2nh)—"f (uz, Bu;)dz (1.51)
]RZn

These formulas will appear to be very useful in the sequel.

1.3 From Schrodinger to Bargmann-Fock Representation

This representation is well adapted to the creation-annihilation operators and to the
Harmonic oscillator. It was introduced by Bargmann [17]. In this representation the
phase space R?" is identified to C":

_q—ip
(g, p)—>¢= 7

and a state v is represented by the following entire function on C”":
172+112
Vi (©) = ¥ (g, pe”
Recall that ¥#(z) = Quh) ™" (¢, ¥), 2= (¢, p)-

Proposition 7 The map ¥ — 1//111{01 is an isometry from L*(R") into the Fock space
F(C") of entire functions f on C" such that

2 &t =
/«: | (O] e " |d¢ Adi| < +o0
F(C™) is an Hilbert space for the scalar product

(fo fi) = /C AR T |de AdE| (1.52)

Proof A direct computation shows that 1/;%01 is holomorphic: 85 I/fgol = 0. Recall
that the holomorphic and antiholomorphic derivatives are defined as follows.

1 1
b= +idy). ==, —id))

We can easily get the following explicit formula for 1//5101:

2 2
Vi (§) = (h)~3M/4a7n/2 f 1//<x)exp[—1<x— —V2x-¢+ éh—)}dx (1.53)
R R\ 2 2
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The transformation i +— wﬁol is called the Bargmann transform and is denoted
by B. Its kernel is the Bargmann kernel:

—3n/4n—n/2 1(x? ¢?
B()C,é'):(ﬂh) 2 exp _ﬁ ?_\/EX'C-F? ,

where x e R", ¢ € C"* (1.54)

Recall the notations x2 =x - x, (2 =¢-¢,0 -7 =]
Using that ¥ — ¥ is an isometry from LZ(R") into LZ(R>"), we easily get that

[Cn|wﬁol<s“>|ze*% [de AdE] = w13 (1.55)

Hence B is an isometry form L?(R") into F(C").

_For convenience let us introduce the Gaussian measure on C',dugp=¢e" S ld¢ A
dg|.
It is not difficult to see that F(C") is a complete space.
If { f¢} is a Cauchy sequence in F(C") then { f3} converges to f in L>(C", d ).
So we get in a weak sense that oz f =0so f is holomorphic hence f € F(C"). O

Let us now compute the standard harmonic oscillator in the Bargmann represen-
tation. We first get the following formula

/ 0.9 (1)B(x, ) dx =/ wx)(% - §g>3<x,;>dx (156)
]Rn ]Rn
Bgf Iﬂ(x)B(x,g“)dxzf 1/f(x)<£x—£)3(x,§)dx (1.57)
R Rn h h
Hence
1
B(xy)(¢) = E(ﬁac + By (¢) (1.58)
1
B(hoy =—(hd, —¢)B 1.59
(hdx¥r)(£) ﬁ( ¢ — B (C) (1.59)
Then we get the Bargmann representation for the creation and annihilation operators
Bla'y]©) = ¢Bly 1) (1.60)
Blay1(¢) = 9 BIy1(Z) (1.61)

So the standard harmonic oscillator ﬁos = h(aTa + %), has the following Bargmann
representation

. h
HE =he - o, +n3 (1.62)
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Remark 2 1t is very easy to solve the time dependent Schrodinger equation for 1'-A10ﬁS
If F € F(C") such that {3, F € F(C"), then F(z,7) = e~ 3 F (e~ 2 ¢) satisfies

ihB,F(t):ﬁgsF(t), F0,8)=F() (1.63)

Moreover if i = 1 and if we put e~//2 it/2

9 F(t) = HLF(1).

in place of e7*'/“ we solve the heat equation

We shall see now that the Hermite functions ¢, have a very simple shape in the
Bargmann representation. Let us denote (]bf;(|E (¢) = B¢y . Then we have

Proposition 8 For every o e N*, ¢ € C",
Ph(@)=Qrh) ")~ (1.64)
Moreover {¢>z (&) }qenn is an orthonormal basis in F(C").

Proof Let us first recall the notations in dimension n. For @ = (o1 - - o) € N, ! =
arl--apland for & =(¢1,..., ) € C" ¢ =" 5"

We get easily that (¢, ¢#) =0if a # 8.

It is enough to compute, for n = 1, ||k ”2}‘((C) and this is an easy computation
with the Gamma function.

Let us prove now that the system {¢*},ene is total in F(C").

Let f € F(C") be such that (¢%, f) =0 for all « € N". f is entire so we have

F@ =) fat®

where f, are the Taylor coefficient of f at 0. The sum is uniformly convergent
on every ball of C". On the other side from Bessel inequality, we know that the
Taylor series ), fo{® converges in F(C"). But we can see that {{%}qen is also
an orthogonal system in each ball with center at 0. Then we get that f,, = 0 for every
o hence f =0.

Let us remark here that we could also prove that the system {(ﬁg({)}ae[\]n is or-
thogonal using that Hermite functions is an orthonormal system and B is an isome-
try.

Finally, let us prove formula (1.64). It is enough to assume n = 1. We get easily

that ¢g = \/1271 So for every k > 1, we have, using (1.60),

T\k
HCs) =B|:%¢o](§) =

;-k
27k! O

Then we get the following interesting result.
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Corollary 2 The Bargmann transform B is an isometry from L>(R") onto F(C").
The integral kernel of B~ is

-1 —3n/4n—n/2 VES s
B, x) = (wh)="/4272 exp - 7-[2x@+7 (1.65)

where x e R", ¢ € C".

We also get that the Bargmann kernel is a generating function for the Hermite
functions.

Corollary 3 For every x € R" and ¢ € C" we have

_ £
B(x,¢) = Z W¢a(x) (1.66)
aeN?
Proof Compute the Fourier coefficient in the Hermite basis of x — B(x, ¢). U

The standard coherent states also have a simple expression in the Bargmann—
Fock space.
Let ¢x be the normalized coherent state at X = (x, ).

Proposition 9 We have the following Bargmann representation for the coherent
state gx

Blox1() = @l "2eh=5 (1.67)

x—i&

where n = 7

Proof A direct computation gives
n 1 2
Blox1(¢) = («/Enh) /R dy exp[—ﬁ<y2 — y(x +i&E+ «/54“) — %)] (1.68)

. . 2
Then we get the result by Fourier transform of the Gaussian e™". d

One of the nice properties of the space F(C") is existence of a reproducing
kernel.

Proposition 10 For every f € F(C") we have

o=@ [ rmausm. veeo (1.69)
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Proof 1t is enough to assume that f is a polynomial in ¢ and that i = 1. So we have

;—a . 7T]C't
f(;) = an (277,')"/2(6[')1/2’ Wlth CC( = /;n (271)"/2(“')1/2 f(’?) dl'LB(n)

(1.70)
Hence we get
re=en [ (Z %)f(n)dw(n) oo [ rmdusm)
: 1.71)
U

Remark 3 The function e; (n) = 27 h)’"eih[ is a representation of the Dirac delta
function in the point ¢. Note that e; is not in F(C"). Moreover we have f(¢) =

(ec, f)and | f(O] = Q)" fll 7cm-

Using the Bargmann representation we can give a proof of the well-known
Mehler formula concerning the Hermite orthonormal basis {¢} in L2(R). It is suf-
ficient to assume that A = 1.

Theorem 1 For every w € C such that |lw| < 1 we have

> @k ()w"

keN"

14+ w?
2(1 — w?)

:n*n/Z(l _ wZ)Vl/2exp< (xz +y2) + - w2x . y) (172)

where k = |K| =k +--- + kg.

Proof The case n > 2 can be easily deduced from the case n = 1. Soletn = 1.

The left and right side of (1.72) are holomorphic in w in the unit disc
{w € C, |w| < 1}. So by analytic continuation principle it is enough to prove it for
~!/2 for every t > 0. Hence the right side of (1.72) is the heat kernel denoted
Kos(t; x, y) of the harmonic oscillator I-}OS.

Using Remark 2 and inverse Bargmann transform we get easily the following
integral expression for K (f; x, y):

w=¢c

Kos(t;x,y)

.x2+,v2
2

=217 73/2e~

_ 1 _ _ _
x/(cexp<\/§(x-§+wy-§)—E(w2§2+§2)—§§>|d§ AdE| (1.73)
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The last integral is a Fourier transform of a Gaussian function as it is seen using real
coordinates ¢ = q\_/’ip ,z=1(q, p). We have

Kos(t; x,y) = 2‘171‘3/2/ e 2AvImizY gy (1.74)
R2

where

Y=<i(x~|—wy)>’ A=1<3+w2 i(l—wj)), w=e2 (1.75)

wy — X 2 i(l—wz) 1—w

A is a symmetric matrix, its real part is positive definite and det(A) = 1 — w?. So
we have (see [117] or Appendices A, B and C)

(242 _
Kos(t:x, y) = 1 12(1 — w2~ V22— 2A7 VY (1.76)

The Mehler formula follows. [l






Chapter 2
Weyl Quantization and Coherent States

Abstract It is well known from the work of Berezin (Commun. Math. Phys.
40:153-174, 1975) in 1975 that the quantization problem of a classical mechani-
cal system is closely related with coherent states. In particular coherent states help
to understand the limiting behavior of a quantum system when the Planck constant 7
becomes negligible in macroscopic units. This problem is called the semi-classical
limit problem.

In this chapter we discuss properties of quantum systems when the configuration
space is the Euclidean space R", so that in the Hamiltonian formalism, the phase
space is R” x R" with its canonical symplectic form o. The quantization problem
has many solutions, so we choose a convenient one, introduced by Weyl (The Clas-
sical Groups, 1997) and Wigner (Group Theory and Its Applications to Quantum
Mechanics of Atomic Spectra, 1959).

We study the symmetries of Weyl quantization, the operational calculus and ap-
plications to propagation of observables.

We show that Wick quantization is a natural bridge between Weyl quantization
and coherent states. Applications are given of the semi-classical limit after introduc-
ing an efficient modern tool: semi-classical measures.

We illustrate the general results proved in this chapter by explicit computations
for the harmonic oscillator. More applications will be given in the following chap-
ters, in particular concerning propagators and trace formulas for a large class of
quantum systems.

2.1 Classical and Quantum Observables

The quantization problem comes from quantum mechanics and is a mathematical
setting for the Bohr correspondence principle between the classical world and the
quantum world.

Let us consider a system with n degrees of freedom. According the Bohr corre-
spondence principle, it is natural to check a way to associate to every real function
A on the phase space R?" (classical observable) a self-adjoint operator A in the
Hilbert space LZ(R") (quantum observable). According the quantum mechanical
principles, the map A — A has to satisfy some properties.

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 23
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_2, © Springer Science+Business Media B.V. 2012
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(1) A— A is linear, A is self-adjoint if A is real and 1 = Lr2Rn)-

(2) position observables: x; — X = Q j where Q j is the multiplication operator
by x;.

3) momentum observables : &; — é ji= 13]- where ﬁj is the differential operator

(4) commutation rule and classical limit: for every classical observables A, B we
have
tim (L[4, B] - {A. B)
im( =[A, B|—{A, =
r—>0\ h

Let us recall that [A, I§] = AB — BA is the commutator of A and B, {A, B} is the
Poisson bracket defined as follows:

{A,B}(x,§) = (0xA- 3B — 0;B-0: A)(x,§), x,&eR"

Let us remark that if we introduce VA = (9, A, d¢ A) then we have {A, B}(x,§) =
o0(VA(x, &), VB(x, &)) (o is the symplectic bilinear form).

If the observables A, B depend only on the position variable (or on the momen-
tum variables) then A - B = A.B but, this is no longer true for a mixed observable.
This is related to the non-commutativity for product of quantum observables and
the identity: [X;, £ 1 =1ih so, the quantum observable corresponding to x1&; is not
determined by the rules (1) to (4).

We do not want to discuss here the quantization problem in its full generality
(see for example [77]). One way to choose a reasonable and convenient quantization
procedure is the following, which is called Weyl quantization (see [117] for more
details). Let L, be a real linear form on the phase space R2" where z = r,q),
L.(x,&)=0(z,(x,£)) (every linear form on R?" is like this). It is not difficult to
see that L is a well defined quantum Hamiltonian (i.e. an essentially self-adjoint

operator in L%(R™)). Its propagator e L has been studied in Chap. 1.

Remark that we have L. .= —L(z) with the notation of Chap. 1.

For ¥ € S(R"), we have explicitly

=it _d2g iy
eh y(x)=e 2" TP Py (x —tg). (2.1)
So, the Weyl prescription is defined by the conditions (1) to (4) and the following:
)
e iL:0E) _ omils — T(g)

We shall use freely the Schwartz space S(R")! and its dual S’(R") (temperate dis-
tributions space).

IRecall that f € S(R") means that f is a smooth function in R” and for every multiindices o, g,
x¢ Bf u is bounded in R”. It has a natural topology. S’'(R") is the linear space of continuous linear
form on S(R").
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Proposition 11 There exists a unique continuous map A — A from S'(R®") into
L(S(R™), S’ (R™)) satisfying conditions (1) to (5).
Moreover if A € S(R?) and ¢ € S(R") we have the familiar formula

Ay () = @iy ff (”y )fﬁ‘<x—>‘>fw<y>dyds, 22)

and A is a continuous map from S(R") to S(R™).
The hermitian conjugate of A is the quantization of the complex conjugate of A

ie. (A)* = A. In particular A is Hermitian if and only if A is real.
Proof Here it is enough to assume that h = 1.
Let us consider the symplectic Fourier transform in S’(R?"). Assume first that
A € S(R™).
A@R) = f A@)e & de. (2.3)
2n

‘We have the inverse formula

AX) = 27)" / A(0)ei@N 4z, 0.4)

2n

For ¢, n € S(R") we have

(y, An) = @)™ /R . ALy, n)dz. (2.5)

In other words we get
Ay =@m)™" /R ATy dz. (2.6)
Il

Definition 2 For a given operator A, the function A is called the contravariant sym-
bol of A and the function A is the covariant symbol of A.

Let us remark that we have the inverse formula

Proposition 12 [f A is a continuous map from S'(R") to S(R") then we have for
every X € R2",
A(X) =Te(AT (- X)). (2.7)

Proof For X =0 the formula is a consequence of the Fourier inversion formula.
For any X we use that the Weyl symbol of T (—X) is z > e 1 &X), U
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As a consequence we have a first norm operator estimate. If A € L' (R*") we
have

IA] s(zzr)—”f2 |A(2)| dz. (2.8)
R n
The r.h.s. in formula (2.2) can be extended by continuity in A to the distribution
space S’(R?").

Let us compute now the Schwartz kernel K 4 of the operator A defined in formula
(2.6). We have

Ka(x.y) = / AGx =y, p)e? 02 ap, 2.9)
Rn
Using inverse Fourier transform in p variables, we get

xX+y

Ka(x,y)= (271)*"/ A( ,g>e"<xy)"f dg (2.10)

this gives (2.2). The other properties are easy to prove and left to the reader.
Let us first remark that from (2.10) we get a formula to compute the i-Weyl
symbol of A if we know its Schwartz kernel K

i u u
A(X,§)=/ e_ﬁ“'sK<x+§,x—§>du. (2.11)

Sometimes, we shall use also the notation A = Opj A (h-Weyl quantization of A).

Hence we shall say that Aisan h-pseudodifferential operators and that A is its Weyl
symbol. For applications it is useful to be able to read properties of the operator A
on its Weyl symbol A. A first example is the Hilbert—Schmidt property.

Proposition 13 Let A € L(S(R™), S'(R")). Then A is Hilbert-Schmidt in L*(R")
if and only if A € L>(R*") and we have

|45 =Can [[ Ao axe .12)

In particular if A and B are two Hilbert-Schmidt operators then A.B is a trace
operator and we have

Tr(A.B) = @ h)™ /fz A(x,£)B(x,£)dx dé. (2.13)
Rn

Proof We know that

H‘aués=//Rz'l’KA(X,y)|2dxdy.

Then we get the proposition using formula (2.10) and Plancherel theorem. O
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We shall see later many other properties concerning Weyl quantization but most
of time we only have sufficient conditions on A to have some property of A, like for
example L? continuity or trace-class property.

Let us give a first example of computation of a Weyl symbol starting from an
integral kernel. We consider the heat semi-group e ~/#os | of the harmonic oscillator

I:IOS. Let us denote Ky, (¢; x, &) the Weyl symbol of e”ﬁ"f and K (¢; x, y) its integral
kernel. From formula (2.11) we get

2

n

i u u
Kw(t;x,g):/ e—ﬁu-¥K<t;x+—,x—§>du. (2.14)

Using Mehler formula (1.72) we have to compute the Fourier transform of a gen-
eralized Gaussian function, so after some computations, we get the following nice
formula:

Ko (t; x, &) = (cos(t/2)) "/ 2o~ /D048 (2.15)

Recall that x2 = x - x = |x|2.

2.1.1 Group Invariance of Weyl Quantization

Let us first remark that an easy consequence of the definition of Weyl quantization
is the invariance by translations in the phase space. More precisely, we have, for any
classical observable A and any z € R?",

T() 'AT(z)=A-T(z), where A-T(2)(Z)=A( — 2). (2.16)

Hamiltonian classical mechanics is invariant by the action of the group Sp(n) of
symplectic transformations of the phase space R?*. A natural question to ask is to
quantize linear symplectic transformations. We shall see later how it is possible. In
this section we state the main results.

Recall that the symplectic group Sp(n) is the group of linear transforma-
tions of R*" which preserves the symplectic form o. So F € Sp(n) means that
o(FX,FY)=0(X,Y) forall X,Y € R?". If we introduce the matrix

=(50)

FeSp(n) < F'JF=1, 2.17)

then

where F! is the transposed matrix of F.
If n =1 then F is symplectic if and only if det(F) = 1.
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Linear symplectic transformations can be quantized as unitary operators in
L*(R")

Theorem 2 For every linear symplectic transformation F € Sp(n) and every sym-
bol A € X (1) we have
R(F)"YAR(F)=A - F. (2.18)

Moreover I%(F ) is unique up to multiplication by a complex number of modulus 1

Definition 3 The metaplectic group is the group Met(n) generated by R(F) and
AL AeC, A =1.

Remark 4 A consequence of Theorem 2 is that Risa projective representation of
the symplectic group Sp(n) in the Hilbert space L>(R™). It is a particular case of a
more general setting [193].

More properties of the metaplectic group will be studied in the next chapter. Let
us give here some examples of the metaplectic transform.

e The Fourier transform F is associated with the symplectic transformation

(x,8) = (&, —x).
o The partial Fourier transform ., in variable x;, is associated with the symplectic
transform:

(xj, &) = (&, —x)), (ks &) = (o, &), ifk#£

e Let A be a linear transformation on R”, the transformation v +— |det(A)|'/2 x
¥ (Ax) is associated with the symplectic transform

£a(3) = ()
Ne) “\an-1g)

e Let A be areal symmetric matrix, the transformation vy > e4<*/2y is associated
with the symplectic transform
1 0
F = .

2.2 Wigner Functions

Let ¢,y € L>(R"). They define a rank one operator Iy on = (Y, n)e. Its Weyl
symbol can be computed using (2.11).
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Definition 4 The Wigner function of the pair (y, ¢) is the Weyl symbol of the rank
one operator [Ty ,. It will be denoted W, y . More explicitly we have

Wiy (3, £) =/ e—%u-fq)(x + 5>¢/(x _ 5) du. 2.19)
Rn 2 2

An equivalent definition of the Wigner function is the following:

Wyy(2)=Qrh)™" / (o, T(Z)yyle o@D gy, (2.20)

R2n

where 7'(z) =e~iLz.

We can easily see that (2.19) and (2.20) are equivalent using formula (2.6) and
Plancherel formula for symplectic Fourier transform.

The Wigner functions are very convenient to use. In particular we have the fol-
lowing nice property:

Proposition 14 Let us assume that A is Hilbert—Schmidt and v, ¢ € L>(R"). Then
we have

(v, Ap) = @rh)™" /R AWy (X)dX. 2.21)

IfAeS' (R and if ¥, ¢ € S(R™), the formula (2.21) is still true in the weak sense
of temperate distributions.

Proof Let us first remark that (i, A(p) = Tr(AHI/,,w). Hence the first part of the
proposition comes from (2.13).

Now if ¥/, ¢ € S(R") then we easily get Wy , € S (R?"). On the other side there
exists A € S(R?") such that Aj— Ain S’(R?™). So we apply (2.21) to Aj and we
go to the limit in j. ]

What Wigner was looking for was an equivalent of the classical probability dis-
tribution in the phase space R?". That is, associated to any quantum state a distri-
bution function in phase space that imitates a classical distribution probability in
phase space. Recall that a classical probability distribution is a non-negative Borel
function p; Z — Rt, Z := R2" normalized to unity:

/ p(dz=1,
z

and such that the average of any observable A € C*° is simply given by

p(A)=/ZA(z)p(z)dz.
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From Proposition 14 we see that a possible candidate is
p() = Qrh) Wy

Actually in the physical literature the expression above (with the factor (27 /)™") is
taken as the definition of the Wigner function but we do not take this convention.
In the following we denote by W,, the Wigner transform for ¢, ¢.
What about the expected properties of (2 h) ™" W, as a possible probability dis-
tribution in phase space? Namely:

e positivity

e normalization to 1

e correct marginal distributions

Proposition 15 Let z = (x, £) € R¥ and ¢ € L*(R") with ||¢|| = 1. We have
1)

2

@nhy™" /I‘Q Wy, £0d5 = [p(x)

which is the probability amplitude to find the quantum particle at position x.
(i)

2
)

Q)™ /R Wylx,£)dx = [5(6)

which is the probability amplitude to find the quantum particle at momentum & .

(iii)
(Znh)_”/ Wy (x,8)dxdé =1.
R2n
(iv) W,(x,€) €R.

Proof

(1) Let f € S be an arbitrary test function. We have

[ e ors@as

= /dy¢<x + §>¢<x - g) /ds e VM p ()
_ (2nh)"/ dy¢(x + X)(p(x - X)(ff)(y). (2.22)
Rn 2 2

By taking for the usual Fourier transform F f an approximation of the Dirac
distribution at y = 0 we get the result.
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(ii) Is proven similarly.
(iii) Follows from the normalization to unity of the state ¢.
(iv) We have
Wy(2)* = Qrh)™" /dz/(w, f‘(—z/)w)ei”(z’z/)m

and the result follows by change of the integration variable 7/ — —z’ and by
noting that o (z, —z') = —0 (2, 2). =

Let us now compute the Wigner function W, . for a pair (¢;, ¢,/) of coherent
states.

Proposition 16 For every X, z, 7 € R?" we have

2—10 Xty oy (2.23)
5 2Z,Z Z . .

Proof 1t is enough to consider the case i = 1. Let us apply formula (2.20):

z+7
2

1
W, 2(X)=2" exp(—ﬁ'X —

W, (X) = 2m) ™" / (0o T(")por)e "X az". (2.24)

R2n
Using formula (1.7) from Chap. 1, we have

<¢Zv f(Z//)¢Z/) = {gz, ¢z’+z”)e%a(1/’zv)

Ly om2 i I i
— e 3t =" e300 @I+ +o (@2 (2.25)

Using the change of variables z” = 7 — 7/ + u, we have to compute the Fourier
transform of the standard Gaussian e"“'z/ 4 and (2.23) follows. O

We have the following properties of the Wigner transform:

Proposition 17 Let ¢, € L>(R") be two quantum states. Then We,v € L2R>™)N
L® (R and we have

@

Wy lliLe < 2" [[@ll201¥ 2.
(ii)
We,ullr2 < @) llgll2 ¥ Il2.

(iii) Let ¢,y € L*(R"). Then we have
|2

(0. )" = @rh) ™" Wy, Wy) 1220y
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Proof (i) is a simple consequence of the definition of the Wigner transform and of
the Cauchy—Schwartz inequality. For the proof of (ii) we note that

/a’z\Ww,w(Z)!z =/dxd.§‘/dyeié‘ym¢<x + %)xﬁ(x - %)

Using an approximation argument, we can assume that ¢, ¥ € L' (R") N L®(R").
So we have ¢(x + 5) ¥ (x — %) € L?>(R", dy). According to the Plancherel theorem

2

we have
e [l fret (e 3)s o =3)f
=/dy‘¢<x + §>w<x - %) ’
so that
/dZ|W<p,¢(z)|2 = (2nh)”/dx/dy’¢<x+ %>¢<x _ %) ’
= Q)" lelPlly 1. (2.26)

d

The Wigner transform operate “as one wishes” in phase space, namely according
to the scheme of classical mechanics:

Proposition 18 Let ¢,y € L*(R") and T(2), R(F) be, respectively, operators of
the Weyl-Heisenberg and metaplectic groups, corresponding, respectively, to

— a phase-space translation by vector 7 € R*"
— a symplectic transformation in phase space

We have

Wi g,y @ =Weu (2 = 2), (2.27)
WiEyp ki @ = We,4(F~'2). (2.28)

Proof We have the nice group property of the Weyl-Heisenberg translation opera-
tor:

=T 0T @) =exp (—%U(X, z/)> 70
so that
Wi i@ = (Z’Th)n/dXeXP(_;E"(Z -7 X>)(<p, T(xX)v)

=We.y(z—2).
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As a result of the property of the metaplectic transformation we have
R(FT'TEYRF)=T(F~'7).
Therefore
Wiy k@ = G / dz' (o, T(F2yylemo @I
— (27[77/)_” / dZ// ((p’ fw(zl/)w)e—ia(z,Fz/,)/h
= k)™ f dz (. T ylemio =,

where we have used the change of variable Fz' = z” and the fact that a symplectic
matrix has determinant one. O

~

Now we get a formula to recover the Weyl symbol of any operator A €

LSRR, S'RM).

Proposition 19 Every operator Ae L(SR"), S'(R™)) has a contravariant Weyl
symbol A and a covariant Weyl symbol A in S'(R?").

We have, in the distribution sense in general, in the usual sense if A is bounded
in L2(R™),

A0 = @iy // o Age W (X0 dzd?, (2.29)
R n
AX)=Q@rn)™" / (perx, Apo)e F7XD gz, (2.30)
R2n

Proof We compute formally. It is not very difficult to give all the details for a rigor-
ous proof.

We apply inverse formula for the Fourier—-Bargmann transform (see Chap. 1). So
for any ¥ € S(R"), we have

Ay )= @™ f /R Moo Aoz ¥)go () dzde. (@23D)
So we get a formula for the Schwartz kernel K 4 for A,

Ka(x,x)=Qwh)™" / /}R . (9, Ap:)o. (g (x) dzd7. (2.32)

Then we apply formula (2.11) to get the contravariant symbol A.
The formula for the covariant symbol follows from (2.7) and trace computation
with coherent states. 0
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The only but important missing property to have a nice probabilistic setting with
the Wigner functions is positivity which is unfortunately not satisfied because we
have the following result, proved by Hudson [120] for n = 1, then extended to n > 2
by Soto—Claverie [181].

Theorem 3 Wy (X) > 0 on R if and only if = Cgoz(r) where C is a complex
number, I a complex, symmetric n X n matrix with a positive non degenerate imag-
inary part 3T, 7 € R?", where we define the Gaussian

e (x) = (rh)™"*det!/* 31 exp<2l—hFx -x). (2.33)

Proof We more or less follow the paper of Soto—Claverie [181].

We can check by direct computation that the Wigner density of ¢,/ is positive
(according the definition we have to compute the Fourier transform of the expo-
nent of a quadratic form). We can also give the following more elegant proof. First,
it is enough to consider the case z = (0, 0). Second, it is possible to find a meta-
plectic transformation F such that ¢,/) = R(F )@o (see the section on symplectic
invariance and Chap. 3 for more properties on the metaplectic group). Hence we
get WI?(F)wo (X) = Wy, (F~1(X)). But we have computed above Wy, which is a
standard Gaussian, so it is positive.

Conversely, assume now that Wy (X) > 0 on R2". We shall prove that the
Fourier-Bargmann transform #(z) is a Gaussian function on the phase space.
Hence using the inverse Bargmann transform formula, we shall see that ¢ is a Gaus-
sian.

Let us first prove the two following properties:

y' (@) #£0, VzeR™, (2.34)
|w#(z)| < Ce‘slzlz, vz € R?*, for some C, § > 0. (2.35)

We have seen that
vl =ty [ Wy oW dx

=2 [ Wy (X)e m X" gx. (2.36)
RZn

The Ilast integral is positive because by assumption Wy (X) > 0 and
Wy (X)dX =1.

Using again (2.36) we easily get (2.34). The second step is to use a property of
entire functions in C”. Let us recall that in Chap. 1, we have seen that the function

2

vHe) = exp(%ﬁf"’)ﬁ(cz, ) 237)
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is an entire function in the variable { = g — ip € C". Moreover we get easily that
V#(¢) satisfies properties (2.34). To achieve the proof of Theorem 3 we apply the

following lemma, which is a particular case of Hadamard factorization theorem for
n =1, extended for n > 2 in [181]. O

Lemma 11 Let f be an entire function in C" such that f(¢) # 0 forall ¢ € C" and
for some C > 0,6 >0,

|f@©)]<ce®l” veec (2.38)

Then f(¢) =eP© where P is a polynomial of degree < m.

2.3 Coherent States and Operator Norms Estimates

Let us give now a first application of coherent states to Weyl quantization. We as-
sume first that A = 1.

Theorem 4 (Calderon—Vaillancourt) There exists a universal constant C,, such that
for every symbol A € C*°(R*") we have

IA] cary <G sup |a% A(X)]. (2.39)
|y|§2n+1,XeR2”

Beginning of the Proof From (2.32) we get the formula
(v, An)=@m)™" / fR oo Ape @i () dzdz. (2:40)

We shall get (2.39) by proving that the Bargmann kernel Kf (z,7) =gy, Agoz) is
the kernel of a bounded operator in L2(R?"). Let us first recall a classical lemma

Lemma 12 Let (§2, ) be a measured (o -finite) space, K a measurable function
on 2 x 2 such that

mg ::max{sup/ |K(Z,Z/)|dz/, sup/ |K(Z,z/)|d2}'
e2J0 7eRJR

Then K is the integral kernel of a bounded operator Tx on L?*(§2) and we have
Tl =mk.

So the Calderon—Vaillancourt theorem will be a consequence of the following.
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Lemma 13 There exists a universal constant C, such that for every symbol A €
C®(R?") we have

KBz )| <Call+1z =) sup [aLAX)). (2.41)

ly|<2n+1,X eR2n

Proof We have already seen that

KB, 7) = /R ACOW. (X)X

/
:2”/ A(X)exp(—‘X—Z—i_Z
Rr 2

2
. 1, /
—io X—Ez,z—z dxX.

(2.42)

First remark that we have

9. Ag)| < sup |[ACX)|. (2.43)
XeR2»

So we only have to consider the case |z’ — z| > 1. The estimate is proved by inte-
gration by parts (as is usual for an oscillating integral).
Let us introduce the phase function

z+7

2
1
(15=—‘X— —io(X—Ez’,z—z/) (2.44)

We have |0x @ | > |z — 7’| hence

WP o o

2.45
oy 2 - (299

So we get the wanted estimates performing 2n + 1 integrations by parts in the inte-
gral (2.42) using formula (2.45).
This achieves the proof of the Calderon—Vaillancourt theorem. g

Corollary 4 Aisa compact operator in L*(R") if A is C*® on R¥" and satisfies
the following condition:

lim [3A(z)|=0, ¥YyeN* |y|<2n+]1. (2.46)
|z|>+00

Proof Let us introduce x € C*®(R?") such that x (X) = 1if | X| < % and x(X)=0
if | X| > 1. Let us define Ag(X) = x(X/R)A(X). For every R > 0, AR is Hilbert—
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Schmidt hence compact. Using the Calderon—Vaillancourt estimate, we get

lim ||A— Ag||=0.
|R|—+00

So A is compact. U

Using the same idea as for proving Calderon—Vaillancourt theorem, we get now
a sufficient trace-class condition.

Theorem 5 There exists a universal constant T, such that for every A € C®(R>")
we have

ALy, <5 > [ lkaco]ax. .47
ly|<2n+1Y R

In particular if the r.h.s. is finite then A is in the trace class and we have

TrA= (271)_”/

. AX)dX. (2.48)

Proof Recall that i = 1. From (2.29) we know that A has the following decompo-
sition into rank one operators:

A= @m)™" //4 <(pz’s A‘PZ)HZ,Z’ dzdz'. (2.49)
R n

But we know that || 1T, ,/|lTg = 1. So we have

|4l = e /R Nipe. Age) dzdz (2.50)

Using integration by parts as in the proof of Calderon—Vaillancourt, we have

o2, Age)| <Cn(1+12=2) 7" Y fRzne—'X—(Z+Z’>/2'2|a§A(X)|dx (2.51)
lyI<N

with N = 2n + 1. Now perform the change of variables u = (z +7')/2, v=z7— 7'
and using Young inequality we get

//R4,1|<“’Z”A<"Z>|d“iz/ffn 2 fRZn!aZA(X)MX (2.52)

lyI=N

hence (2.47) follows.
We can get (2.48) by using approximations with compact support Ag like in the
proof of Corollary 4. O
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Remark 5 Using interpolation results it is possible to get similar estimates for the
Schatten norm ||A||, for 1 < p < +o0.

Let us now compute the action of Weyl quantization on Gaussian coherent states.

Lemma 14 Assume that A € X (m) (m is temperate weight). Then for every N > 1,
we have

37 A
Ap= Y P35 07AQ) (z) + O(RNTD2), (2.53)
lyI=N

the estimate of the remainder is uniform in L*(R") for z in every bounded set of the
phase space and

W, . =T(2) ArOp} (2¥)g. (2.54)

where g(x) =% a2 , OpY’(z7) is the 1-Weyl quantization of the monomial:

(x, &) =xV'e"" y=(,y") e N4 In particular Op} (z¥)g = P, g where P, is
a polynomial ofthe same parity as |y |.

Proof Let us write
A A A A A —1 A A
Ap, = AARTI(2)g = AT () (ART1(2)) AARTI(2)g,
where Ay, is the dilation: Apy = h7”/41ﬁ(h’1/2x) and fl isT forh=1.
Let us remark that (AxT(2)) 'AART (z) = Op{'[Ap,;] where Ap  (X) =

A(VhX + z). So we prove the lemma by expanding Ap,; in X, around z, with
the Taylor formula with integral remainder term to estimate the error term. O

The following Lemma allows to localized observables acting on coherent states.
Lemma 15 Let A be a smooth observable with compact support in the ball
B(Xo, ro) of the phase space. Then there exists R > 0 and for all N > 1 there exists
Cn such that for |z — Xo| = 2rg we have

|Ag.| < CniN (7N, for |z| > R. (2.55)

Proof 1t is convenient here to work on Fourier—Bargmannn side. So we estimate

(02, Agy) = @)™ / AW (Y aY. (2.56)
Rn

As we have already seen, we have
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/ A(Y)Wz,z’(y)dy
2n

:2”/ exp ! Y—Z+Z/
R2n h 2

Using integrations by parts as above, considering the phase function vy)=-|Y -
# > —io(Y — %X ,z— X) and the differential operator
M, M’ large enough,

(A go/)|<cMM// <1+'Y_Z|)_M<1+|Z_Z/|>M_M/dy (2.58)
ST Jvisn Vi Vi

Therefore we easily get the estimate choosing M, M’ conveniently and using that
the Fourier—-Bargmannn transform is an isometry. g

2 1, )
—ﬁa<Y—§z,z—z))A(Y)dY. (2.57)

|3 lI/|2 dy, we get for every

We need to introduce some properties for the Weyl symbols A.

Definition 5 A positive function m on R? is a temperate weight if it satisfies the
following property. There exist N, C such that

mX+Y)<mX)(1+1Xx =y, vx,veR? (2.59)

A symbol A is a classical observable of weight m if for every multiindex « there
exists Cy such that

0% AX)| < Com(X), VX eR™.
The space of symbols of weight m is denoted X' (m).

A basic example of temperate weight is m,, (X) = (1 4+ |X)*, u € R. We shall
denote X* = ¥ (m,,). For example X° = ¥ (1).

Remark 6 The product of two temperate weights is a temperate weight and if m is
a temperate weight then m~! is also a temperate weight.

As proved by Unterberger [186] and rediscovered by Tataru [183] it is possible
to characterize the operator class Z’(l) on the matrix element (¢, A(pz) We state
now a semi-classical version of Unterberger result.

Theorem 6 Let Ap, be a h- dependent family of operators from S@R") to S'(R™).
Then A = Opy, (Ap) with A, € X (1) with uniform estimate® if and only if for every

2This means that for every ¥, SUPpeio,1] [10Y Alloo < 400.
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N there exists Cy such that we have

|z — 2|

Vh

Proof Suppose that A = Opy (Ap), with Ay € X (1) is a bounded family. We get
estimate (2.60) by integrations by parts as above.
Conversely if we have estimates (2.60), using (2.23) and (2.29) we have

n . 1 z+7
AR(X) = (7h) ffﬂg@(wzf,sz)exp(—ﬁﬂﬂ 5

+ iJ(X - %) (7 — z’))) dzd7. 2.61)

Using the change of variables %Z, =u and z — 7/ = Vhv we get easily that there

exists C > 0 such that

—N
’((Pz”A‘szfCN(l‘i‘ ) . Vhelo,1), z,7 e R™. (2.60)

2

|An(X)| =C. ¥XeR™, helo,1]. (2.62)

In the same way we can estimate every derivatives of Ay, after derivation in X in
the integral (2.61). O

The other main fact in Weyl quantization is existence of an operational calculus.
We shall recall its properties in the next section.

2.4 Product Rule and Applications

2.4.1 The Moyal Product

One of the most useful properties of Weyl quantization is that we have an operational
calculus defined by:

The Product Rule for Quantum Observables Let us start with A, B € S(R").

We look for a classica} observable C such that A - B = C. Let us first remark that
the integral kernel of C is

Kol = [ Karos)KaGs,)ds. 2.63
Using relationship between integral kernels and Weyl symbols, we get

C(X)=(h)™2 // 2o VD A(X + Z)B(X +Y)dYdZ, (2.64)
Rén
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where o is the symplectic bilinear form introduced above.
Now let us apply Plancherel formula in R*" and the following Fourier transform
formula:

Lemma 16 Let f(T) = eli(B'T‘T),for T € R™ where B is a non degenerate sym-
metric m x m matrix. Then the Fourier transform f is

F(©) = @) det |~ PeimsenBes (B70.) (2.65)
where sgn B is the signature of the matrix B.
Proof See [117, 163]. O

Hence we get

il
Cx,§)= eXP<I—U(Dx, Dg: Dy, Dn)>A(x, §)B(y.n) (2.66)

2

(x.8)=0v.m

We can see easily on formula (2.66) that C € S (R?"). So that (2.64) defines a non-
commutative product on classical observables. We shall denote this product C =
A x B (Moyal product).

In semi-classical analysis, it is useful to expand the exponent in (2.66), so we get
the formal series in A:

Cx,8)= ZCj(x,S)ﬁj, where

j=0

1
- (2.67)

; J
C](x55) = j_(%G(DX’ D§7 Dya Dn)) A(X,S)B(y’ 7))

x.&)=0.m

We can easily see that in general C is not a classical observable because of the &
dependence. It can be proved that it is a semi-classical observable in the following
sense.

Definition 6 We say that A is a semi-classical observable of weight m, where m is
temperate weight on R2" | if there exist ho > 0 and a sequence A; € X (m), j €N,
so that A is a map from ]0, fip] into X (m) satisfying the following asymptotic con-
dition: for every N € N and every y € N?" there exists Cy > 0 such that for all
h €10, 1[ we have

supm ™' (z) <CyrNT (2.68)

R2n

a7 .
Q(A(h, - ), th,-(z))

0<j=N

Ay is called the principal symbol, A the sub-principal symbol of A
The set of semi-classical obsery\ables of weight m is denoted by X (m). Its range
in L(SR"), S’'(R™)) is denoted X, (m).
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We may use the notation Xk =X.m w-
Now we state the product rule for Weyl quantization.

Theorem 7 Let m, m’ be two temperate weights in R*". For every A € X (m) and
B € X (m'), there exists a unique C € Xs.(mp) such that A - B = C with C =<
> >0 Cj. The C; are given by

1 (—D)IAl N o
Gleo=5 § g (PROEA) - (DEO B) (. 6).
at+pl=j

Proof The main technical point is to control the remainder terms uniformly in the
semi-classical parameter A. This is detailed in the appendix of the paper [31]. [

Corollary 5 Under the assumption of the theorem, we have the well known cor-
respondence between the commutator for quantum observables and the Poisson

bracket for classical observables, ’ﬁ[/i Bl e Z‘Amﬂ ) and its principal symbol
is the Poisson bracket {A, B}.

A very useful application of the Moyal product is the possibility to get semi-
classical approximations for inverse of elliptic symbol.

Definition 7 Let A(h) be a semi-classical observable in X;.(m) and Xo € R?". We
shall say that A is elliptic at X if Ag(Xo) # 0.
We shall say that A is uniformly elliptic if there exists ¢ > 0 such that

|A(X)| = em(X), VX e R™. (2.69)
Theorem 8 Let A € X (m) be an uniformly elliptic semi-classical symbol. Then

there exists B € Xsc.(m™Y) such that Bx A = 1 (in the sense of asymptotic expansion
in Xs.(1)). Moreover, we have

B-A=1+0(r>), (2.70)

where the remainder is estimated in the L*>norm of operators.
Moreover the semi-classical symbol B of B is B = ijo h B with

Bo=A,", Bl =—A1A,” .71)

Proof Let us denote by C;(E, F) the jth term in the Moyal product E x F'. The
method consists to compute by induction By, ..., By such that

< > thj>*A(h)=O(hN+l). (2.72)

0<j=<N
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We start with By = ALO. The next step is to compute By such that BjAg+ A1 By =0.

Then to compute B; such that
C2(Ao, Bo) + Ci1(A1, B1) + B2Ag=0.

So we get all the B; by induction using the asymptotic expansion for the Moyal
product.

The remainder term in (2.70) is estimated using the Calderon—Vaillancourt theo-
rem. d

We give now a local version of the above theorem, which can be proved by the
same method.

Theorem 9 Let A € Xy (m) be an elliptic symbol in an open bounded set 2 of R*".
Then for every y € C3°(82) there exists By € X .°° such that

ByA=3+0(h™). (2.73)

Remark 7 For application it is useful to note that if A depends in a uniform way of
some parameter ¢ € [0, 1] then B also depends uniformly in ¢. In particular ¢ may
depend on h.

2.4.2 Functional Calculus

An useful consequence of the algebraic properties of symbolic quantization is a
functional calculus: under suitable assumptions if H is an Hermitian semi-classical
observable then for every smooth function f, f (H) is also a semi-classical observ-
able. The technical statement is

Theorem 10 Let H be a uniformly elliptic semi-classical Hamiltonian. Let f be a
smooth real valued function such that, for some r € R, we have

VkeN, 3G, [fPe)| =) F, VseR

Then f (I-} ) is a semi-classical observable with a semi-classical symbol H(h, )
given by

Hy(h.2) <Y W Hy (). (2.74)
Jj=0
In particular we have
Hyo(2) = f(Ho(2)), (2.75)

Hy1(z) = Hi(2) f'(Ho(2)), (2.76)



44 2 Weyl Quantization and Coherent States

andfor, j>2. Hpj= Y  djx(H)f®(H), (2.77)
1<1<2j—1

where d; i (H) are universal polynomials in aY Hy(z) with |y| +£<j.

A proof of this theorem can be found in [68, Chap. 8], [107]. In particular we
can take f(s) = (A + $)~1 for I = 0 (the proof begins with this case) or f with a
compact support.

From this theorem we can get the following consequences on the spectrum of H
(see [107]).

Theorem 11 Let H be like in Theorem 10. Assume that H(;l [E_, EL] is a com-
pact set in R" x R". Consider a closed interval I C [E_, E]. Then we have the
following properties.

(1) Yh €10, hyl, kg > 0, the spectrum of H is discrete and is a finite sequence of
eigenvalues E1(h) < E2(h) < --- < Ep, (h) where each eigenvalue is repeated
according its multiplicity.

Moreover N; = O(h™") as h \( 0.
(i) Forall f € C(I), f(I:I) is a trace-class operator and we have

Te[ f(H)] = )00, 2.78)

Jj=0

where T; are distributions supported in H D). In particular, we have
w0(f) = (2m) ™ /RZ f(Ho(2)) dz, (2.79)
T (f)=@Qm)™ /R , f'(Ho(2))Hi(2) dz. (2.80)

An easy consequence of this is the following Weyl asymptotic formula:

Corollary 6 If I =[A_, A1 ] such that A+ are non critical values for Hy> then we
have

lim 27 k)" Ny =f dqdp. (2.81)
h—0 [Ho(q.p)ell

Remark 8 Formula (2.81) is very well known and can be proved in many ways,
under much weaker assumptions.
For a proof using the functional calculus see [163, pp. 283-287].

3That A is a non-critical value for H means that V H (z) #0if H(z) = .
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Under our assumptions we shall see in Chap. 4 that we have a Weyl asymptotic
with an accurate remainder estimate:

Ny =Qrh)™ / dgdp +O(h'™"),
[H(g,p)€l]

using a time dependent method due to Hérmander and Levitan ([116] and its biblio-
graphy). For more accurate results about spectral asymptotics see [122].

2.4.3 Propagation of Observables

Now we come to the main application of the results of this section. We shall give a
proof of the correspondence (in the sense of Bohr) between quantum and classical
dynamics. As we shall see this theorem is a useful tool for semi-classical analysis
although its proof is an easy application of Weyl calculus rules stated above. The
microlocal version of the following result is originally due to Egorov [73]. R. Beals
[18] found a nice simple proof.

Theorem 12 (The Semi-classical Propagation Theorem) Let us consider a time de-
pendent Hamiltonian H (t) € E . satisfying:

0V Hj(t,2)| <C,, forly|+j=2; (2.82)

“2(H(t) — Ho(t) — hH\ (1)) € Z0.. (2.83)

We assume that H (t, z) is continuous for t € R and that all the estimates are uniform
int forte[-T,T].

Let us introduce an observable A € X', such that 8§A € X0 if|y| = 1. Then we
have the following.

(a) For h small enough and for every W € S(R"), the Schriodinger equation
iRy = HOYr,  Yims =V (2.84)

has a unique solution which we denote ; = lA](t, $)yr. Moreover ﬁ(l, s) can
be extended as a unitary operator in L>(R™).

(b) The time evolution A(t s) ofA from the initial time s is A(t s) = U(s t)A x
U(t, s) and has a semi-classical Weyl symbol A(t, s) such that Ap(t,s) e X
More precisely we have A(t, s) < ijo thj(t, s),in X AL, which is umform m
t,s, for t,s € [T, T]. Moreover Aj(t,s) can be computed by the following
formulas:

Ao(t,5:2) = A(@"(2)), (2.85)
t
Ai(t,53,2) =/ [A(™), Hi(D)}(@""(2)) dT (2.86)

and for j =2, Aj(t,s; z) can be computed by induction on j.
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Proof Property (a) will be proved later. It is easier to prove it if H is time indepen-
dent because we can prove in this case that H is essentially self-adjoint (for a proof
see [163]). Then we have

U@):=0(t,0) :exp<—%1{r>.

Let us remark that, under the assumption of the theorem, the classical flow for Hy
exists globally. Indeed, the Hamiltonian vector field (9g Hy, —dx Hp) has a sublinear
growing at infinity so, no classical trajectory can blow up in a finite time. Moreover,
using usual methods in non linear O.D.E. (variation equation) we can prove that
A(P") € X (1) with semi-norm uniformly bounded for ¢, s bounded.

Now, from the Heisenberg equation and the classical equations of motion we get

8 LeY — A
57 U6 DA, DU, 5)
T

i —

= U s; r){ h[l-}(z), Ao(t, )] — {H (1), Ao}(q>”f)}0(r, s), (287

where Ag(t, s) = A(D"). But, from the corollary of the product rule, the principal
symbol of

H([A@), Aot D)) - {H@), Ao} ) (@)

vanishes. So, in the first step, using the product rule formula, we get the approxima-
tion

U(s,0)AU (1, 5) — Ao(t, $)

t . P n n
=/ U, n(%[ﬁ(r),Ao(t,z)]— {H(r),Ao}qsnf)U(r,s)dr. (2.88)

Now, it is not difficult to obtain, by induction, the full asymptotics in /. For j > 2,

t
Ajt i)=Y F(mﬁ)/ [(3¢0f Hi(0)) - (3:%3:P A0)| (@7 (2)) i,

[(a, B)|+k=j+1
O=t=<j-1

(2.89)
with

EDP =Dy

I, p)= o!g12lal+Al

The main technical point is to estimate the remainder terms. For a proof with more
details see [31] where the authors get a uniform estimate up to Ehrenfest time (of
order log i~!). We give in Appendix B the necessary details for uniform estimates
on finite times intervals. O



2.4 Product Rule and Applications 47

Remark 9 1f H(t) = Hy(t) is a polynomial function of degree < 2 in z on the phase
space R?" then the propagation theorem assumes a simpler form: A(z, s) = A(P"*)
and the remainder term is null. This is a consequence of the following exact formula:

i _—

h[b?, B]={H, B}, (2.90)
where B € X1,

Now we give an application of the propagation theorem and coherent states in
semi-classical analysis: we recover the classical evolution from the quantum evolu-
tion, in the classical limit /2 N\ 0.

Corollary 7 For every observable A € £° and every z € R**, we have
%i\mo(z}(t, )¢z, AU(t,5)¢;) = A(P"*(2)) (2.91)
and the limit is uniform in (t, s; z) on every bounded set of R; x R x ]R%”.
Proof
(U(t, $)@;, AU, s)(pz) = ((pz, U(s,0)AU(t, s)(pz>
= /Rzn A(t,s; X)W, (X)dX

X~z

:(rrh)_”/ A(t,s; X)ew ® dX. (2.92)
R2n

So by the propagation theorem we know that A(z,s; X) = A(®"* (X)) + O(h).
Hence the corollary follows. g

Remark 10 The last result has a long history beginning with Ehrenfest [74] and con-
tinuing with Hepp [113], Bouzouina—Robert [31]. In this last paper it is proved that
the corollary is still valid for times smaller than the Ehrenfest time Tg := yg|log A,
for some constant yr > 0.

2.4.4 Return to Symplectic Invariance of Weyl Quantization

Let us give now a first construction of metaplectic transformations. Other equivalent
constructions and more properties will be given later (chapter on quadratic hamilto-
nians).

Lemma 17 For every F € Sp(n) we can find a C'-smooth curve F,, t € [0, 1], in
Sp(n), such that Fo =1 and F) = F.
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Proof An explicit way to do that is to use the polar decomposition of F', F' = V|F|
where V is a symplectic orthogonal matrix and |F| = +/ F'F is positive symplectic

matrix. Each of these matrices have a logarithm, so F = eKel with K, L Hamilto-

nian matrices, and we can choose F; = e'Xe/L. F, is clearly the linear flow defined

by the quadratic Hamiltonian H,(z) = lS,z -z where S, =—J F, F,_l. O

Now we use the (exact) propagation theorem. U(t,s) denotes the propagator
defined by the quadratic Hamiltonian built in the proof of Lemma 17 and Theo-
rem 12. Then we define R(F) = U(1,0). Recall that U (¢, 0) is the solution of the
Schrodinger equation

ih%ﬁ(t,O):ﬁ(t)l?(t,O), U(0,0) =1. (2.93)

The following theorem translates the symplectic invariance of the Weyl quantiza-
tion.

Theorem 13 For every linear symplectic transformation F € Sp(n) and every sym-
bol A € X (1) we have

R(F)"YAR(F)=A - F. (2.94)

Proof This is a direct consequence of the exact propagation formula for quadratic
Hamiltonians

00, AU (1.0) = AdH0. (2.95)
0

We can get another proof of the following result (see formulas (2.27)).

Corollary 8 Let yr,n € L>(R"). For every linear symplectic transformation F €
Sp(n), we have the following transformation formula for the Wigner function:

Wi i@ =Won(FT' @), VzeR™ (2.96)
Proof For every A € S(R?"), we have
(RCF)n, AR(FYY) = /R L AQW(R(F)Y, R(F)1) (@) dz
=(n. R(F)""AR(F)y)
= /Rzn A(F - D)Wy p(2) dz. (2.97)
The corollary follows. O

We have the following uniqueness result.
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Proposition 20 Given the linear symplectic transformation F € Sp(n), there ex-
ists a unique transformation R(F), up to a complex number of modulus 1, satisfy-
ing (2.18).

Proof 1f v satlsﬁes V-1AV = 4. F then 1f B=v-! R(F) we see that B com-
mutes with every A Aex /(). In particular B commutes with the Heisenberg—Weyl
translations T(z), hence T(z) 1BT(z) B. But we knows that T(z) 1BT(z)

Bf—f—\z). So the Weyl symbol of B (it is a temperate distribution) is a constant com-
plex number A. But here Bis unitary, so [A| = 1. ]

2.5 Husimi Functions, Frequency Sets and Propagation

2.5.1 Frequency Sets

The Husimi transform of some temperate distributions u € S’(R") is defined as
follows:

Definition 8 The Husimi transform of u € S’ (R") is the function H, (z) defined on
the phase space R>" by

Hu(2) = @l " |(u,¢2)|>, zeR™. (2.98)

The Husimi transform in contrast with the Wigner transform is always non-
negative. We shall see below that the Husimi distribution is a “regularization” of
the Wigner distribution.

Proposition 21 For every ¢ € L*>(R") we have
Hy =W, * Go,
where G is a gaussian function in phase space namely
Go(2) = (why e 1I/M,

One has ngn Go(z)dz = 1. This means that the Husimi distribution is a “regular-
ization” of the Wigner distribution.

Proof According to the Proposition 17(iii) we have
H(p (Z) = (27T h)in (W(Pz s W¢>L2(R2n) .

But we know that

W(pz(X) = W(pO(X —2).
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We use Proposition 16:

X —z?
exp| — Wy(X)dX.
2n

— 2}1
Wy W, ) / .

R
This yields the result. O

In semi-classical analysis (or in high frequency analysis) it is important to un-
derstand what is the region of the phase space R*" where some states ¥ € L>(R")
depending on A, essentially lives when £ is small. For that purpose let us introduce
the frequency set of .

Definition 9 Let v/, € L2(R"), depending on £, such that ||| < 1. We say that
Vp is negligible near a point Xo € R?", if there exists a neighborhood Vx, such that

Hyp (@) = O(R™), VzeVx,. (2.99)

Let us denote N[y ] the set {X € R?", vy, is negligible near X}. The frequency set
FS[v] is defined as the complement of N [] in R,

Example 1

e If » = ¢ then FS[g.] = {z}.
o Lety = a(x)elﬁs(x) where a and S are smooth functions, a € S(R"), S real. Then
we have the inclusion

FS[y] S {(x.£)[E =VSx)}. (2.100)
There are several equivalent definitions of the frequency set that we now give.

Proposition 22 Let vy, be such that || < 1 and Xo = (x0, &) € R**. The fol-
lowing properties are equivalent:

()
Hy, (X)=O(RT™), VX € Vx,.
(ii) There exists A € S(R?"), such that A(Xo) = 1 and
|Ayn| = O(1). (2.101)
(iii) There exists a neighborhood Vx, of Xo such that for all A € C5°(Vx,),
|Ays| = O(rT™). (2.102)

(iv) There exist x € Cgo (R™) such that x(xo) =1 and a neighborhood Vg, of &y
such that

(X ()eF¥E, yp) = O(R+) (2.103)
Jorall § € Vg,.
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Proof Let us assume (i). Then we have
Hy, (2) = O(F®), |z — Xol < ro. (2.104)
Using Lemma 15 we have
| Age|| < exrNP ()7, if 2 = Xol > ro/2. (2.103)

We have, using linearity of integration,

Ay = @l / dz{g:. ¥n) Ag.

From the triangle inequality, we have

| Ay < @uhy" / dz|(Wn, 0| | Ag |

<Qmh)™" (/ dz —i—/ dz). (2.106)
[1z—Xol<ro] [1z—Xol>r0]

Then we get (iii):
| Avn]* = (7).

Let us now assume (iii); we want to prove (i).

Let us introduce x € C3°(B(Xo,70)), x(X) = 1 if [X — Xo| <ro/2. Using The-
orem 9 we have BA = %+ O(hT). Hence X ¥p = O(AT°). But using Lemma 15
we have (1 — )V, ;) = OK™) for |z — Xo| < r9/4. So we have proved
(Yn, ¢z) = O(IF) for |z — Xo| <ro/4. O

A consequence of this proposition is that Weyl quantization does not increase the
frequency set.

Corollary 9 Let ¥y, be such that |yl <1, A € X (1), then we have
FS[A(¥n)] S FS[ynl. (2.107)
Moreover if A is elliptic at Xo then we have

XoeFS[A(yn)] <= XoeFS[ynl. (2.108)

Proof Let us assume that Xo ¢ FS[y]. If x is like in the proof of the proposition,
we have y Ay = O(h%). Applying Lemma 15 we have, for z near Xy,

(¢ (1= ) AYR) = O(h)
so we get, z near Xo,

(02 x Ayn) = O(5). H
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2.5.2 About Frequency Set of Eigenstates

Let us consider a quantum Hamiltonian H. Assume that H € ¥ (m). Let us consider
the stationary Schrodinger equation

Ay = Enyn, (2.109)

where ||¥5| =1, limp_9 Ex = E.

Proposition 23 The frequency set of Yy is in the energy level set Sgp = {X €
R% H(X)=E}.

Proof Let Xo € R?" such that H(X() # E. There exist § > 0, ro > 0 such that
|H(X)— E| >34, forevery X € B(Xy, rp). Let us choose some x € C(C)’O(B(Xo, r0)),
X (Xo) = 1. Using theorem 9 and the remark following this theorem (here at the end
& = h), we can find B such that

B(H — Ep) = % + O(h"™), (2.110)
so we get Xy = O(AT™°) hence X ¢ FS[yr]. O

Assume now that H satisfies the assumptions of the Propagation theorem and v,
satisfies the Schrodinger equation (2.109).

Proposition 24 The frequency set FS[yry] is invariant under the classical flow @',
foreveryt e R.

Proof Let X¢ ¢ FS[y5]. There exists a compact support symbol A elliptic at X

such that Ay = O(RT°).
For every t we have

A A~ itEp A
U(=0)Ayy = O(+) = 7 Aty
Recall that the principal symbol of A(t) is A- @' So we find that if z is near

@~ (Xp), then A(1)yry, = O(hT), hence @~ X ¢ FS[¥x]. So we see that FS[v/]
is invariant. 0

2.6 Wick Quantization

2.6.1 General Properties

Following Berezin—Shubin [23] we start with the following general setting.
Let M be a locally compact metric space, with a positive Radon measure p and
‘H an Hilbert space. For each m € M we associate a unit vector e, € H such that
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the map m > e, is strongly continuous from M into H. Moreover we assume that
the following Plancherel formula is satisfied, for all ¢ € H,

||w||2=/M|<em,w>|2du<m>. @.111)

Let us denote ¥ (m) = (e, ¥). The map ¥ — ¥ (m) := T (m) is an isometry
from H into L2(M). The canonical coherent states introduced in Chap. 1 are ex-
amples of this setting where M = R*', H = L>(R"), z > ¢,, with the measure
du(z) = 2rh)~"dgdp, z = (q, p) € R*".

Definition 10 Let A € £(H).

(i) The covariant symbol of A is the function on M defined by A.(m) = (e, Aem).
(i) The contravariant symbol of A is the function on M, if it exists, such that

Aw:/ AS(m)Tpyr dm, € H. (2.112)
M

For the standard coherent states example, the covariant symbol is called Wick
symbol and the contravariant symbol the anti-Wick symbol.

The covariant symbol satisfies the equality A.(m) = Tr(AHm).

Let us compute the anti-Wick symbol of some operator A with Weyl symbol A.

We know that the A-Weyl symbol of the projector 1, is the Gaussian

_? A
(mh)™"e™ 5 . So we find that the Weyl symbol of A is the convolution of its

anti-Wick symbol and a standard Gaussian function:

[X—z)?

A(X):(nh)‘"/ AC(X)e™ T dz. (2.113)
RZH

This formula shows that if A has a bounded anti-Wick symbol (A€ € L®(R?"))
then its Weyl symbol is an entire function in C?", which is a restriction for a given
operator to have an anti-Wick symbol.

Let us remark that the Wick symbol is an inverse formula associated with (2.113):

X~z

AC(Z)zz’l/ A(X)e™ 7 dX. (2.114)
R2n

Now we give another interpretation of the contravariant symbol. Let us first remark
that we have

T T =1y, (2.115)
T-T* = My, (2.116)

where Ty, is the orthogonal projector in L>(M) on H identified with Z(#).
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Proposition 25 Let us assume that A has a contravariant symbol A€ such that
A€ € L°°(M). Then we have

A=T" A°.T, (2.117)

where A€ is here the multiplication operator in L*>(M).

Proof For every ¥, n € H we have

(n, Av) = /Mm,em)(em,/iw)du(m) @.118)
and
(em, Ayr) = /M AC(m')(em, M) dpu(m')
= /M AC(m") My e, M) dpp(m'). (2.119)
So we get

(n, Ay) = f /M MA“(m/)mmfem, ) (0, em) din(m’) dp(m).  (2.120)

We get the conclusion using the equality

(n, em) = /M(emu em)(n, em) du(m). (2.121)
O

Estimates on operators with covariant and contravariant symbols are easier to
prove than for Weyl symbols. Moreover they can be used as a first step to get esti-
mates in the setting of Weyl quantization as we shall see for positivity. The following
proposition is easy to prove.

Proposition 26 Let A be an operator in H with a contravariant symbol A°. Suppose
that A€ € L°°(M). Then A is bounded in H and we have

IAclloe < [A] < A% . (2.122)

Moreover A is self-adjoint if and only if A€ is real and A is non-negative if A€ is
w-almost everywhere non-negative on M.

For our basic example H = L2(R"), it is convenient to use the following notation.
If A is a classical observable, A € X' (1), Op%’ (A) denotes the Weyl quantization of
A and Op}” (A) denotes the anti-Wick quantization of A. In other words Opf" (A)
admits A as an anti-Wick symbol. The following proposition is an easy consequence
of the above results.
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Proposition 27 Let A € X' (1) (more general symbols could be considered). Then
we have

2
Op2™ (A) = Op(A % G), where G(X) = (h)™"e~ 1, (2.123)

(v on ) = x| Ay 2.124)
R2n
where Hy () is the Husimi function of .
We get now the following useful consequence for Weyl quantization.

Proposition 28 (Semi-classical Garding inequality) Let A€ ¥ (1), A>0on R?".
Then there exists C € R such that for every h € 10, 1] we have

(v, Ay)>Ch, vy eL*(R"). (2.125)

Proof We know that Opy/ (A * G) is a non-negative bounded operator. So the propo-
sition will be proved if

|OpE (A% G — A)| =OMh). (2.126)

Using a standard argument for smoothing with convolution, we get i~ ' (4 % G —
A) € ¥ (1), with uniform estimates in & € ]0, 1]. Hence we get (2.126) as a conse-
quence of the Calderon—Vaillancourt theorem. O

These results are useful to study the matrix elements (i, Awh), for a family
{¥r}r in the semi-classical regime [106]. This subject is related with an efficient
tool introduced by Lions—Paul [137] and P. Gérard [82] (see also [35]): the semi-
classical measures. This is an application of anti-Wick quantization as we shall see
now.

2.6.2 Application to Semi-classical Measures

Semi-classical measures were introduced to describe localization and oscillations of
families of states {5}, |[Wr|l =1 (or at least bounded in L2(R™)).
Let us first remark that

A (Y, 0p3"Ay)

is a probability measure 1" in R*". Moreover this probability measure has a density
given by the Husimi function of 3,

du™ = Qah) ™" Hy, (2) dz.
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In particular we have
(¥, OpR” AY)| < [l Alloo

for every A € Cp (R2m) (space of continuous, bounded functions on R2m).

Definition 11 A semi-classical measure for the family of normalized states {{/5}5
is a probability measure  on the phase space R?" for which there exists at least one
sequence {hg}, L lim Ay = 0 such that for every A € X' (1), we have

—+00

k_l)iI_}_lQQ(l//hkOphkawAl//hk) = /Rzn Adpu. (2.127)

In other words, the measure sequence 1™* weakly converges toward the measure /.

Remark 11 Semi-classical measures can also be defined for states yp, € L2(R", K)
where K is an Hilbert space. By the way in this setting Weyl symbols and anti-Wick
symbols are operators in /.

We can also define semi-classical measures for statistical mixed states p, where
0 is a non-negative operator such that Trp = 1.

For more applications and properties of these extensions see the huge literature
on this subject; for example see [135].

The following proposition is a straightforward application of the properties of
the Husimi function.

Proposition 29 Let 1 be a semi-classical measure for {Yy}n. Then the support
supp(u) of the measure p is included in the frequency set FS[yrn], supp(n) €
ES[yn].

Example 2

(1) Let 5, = ¢,, a standard coherent state. Then this family has one semi-classical
measure, i = 8, (Dirac probability).

(i) Let us assume that the states family {5} is tight in the following sense. There
exists a smooth symbol y, with compact support, such that x5 = ¥ + O(h).
Then using Lemma 15, we can see that the family of probabilities {(u™ is tight,
so applying the Prokhorov compacity theorem, there exists at least one semi-
classical measure. One of a challenging problem in quantum mechanics is to
compute these semi-classical measures for family of bound states satisfying
(2.109). If for some ¢ > 0, H[E — &, E + ¢] is a bounded set, this family is
tight. For classically ergodic systems it is conjectured that there exists only one
semi-classical measure, which is the Liouville measure [106].

One important property of semi-classical measures is the following propagation
result.
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Let us consider the time dependent Schrodinger equation

i3 n(t) = Hyn(t),  Yn(0) = yn, (2.128)

where H is a time independent Hamiltonian. We assume that H is real, subquadratic
and & independent (for simplicity).

8§H € LOO(IR{Z”), for all y such that |y| > 2. (2.129)

Let u be a semi-classical measure for {y}.

Theorem 14 For every t € R, {Y5(t)} has a semi-classical measure dy, for the
same subsequence Ry, given by the transport of du by the classical flow: !, u(t) =
(@) .

Proof Forevery A € Co® (R?"), the semi-classical Egorov theorem and comparison
between anti-Wick and Weyl quantization give

(Wh(1), OpE" (A)yrn (1)) = / L A-@ duy, +00). (2.130)
R n
Hence we get the result going to the limit for the sequence fy. O
We have the following consequence for the stationary Schrodinger equation.

Corollary 10 Let ju be semi-classical measure for a family of bound states {{rp},
satisfying Hyry, = EpVry. Then w is invariant by the classical flow ®' for every
teR.

Proof ¥p(t) = e_%Eﬁ Yy, satisfies the time dependent Schrodinger equation so us-
ing the Theorem we get (P))*u = . O

Now we illustrate Corollary 10 on Hermite bound states of the harmonic oscilla-
tor.

We assume n = 1. We can easily compute Husimi function H ; of the Hermite
function ¢;.

2 AV
|2: @ +p )je—ﬁ(qzﬂvz)_

Hj(q, p)=|(ex. ¢)) o1 (2.131)

We want to study the quantum measures du; = (27 )~ i(q, p)dq dp when the

energies £ = (j + %)h have a limit £ > 0. So we have 4 — 0 and j — +00. For
simplicity we fix £ > 0 and choose h=h; = ?

Let f be in the Schwartz class S(R?). We have to compute the limit of
f f(X)du;(X) for j — +oo. Using polar coordinates and a change of variables
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we have to study the large k limit for the Laplace integral

1 o . .
1(j) = — / we " f(V2u cos6, N 2usin6) du, 6 €0, 2x[.
G +DtJo

We can assume that f has a bounded support and (0, 0) is not in the support of f.
Using the Laplace method we get

'lirll 1(j) = f(v2E(cos8,sin®)). (2.132)
j—+oo
So, we have
. 1 2 .
j_l:rfw/f(X)duj(X)z mA f(@(cos@,sm@))d@. (2.133)

On the r.h.s. of (2.133) we recognize the uniform probability measure on the circle
of radius +/2E. This measure is a semi-classical measure for the quantum harmonic
oscillator. Let us remark that the classical oscillator of energy V2E moves on the
circle of radius +/2E in the phase space.



Chapter 3
The Quadratic Hamiltonians

Abstract The aim of this chapter is to construct the quantum unitary propagator for
Hamiltonians which are quadratic in position and momentum with time-dependent
coefficients. We show that the quantum evolution is exactly solvable in terms of
the classical flow which is linear. This allows to construct the metaplectic transfor-
mations which are unitary operators in L2(R") corresponding to symplectic trans-
formations. Simple examples of such metaplectic transformations are the Fourier
transform, which corresponds to the symplectic matrix J defined in (3.4) and the
propagator of the harmonic oscillator, corresponding to rotations in the phase space.

The main results of this chapter are computations of the quantum evolution op-
erators for quadratic Hamiltonians acting on coherent states. We show that the time
evolved coherent states are still Gaussian states which are recognized to be squeezed
states centered at the classical phase space point (see Chap. 8). From these compu-
tations we can deduce most of properties concerning quantum quadratic Hamiltoni-
ans. In particular we get the explicit form of the Weyl symbols of the metaplectic
transformations. These formulas are generalizations of the Mehler formula for the
harmonic oscillator.

Quadratic Hamiltonians are very important in quantum mechanics because
more general Hamiltonians can be considered as non-trivial perturbations of time-
dependent quadratic ones as we shall see in Chap. 4.

3.1 The Propagator of Quadratic Quantum Hamiltonians

A classical quadratic Hamiltonian H is a quadratic form defined in the phase
space R?". We assume that this quadratic form is time dependent, so we have

H(t,z) = Z Cik()zjzk

1<j.k=<n

where z = (¢, p) € R?" is the phase space variable and the real coefficients c; i (t)
are continuous functions of time ¢ € R. It can be rewritten as

1
H(t.q.p)=5(q.p)S(1) (Z) 3.1)

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 59
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_3, © Springer Science+Business Media B.V. 2012
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where S(¢) is a 2n x 2n real symmetric matrix of the block form

T
S(t) = (fj lf('t ) (3.2)

G¢, L;, K; are n x n real matrices with G;, K; being symmetric, and L,T denotes the
transpose of L;. The classical equations of motion for this Hamiltonian are linear

and can be written as
q q
L) =JS@ 33
(4)=ss0(%) 33

where J is the symplectic matrix

0o 1,
=5 %) (34)

Let F(¢) be the classical flow for the Hamiltonian H (¢). It means that it is a
symplectic 2n x 2n matrix obeying

F(t)=JS{t)F(1) (3.5)
with F(0) = 1. Then the solution of (3.3) with g(0) =g, p(0) = p is simply
q(®)\ _ q
(P(ﬂ) - (P)

We now consider the quantum Hamiltonian

H(t)=(Q.P)-S®) <%> (3.6)

The quantum evolution operator U (t)! is solution of the Schrodinger equation
d o
zhEU(t) =H®U®) 3.7)

with U (0) = 1. The following result was already proved in Chap. 2 as a particular
case of a more general result. We shall give here a simple direct proof.

Theorem 15 One has for all times t

U@)* (%) U@t)=F@) (%) (3.8)

'We shall explain later why this quantum propagator is a well defined unitary operator in L2(R").
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Proof Define Q, =U (t)*@l/]\ (t), and similarly for P (Heisenberg observables).
Using the Schrédinger equation one has

cd (0N _ =[50 (C)]5
—zﬁa(ﬁ;)—U(t) |:H(t),<i)\>:|U(t)

[ﬁ(r), (%)} = —ihJS(1) (%)

This means that Qt, P, must satisfy the linear equation

d (0 0
E(ﬁ:)‘”‘”(ﬁ,)

which is trivially solved by (3.8). g

But

3.2 The Propagation of Coherent States

In this section we give the explicit form of the time evolved coherent states in terms
of the classical flow F (¢) given by the 2n x 2n block matrix form:

F(t) = (fc‘j g’t > 3.9)

It will be shown that the complex n x n matrix A; 4 i B; is always non-singular.
Then we establish the following result:

~ ~ _ i
Uy, = (rh)"/*T (z,) (det(A, +iB,)) "/ exp(ﬁ@ +iD) (A +iB) \x-x

(3.10)
where z; = F (¢)z is the phase space point of the classical trajectory and 7 (z) is the
Weyl-Heisenberg translation operator by the vector z = (x, £) € R>":

f(z)zexp[%($~§—x-ﬁ)] (3.11)

This means that ﬁ,goz is a squeezed state centered at the phase space point z;, so the
squeezed state moves on the classical trajectory.

We take i =1 for simplicity.

A simple example is the harmonic oscillator

. 1 d?

1 2
OS:_EW—‘FEX 3.12)
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It is well known that for ¢ # km, k € Z the quantum propagator e/ Hos has an

explicit Schwartz kernel K (¢; x, y) (Mehler formula, Chap. 1).
It is easier to compute directly with the coherent states ¢;. ¢ is the ground state
of H,g, so we have

e My =e712g (3.13)
Let us compute e”"ﬁgoz, Vz € R2, with the following ansatz:
e—itH(pZ :eiét(z)?(Z[)e_it/2§00 (314)

where z; = (¢q;, p;) is the generic point on the classical trajectory (a circle here),
coming from z at time ¢ = 0. Let ¥, ; be the state equal to the r.h.s. in (3.14), and
let us compute 8;(z) such that v, . satisfies the equation i dt(p H ©, ©li=0 = VYo.;.
We have

?(Zt)u()c) — ei(PrX—thPr/Z)u(x —q)
and
Y (x) = ei(Sr(Z)—l/2+Pxx—qux/2)(p0(x —qr) (3.15)

So, after some computations left to the reader, using properties of the classical tra-
jectories

4t = P1» Pt =—qr, pt2+qt2:p2+q2
the equation
z—w,z(x)_ (D2+x Wiz (x) (3.16)

is satisfied if and only if

1
8(2) = 5(pzqz - pq) (3.17)

Let us now introduce the following general notations for later use.
F; is the classical flow with initial time fy = 0 and final time ¢. It is represented
as a 2n x 2n matrix which can be written as four n x n blocks:

_ (A B
F’_<C, D,) (3.18)

Let us introduce the following squeezed states: ¢! defined as follows:

ol (x)=ar exp(%]‘x ~x> (3.19)

where I" € X, X, is the Siegel space of complex, symmetric matrices I" such that
J(I') is positive and non-degenerate and ar € C is such that the L?-norm of ¢
one. R

We also denote (pZF =T)e".

For I’ = i1, we denote ¢ = ¢'!
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Theorem 16 We have the following formulas, for every x € R" and z € R*",

Urp" (x) = 9’7 (x) (3.20)
Urpl' (x) = T(F2)e" (x) (3.21)

where I = (C; + D, T")(A, + B,I") ™" and ar, = ar (det(A, + B, I"))~'/%.

Beginning of the Proof The first formula can be proven by the ansatz

= I
Urpo(x) = a(t) GXp(z—hF,x ~x>

where I} € ¥, and a(t) is a complex values time-dependent function. We get first
a Riccati equation to compute I} and a linear equation to compute a(t).

The second formula is easy to prove from the first, using the Weyl translation
operators and the following known property

UT()U; =T (Fiz)

Let us now give the details of the proof for z = 0.
We begin by computing the action of a quadratic Hamiltonian on a Gaussian
(h=1).

Lemma 18

i i i
Lx - Dye2!™ = (LTx .I'x — 5TrL>e§”'x

Proof This is a straightforward computation, using

1 x;iDy+ Dix;
Lx-D, =— L;
T Z Jjk 2

1<j,k<n
and, for w € R",
(w.Dx)egrx-x = (I'x .w)egrx-x O
Lemma 19

(GDy - D)™ = (GIx - I'x —i Tr(GI))es ™

Proof As above, we get
P 1 1 ] i
Healx — (EKx x+x-LTx+ EGFX -I'x — %Tr(L—}— GI"))e2Fx'x (3.22)

O
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We are now ready to solve the equation

I
iy =Hy (3.23)

with

n/4_ —x2/2

Yli=o(x) = gx) :=x"""e

For simplicity we assume here that I" = i1, the proof can be easily generalized to
I'ex,.
We try the ansatz

Y, x) = a(es 1 (3.24)
which gives the equations
Ii=—K-2I'"L-T,GI; (3.25)
1
a(t) = —E(Tr(L +GI}))al(t) (3.26)

with the initial conditions
N=i1,  a) =) """

We note that I'" L et LT determine the same quadratic forms. So the first equation
is a Ricatti equation and can be written as

Ii=—K-I,LT — LI, - IGT, (3.27)

where LT denotes the transposed matrix for L. We shall now see that (3.27) can be
solved using Hamilton equation

: K L
F=1J (LT G) F, (3.28)

Fo=1 (3.29)

. At Bl‘
i=(¢ 5)
is a symplectic matrix V. So using the next lemma, we have det(A; 4+ i B;) # 0 Vz.
Let us denote

We know that

M[:At+iB[, N1=Ct+iD, (330)

We shall prove that I; = N; Ml_l. By an easy computation, we get
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M, =L"M,+GN,
. 3.31)
N[ == _KM[ - LN[

Now, compute

i(N MY=NM~'—-NM' MM~

v T
=—K—-LNM'-NM ' (L"M +GN)M™!
=-K—-LNM'-NM'L" —NM~'GNM™!  (332)

which is exactly (3.27).
Now we compute a(t), using the following equality:

Tr(L" + G(C +iD)(A+iB)™") =Te(M)M ™' =Tr(L + GI)

using Tr L = Tr LT Let us recall the Liouville formula

d -

o log(det M) =Tr(M, M;") (3.33)
which gives directly

a(t) = ()" (det(A, +iB))~"/? (3.34)
To complete the proof, we need to prove the following.
Lemma 20 Let F be a symplectic matrix.
(e 5)

Then det(A +iB) # 0 and I(C +iD)(A + iB) s positive definite.

We shall prove a more general result concerning the Siegel space X,.

(2 0)

is a symplectic matrix and Z € X, then A+ BZ and C + DZ are non-singular and
(C+DZ)A+BZ2) 'e X,

Lemma 21 If

Proof Let us denote M := A+ BZ, N :=C + DZ. F is symplectic, so we have

FTJF =J. Using
M 1
(V)-+()
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we get

T T MY\ Iy
(M",N )J(N)_(I,Z)J<Z)_0 (3.35)
which gives
MTN=N"M

In the same way, we have

1 M 1 I

—(MT NI = )==U, 2)FTJF| =

Zi( )(N> AR <Z>

1 AN N
=527 (z) = Z(Z_Z) =-3Z (3.36)

We get the following equation:
N'M —MT'N =232 (3.37)

Because JZ is non-degenerate, from (3.37), we see that M and N are injective. If
x €C", Ex =0, we have

Mi=x"MT =0

hence
x'3Z¥=0
then x = 0.
So, we can define
a(F)(Z)=(C+DZ)(A+BZ)™! (3.38)

Let us prove that o(F)Z € X,,. We have
a(F)Z=NM"!
> (@P2) =)' N = (M) MINMT = NM T =a(F)Z

We have also:

rNM'—NM~ . NTM - MTN
M . M= : =3Z
2i 2i
and this proves that J(«(F)(Z)) is positive and non-degenerate.

This finishes the proof of the Theorem for z = 0. O

The map F +— «(F) defines a representation of the symplectic group Sp(n)
in the Siegel space X,. For later use it is useful to introduce the determinant:
8(F,Z) =det(A+ BZ), F € Sp(n), Z € X,. The following results are easy al-
gebraic computations.
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Proposition 30 We have, for every F1, F; € Sp(n),

(1) a(F1F) =a(F)a(F).
(i) 8(F1F2, Z) =8(F1, a(F2)(2))8(F2, Z).
(iii) For every Z1,Z> € X, there exists F € Sp(n) such that «(F)(Z1) = Z. In
other words the representation o is transitive in X,.

Many other properties of the representation « are studied in [139] and [77].
For completeness, we state the following.

Corollary 11 The propagator ﬁt is well defined and it is a unitary operator in
L2(R").

Proof For every coherent state ¢, U, ¢, is solution of the Schrodinger equation. As
we have seen in Chap. 1, the family {¢,}, gon is overcomplete in L%(R™). So for-
mula (3.20) wholly determines the unitary group U;. In a preliminary step we can
see that ﬁ,w is well defined for ¢ € S(R") using inverse Fourier—Bargmann trans-
form, that U,y € S(R"), and that || U, || = ||¥/]|. So we can extend U, in L2(R").
In particular it results that U isa unitary operator and that H, hasa unique self-
adjoint extension in L2(R™). O

It will be useful to compute the Fourier—-Bargmann transform of ﬁ, .

Recall that U (1) = R (F;) where R (F) is the metaplectic operator corresponding
to the symplectic 2n x 2n matrix F' and that F; has a four blocks decomposition

a=(25)
Now we define n x n complex matrices Y;, Z; as follows:
Yi=A,+iB; —i(C; +iDy), Z;=A+iB,+i(C,+iDy)
One has the following property, using the symplecticity of F;:

Lemma 22
Z*Z=Y*Y —41
Y, is invertible.
One can define the matrix W, as follows:
W, =2y !

which satisfies the following property.
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Lemma 23
@
Wo=0
(i)
Wi W, <1
(iii)

1
(r+in~'= Z—i(ll + W)
In particular W is a symmetric matrix.

Proof

(1) Is an easy consequence of the fact that Fy = 1, hence Yy =21, Zp =0.
(i1)) We have

WAW = (v*) ' zrzy = (v) TN vy —4n)y T =1 —4(yyr) T
(iii) Is a simple algebraic computation. U
Theorem 17 The matrix elements (¢,, ﬁ,(pzr) are given by the following formula:
(02, Urge) = 2" det™ (A, + D, +i(B, - C))
« o~ i/20(Fiz \2) o= (22 +8%) /4 o= W (E+ix)-(6+ix) /4 (3.39)
where z — F;7' = (x, &) and

W, = (At —Di+i(B: + Ct))(At + Dy +i(B; — Ct))_l

Proof For simplicity we forget the time index ¢ everywhere.
It is enough to assume that z’ = 0. From the metaplectic invariance, we get

(‘PZ’ ﬁ‘ﬂz/) = <§0Z’ f(Fz/)(p(F))
_ e—io(Fz’,Z)/z((pz_FZ,’ ¢<F>> (3.40)

So we have to compute (@x, ¢'/").
We have

(ox, ) = 72 det™"2(A + i B)e2 P44

X/ ST i (ptiq) g (341

So the result follows from computation of the Fourier transform of a generalized
Gaussian (or squeezed state). O
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3.3 The Metaplectic Transformations

Recall that a metaplectic transformation associated with a linear symplectic trans-
formation F' € Sp(n) in R?", is a unitary operator R(F) in L*(R") satisfying one of
the following equivalent conditions

R(F)*AR(F)=AoF, VAeS(RY) (3.42)
RIF'T(X)R(F)=T[F'(X)], VX eR™ (3.43)
R(F)*AR(F)=AoF,

for A(q,p)=¢qj, 1 <j<nand A(g,p)=p, | <k=n (3.44)

A is the Weyl quantization of the classical symbol A(g, p) and we recall that the
operator T (X) is defined by

T(X) =exp(%(§ 0—x- i’)) (3.45)

when X = (x, £) e R?".

We shall prove below that for every F € Sp(2n) there exists a metaplectic trans-
formation R (F). This transformation is unique up to a multiplication by a complex
number of modulus 1.

Lemma 24 [f ﬁ] (F) and ﬁz(F ) are two metaplectic operators associated to the
same symplectic map F then there exists A € C, || = 1, such that R{(F) = ARy (F).

Proof Denote R = Rl(F)Rz(F) 1 Then we have R*T(X)R = T(X) for all
X € R?". Applying the Schur lemma 10 we get R=21,1eC.But R is unitary
so that [A] = 1. O

We shall prove here that F +— R (F) defines a projective representation of the
real symplectic group Sp(n) with sign indetermination only. More precisely, let
us denote by Mp(n) the group of metaplectic transformations and 7, the natural
projection: M, — Sp(2n) then the metaplectic representation is a group homo-
morphism F +— R(F) from Sp(n) onto Mp(n)/{1, —1}, such that JTP[R(F)]

VF € Sp(2n) For more details about the metaplectic transformations see [133].

Proposition 31 For every F € Sp(n) we can find a C'-smooth curve F;, t € [0, 1],
in Sp(n), such that Fy =1 and F1 =

Proof An explicit way to do that is to use the polar decomposition of F, F = V| F|
where V is a symplectic orthogonal matrix and | F| = v/ FT F is positive symplectic
matrix. Each of these matrices have a logarithm, so F = eXel with K, L Hamilto-

nian matrices, and we can choose F; = e'KefL. O
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Let F; be as in Proposition 31. F; is the linear ﬂow defined by the quadratic
Hamiltonian H; (z) = 2Stz z where S; = —J F;F; ". So using above results, we
define R(F )= U,. Here U, is the solution of the Schrodlnger equation

d ~ ~ ~
ih—Ur=HOT, (3.46)

that obeys ﬁo = 1. Namely it is the quantum propagator of the quadratic Hamilto-
nian H (¢). That the metaplectic operator so defined satisfies the required properties
follows from Theorem 15.

Proposition 32 Let us consider two_symplectic paths F; and F| joining 1 (t = 0)
to F (t =1). Then we have Uy = :I:U{ (with obvious notation).
Moreover, if Fl F?¢ Sp(2n) then we have

R(F")R(F?)=+R(F'F?) (3.47)

Proof We first remark that the propagator of a quadratic Hamiltonian is determined
by its action on squeezed states ¢! and its classical flow. So using (3.20) we see that
the phase shift between the two paths comes from variation of argument between 0
and 1 of the complex numbers b(¢) = det(A; + i B;) and b'(¢t) = det(A} + i B)).

We have arg[b(1)] = J( fot % ds) and by a complex analysis argument, we have

N ORI A RAO)
S(/o Ts)ds> _\S(/o bG) ds) e

with N € Z. So we get

b(l)—l/Z — elNJTb/(l)—l/z

The second part of the proposition is an easy consequence of Theorem 16 concern-
ing propagation of squeezed coherent states and Proposition 30. More precisely,
the sign indetermination in (3.47) is a consequence of variations for the phase of
det(A + iB) concerning F = F! and F = F?. To compare with F' F? we apply
Proposition 30. g

Remark 12 A geometrical consequence of Proposition 30 is the following. The map
Fr R (F) induces a group isomorphism between the symplectic group Sp(n) and
the quotient of the metaplectic group Mp(n)/{—1, 1}. In other words the group
Mp(n) is a two-cover of Sp(n).

An interesting property of the metaplectic representation is the following.
Proposition 33 The metaplectic representation R has two irreductible non-

equivalent components in L2(R"). These components are the subspaces L%d(R")
of odd states and L (R of even states.
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Proof Let us first remark that the subspaces Lgd oy (R") are invariant for R (F) be-
cause quadratic Hamiltonians commute with the parity operator ITv (x) = ¥ (—x).

Now we have to prove that Lgd’ oy (R") are irreducible for R.

Let us begin by considering the subspace Lgv (R™). Let B be a bounded operator
in Lgv (R™) such that R(F)B = BR(F) forevery F € Sp(n). According to the Schur
lemma, we have to prove that B=A1, » € C.

In particular B commutes with the propagator of the harmonic oscillator U; =
e/"Hos 'We can suppose that | B is Hermitian. So B is diagonal in the Hermite basis
¢ (see Chap. 1). We have By, = Ay for every a € N”.

To conclude we have to prove that A, = Ag if |a| and |B]| are even.

Assume for simplicity that n = 1 (the proof is also valid for n > 2).

Let us consider the metaplectic transformation I’i’\, = eitx?
plectic transform F; = exp(g 0)-

associated to the sym-

We have
Rigp =) _clt.k. ),
Jj=0
Using that RB=BR, we get
ct, k, yrj=c(t k, jig (3.48)

Now we shall prove thatif k — j is even then c(z, k, j) # O for some ¢ hence A ; = A.
This a consequence of the following

C(t,k,j)=/e”x2¢k(X)¢>j(X)dx

If c(t, k, j) = O for every ¢ then fJR xz’”(ﬁk(x)qﬁj (x)dx =0 for every m € N. But this
is not possible if k — j is even (see properties of Hermite functions).

So we have proved that L2, (R) is irreducible. With the same proof we also find
that L2, (R) is also irreducible.

Assume now that BR (F) = R (F )1? and that B is a linear transformation from
Lgv (R) in Lgdd(R). We still have B¢y = Ar¢r. But an Hermite function is odd or

even so Ax =0 for all k and B =0. So these representations are non-equivalent. [

3.4 Representation of the Quantum Propagator in Terms
of the Generator of Squeezed States

In this section our aim is to revisit some results obtained in [49] and [51].
Let us start with classical Hamiltonian mechanics in the complex model C”, ¢ =
%. As above, F is a classical flow for a quadratic, time-dependent Hamiltonian.

Let us denote by F¢ the same flow in C". We easily get

c 1 7 -
Ft = E(Yg + Z¢) (3.49)
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where
Y=A+D+i(B—-C), Z=A—-D+i(B+0C) (3.50)

Recall that all these matrices are time dependent and Y is invertible. So we have Y =
Y|V (polar decomposition), where |Y 2=YY*and V is a unitary transformation
of C" (V € SU(n)).

We already introduced W = ZY ~! and we know that 0 < W*W < 1. So we can
factorize F€ in the following way.

F¢=D°.5S¢ (3.51)
S‘c=Ve (3.52)
D=1 —WW) P4 (1 - wrw)Pwrg (3.53)

Coming back to the real representation in R?", S is an orthogonal symplectic trans-
formation (a rotation in the phase space). Let us compute R (S). To do that, we write
V = ¢!l (this is possible locally in time). L is an Hermitian complex matrix. V is
the flow at time 17 of the quadratic Hamiltonian

_ 1 _ _
Hy(6,¢) =5 (¢ LT¢ +E- Lg)
Let H be the real representation of H¢, then we have ﬁ(S) = e_iﬁs. So ﬁ(S) isa
quantum rotation because we have, for every observable O,
e’ﬁs 6e*iﬁs = 6\5

It is more difficult to compute R (D) (the dilation or squeezing part).

We write down the polar decomposition of W, W = U|W|, |W|> = W*W, U
unitary transformation in C". We are looking for a generator at (new) time 1 for
the transformation D. Let us introduce a complex transformation B in C" with the
polar decomposition B = U|B| (|B|? = B*B). After standard computations, we get

0 B*\_( cosh|B|  —sinh|B|U*
eXP<B 0>_<Usinh|B| —U cosh |B|U* (3.54)

Comparing with previous computation of D¢, we get

cosh |B| = (1 — w*w) ™'/ (3.55)
sinh |B|U™* = cosh |B|W* (3.56)
sinh |B| = cosh | B||W| (3.57)

2This time is a new time, which has nothing to do with ¢.
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We can solve the last equation:

|B| = argtanh |W| (3.58)
More explicitly we have
ww)"
B=W 3.59
Z 2n+1 ( )
n>0

In particular B is a symmetric matrix (BT = B) because W is a symmetric matrix.
As for the rotation part, we can get now a dilation generator,

[ - _
=3(¢- B —¢-BE)
such that the (complex) equation of motion is
¢ =B*

Flnally we restore the time ¢. We have a decomposition F; = D(B;)S(L;) such that
U, A,D(B[)S(L,) where A, is a complex number, |X;| =1 and

D(B,) = e2@"Bia'—a-B"a) (3.60)

is the generator of squeezed states. More properties of D(B) will be given at the
end of this section. We can get now

Proposition 34 For every time t we have
Uypo = det'/? V,pp, (3.61)
where ¢p, is the squeezed state defined by
¢5, = D(B)go (3.62)
and det th/ s defined by continuity, starting fromt =0 (Vo = 1).

Proof 1t is enough to show that ¢ is an eigenstate of §(L) with eigenvalue y =
I Te(L). Clearly

(frlT .L'a+a- LaT)q)o = Z(Lj,ia;a,- + Li,ja,-aj-)goo = ZLi'i(pO
i,j 1

since a;p0 =0, Vi = 1,...,n. We get the result by exponentiating. Let us remark
here that even if L is defined in a small time interval we can conclude because the
prefactor of ¢, must be continuous in time ¢. O

We can also demonstrate that the quantum evolution of a coherent state ¢, is
simply a displaced along the classical motion of a squeezed state:
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Proposition 35 Let z; = (q;, p;) be the phase space point of the classical flow at
time t starting with initial conditions z = (q, p). Thus

(5)=5()

Ut)g. =det V,'*T (z,) P,

One has

Proof One uses the fact that, due to that U (t) = R (Fy),

Ue: =TT (2)e0 =T @)U (Do O
More on n-Dimensional Squeezed States  Consider now any complex symmetric
n x n matrix W such that W*W < 1. Take as before the polar decomposition of W

to be
ki 1/2
W=U|W|, |W|=(W*W)
U being unitary. We define the n x n complex symmetric matrix B to be

B = U argtanh |W|

More explicitly writing the Taylor expansion of argtanhu at O we find

o0

W*W)"

B:WZ! and we have |W| = tanh | B| (3.63)
= 2n+1

Now we construct the unitary operator D(B) in L2(R") as
1 ¥ T *
D(B) =exp E(a -Ba' —a- B*a)
We have

Lemma 25

(1) D(B) is unitary with inverse D(—B).
(ii)

a o @a-wwHT2 —wa-wrw) 2\ (a
D(B) (a*) D(—B) = <_(1 _ W*W)—I/ZW* (1— W*W)_1/2 ) (a'l'>

Proof Let us denote

ap(t) = D(tB)aD(~tB),  aj,(1)=D(tB)a'D(~B)
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Computing

d —paB)| L(a'- Ba' B* D(—tB
Eag(t)_ (tB) E(a -Ba" —a- B*a),a|D(—1B)

we get, using the commuting relations,

d
EaB(I) = —Bag(?)

and the same for a':
d i
EaB(t) = B*aj (1)
: 0 B* .
We get the result by computing exp(( ) )) as in (3.54). O

We define the n-dimensional squeezed state as
v = D(B)go
where ¢ is the standard Gaussian (ground state of the Harmonic oscillator).

We shall first compute 1/ ®) in the Fock-Bargmann representation. We recall that
in the Fock-Bargmann representation one has

Blwol(¢) = @rh)™"/?

(independent of ¢ € C").
Then we try the following ansatz:

1
B[y ®]@) :aexp<ﬁ§ .M;> (3.64)
where M is a complex symmetric matrix that we want to compute. From now on we

assume A= 1.
Let us consider the antihermitian Hamiltonian Hp to be

Hp = %(aT -Ba’ —a- B*a)

Take a fictitious time ¢ to vary between O and 1 and consider the evolution operator
Up(t) =e'f8_Then v B (1) = Up(t)¢p satisfies the differential equation

d
v PO =Hpy P
with the following limiting values:

VPO =g, v P =y
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In the Fock—Bargmann representation Hp has the following form:
l *
Hg(£,0;) = 5(( B¢ —0;-B"0)

Using the ansatz (3.64) for ¥ B (1) we see that one has
. 1 . 1 1
(a+a§§ ~MC> eXp<§§~MC> =a(t)HB(§,8;)eXp<§§ -M§>

Now we compute the right hand side using the convention of summation over re-
peated indices; we get

1 1 1 1 1
?W)(EC "B — Eang*ijMikik - EB;}afjngki> exp<§§ 'M§>
1 " N 1
= Ea(; B¢ —Tr(B*M) —{ - MB*M{) exp 3¢ Mt
Identifying we get
y * . 1 *
M=B—-MB*M, a:—EaTr(B M)

Let us solve the differential equation

&M =—MB*M + B (3.65)

with M;—y =0.
We consider N such as

M=UN

with U independent of ¢ given by the polar decomposition of B.
Then equation (3.65) becomes

UdN=—-UN|B|N + U|B|
Thus it reduces to
0N =—N|B|N + |B|

At time t = 0, N = 0O thus the solution at time ¢ = 1 is a function of |B| (thus
commuting with |B]) given by

N =tanh|B|

This implies that
M =Utanh|B|=U|W|=W
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Now consider the differential equation satisfied by a (). We get
2a=—aTi(B*M)=—aTr(|BIlU*UN) = —aTr(| B| tanh | B|)

Since a(0) = (27)™"/? we get

a(t) = (Eﬂ)_"/zexp<—%/
0

1
= 2n)"? exp(—i Trlogcosht|B|)

t

ds Tr(lBltanhs|B|)>

-1/2 1/4

a(l) = 2m)™"*(detcosh|B|)™ '~ = 27)™"/*(det(1L — |W|?))
where we have used that eT"4 = dete?.

Thus the squeezed state 8) = D(B)¢y has the following Fock—-Bargmann rep-
resentation

¥ ® () = @)/ (detcosh |BJ) exp(%g . W;) (3.66)

Now using the inverse Fock—Bargmann transform we go back to the coordinate
representation of ¥ (%), One has to compute the following integral:

x2 _ ;_‘2 -1
/dqdpexp - T—x«/igquf —g L+ SEWe (3.67)

The argument of the exponential can be rewritten as

2 . 2
X 1L , ip-q p . L, , 5
>~ 79 St rxa+ip) 2(q + p?)
1 . .
+Z(q'Wq—lp'Wq—lq~Wp—p~Wp)
2
X ) 3, 1, 1 ) .
=—7+x(q+lp)—zq i +Z(q~Wq—lp-Wq—lq-Wp—p~Wp)

Thus it appears a quadratic form in g, p which can be written in matrix form as

1 q

M_l 31—-W  —i(W+1)
T2\-iW+1) W+1

with

One has

! i
M —E(i (31—W>(1+W)—1>
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Thus the integral over g, p in (3.67) will be the exponential of the following
quadratic form:

1 . 1 (X )C2
_E(X, ix)M <ix) -5 (3.68)
with a phase which is exactly

-1/2 —1/2

(det(M/27)) /" = (27)"/* (det(1 + W))

It is easy to compute the expression in (3.68). It gives
1 -1
% A-wW)ya+w) 'x
Thus restoring the & dependence and the factors 7w we get the following result.

Proposition 36 The squeezed state B is actually a Gaussian in the position rep-
resentation given by

w(B)(x) =ar exp(éx . Fx) (3.69)
with
r=i@-wya+w™!
and

ar = (h) ™ (det(1 — W) 2@+ w)~/?

3.5 Representation of the Weyl Symbol of the Metaplectic
Operators

See Chap. 2 for the definitions of covariant and contravariant Weyl symbols. We
have shown that R(F) = U; where U; is the quantum propagator of the quadratic
Hamiltonian,

o .
H(t) = 5(Q, P)M, (%) (3.70)

with M; = —J F, Ffl, F; being a continuous path in the space Sp(n) joining 1 at
t=0to F att = 1. In [52] the authors show the following result.
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Theorem 18

(1) If det(1 + F) # O the contravariant Weyl symbol of ﬁ(F ) has the following
form:

R(F,X) =" |det(1 + F)| " exp(—iJ (1 — F)A + F)~'X - X) (3.71)

wherev e Z ifdet(l + F) >0andv € Z+ 1/2 ifdet(1 + F) <O.
(i) If det(1 — F) # O the covariant Weyl symbol of I?(F) has the following form:

R*(F, X) = ™#|det(1 — F)| ' exp(—%](]1+ FA—F)'x. X) 3.72)

where u =V + 5 and v € ZL.

This formula has been heuristically proposed by Mehlig and Wilkinson [143]
without the computation of the phase. See also [61].

We can restore the 7 dependence of R(F, X) and R*(F, X) by putting a factor
i~ in the argument of the exponentials.

Proof Let us state the following proposition which is a direct consequence of (3.39)
after algebraic computations.

Proposition 37 The matrix elements of ﬁ(F ) on coherent states ¢, are given by
the following formula:

(04 x|R(F)p:) = 2" (det(1 + F +iJ (1 — F)))~/?

+X2+1' (X,2) +K XX

X J— —_— — N

exp| —|z > yio(X.z Flz >
X—iJX

x <z+ 7» (3.73)

2
where
Kr=@+F)(1+F+iJ1—F))" (3.74)

Now we can compute the distribution covariant symbol of R(F) by plugging
formula (3.73) into formula (2.29).

Let us begin with the regular case det(1 — F) # 0 and compute the covariant
symbol.

Using Proposition 37 and formula (3.39), we have to compute a Gaussian integral
with a complex, quadratic, non-degenerate covariance matrix (see [117]).

This covariance matrix is Kr — 1 and we have clearly

Kp—1=-iJA—-F)(1+F+iJ1—- F))*1 =—1—-iA)~!
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where A = (1 + F)(1 — F)~!J is a real symmetric matrix. So we have
REKr—D)=—(1+42)", SKr-D=—4(1+4>)"" (375

So that 1 — K is in the Siegel space X, and Theorem 7.6.1 of [117] can be applied.
The only serious problem is to compute the index (.

Let us define a path of 2n x 2n symplectic matrices as follows: G, = e/™ /2 if
det(1 — F) > 0, and G, = G? ® e/ /-2 if det(1 — F) < 0, where

@ 0
(7 1)
0 5w

where 7 is a smooth function on [0, 1] such that n(0) =1, n(¢) > 1 on ]0, 1] and
where Jy, is the 2n x 2n matrix defining the symplectic matrix on the Euclidean
space R,

G and F are in the same connected component of Sp, (2n) where Sp, (2n) =
{F € Sp(2n), det(1 — F) # 0}. So we can consider a path s — F} in Sp, (2n) such
that Fj=Gpand F| =F.

Let us consider the following “argument of determinant” functions for families
of complex matrices:

OLF] =arg.[det(1+ F; +iJ (1 — F))] (3.76)
BIF] = arg, [det(1 — Kp)~!] (3.77)

where arg. means that ¢ — 6[F;] is continuous in ¢ and 6[1] =0 (Fp = 1), and
S > arg, [det(S)] is the analytic determination defined on the Siegel space X,
such that arg , [det(S)] = 0 if S is real (see [117], vol. 1, Sect. 3.4).
With these notations we have
_ PUF1=01F] 378)
2
Let us consider first the case det(1 — F) > 0.

Using that J has the spectrum =i, we get det(l + G, +iJ (1 — G,)) = 4"e"™!
and 1 — Kg, =1.

Let us remark that det(1 — Kr)~! =det(1 — F)"ldet(1 — F +iJ(1 + F)).
Let us introduce A(E, M) =det(l — E + M(1 + E)) for E € Sp(2n) and M €
sp, (2n, C). Let consider the closed path C in Sp(2n) defined by adding {G}o<;<1
and {F]}o<s<1. We denote by 27 v the variation of the argument for A(e, M)
along C. Then we get easily

B(F)=0[F]+2nv+nn, nel (3.79)

When det(1 — F) < 0, by an explicit computation, we find arg , [det(1 — K¢,)] = 0.
So we can conclude as above.

The formula for the contravariant symbol can be easily deduced from the covari-
ant formula using a symplectic Fourier transform. O
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Remark 13 When the quadratic Hamiltonian H is time independent then F, = e’/
S is a symmetric matrix. So if det(e/’S + 1) # 0, then we get applying (3.71),

t -1z t
det[cosh(EJS>] exp(ia(tanh(EJS)X-X>> (3.80)

This formula was obtained in [118]. In particular the Mehler formula for the Har-
monic oscillator is obtained with § = 1.

In [61] the author discuss the Maslov index related with the metaplectic repre-
sentation.

R(elJS, X) :einv

Remark 14 In the paper [52] the authors give a different method to compute the con-
travariant Weyl symbol R(F, X) inspired by [76]. They consider a smooth family
F; of linear symplectic transformations associated with a family of time-dependent
quadratic Hamiltonians H;. After quantization we have a quantum propagator ﬁ,
with its contravariant Weyl symbol U,” (X). We make the ansatz U, (X) = o eX M X
where «; is a complex number, M, is a symmetric matrix. Using the Schrodinger
equation 0;U;” = H; ® U;”, and the Moyal product, we find for M; a Riccati equa-
tion which is solved with the classical motion. Afterwards, «; is found by solving a
Liouville equation hence we recover the previous results (see [52] for details).
This approach will be adapted later in this book in the fermionic setting.

3.6 Traps

We now give an application in physics of our computations concerning quadratic
Hamiltonians.

The quantum motion of an ion in a quadrupolar radio-frequency trap is solved
exactly in terms of the classical trajectories. It is proven that the quantum stability
regions coincide with the stability regions of the associated Mathieu equation. By
quantum stability we mean that the quantum evolution over one period (the so-
called Floquet operator) has only pure-point spectrum. Thus the quantum motion
is “trapped” in a suitable sense. We exhibit the set of eigenstates of the Floquet
operator.

3.6.1 The Classical Motion

Let us consider a three-dimensional Hamiltonian of the following form:

2
H(@t) = ;)—m + r%(f - %()ﬂ + yz)) (Vi — Vo cos(wr)) (3.81)

Here p = (px, py, p;) is the three-dimensional momentum, m the mass of the ion,
and r = (x, y, z) is the three-dimensional position. rg is the size of the trap and e
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the charge of the electron. V| (resp. Vj) is the constant (resp. alternating) voltage.
Such time-periodic Hamiltonians are realized by using traps that are hyperboloids of
revolution along the z-axis that are submitted to a direct current plus an alternating
current voltage. Also known as Paul traps they allow to confine isolated ions like
cesium for rather long times, and also a few ions together in the same trap.

It is obvious to see that this Hamiltonian is purely quadratic and that it decouples
into three one-dimensional Hamiltonians:

HO)=h()QL®1+1Qhy() ®1+1Q1L® h,(1)

where hy(t) = hy(t) = m — —(a — Bcos(wt)), h,(t) = 2m + 22 (o — B cos(wt))

with o = 2V], B= —2V0
Thus x(t) (1), z(t) evolve according to the Mathieu equations:

¥(1) —x(t)(a/m — cos(wr)B/m) =0, Z2(1) + z2(1) (20 /m — cos(wt)2B/m) =

(3.82)
It is known that each of these equations have stability regions parametrized by
(a, B, ), in which the motion remains bounded. Furthermore it can be shown that
it is quasiperiodic with Floquet exponent p. See [142].

Theorem 19 There exist p, p’ € R and rapidly converging sequences ¢y, c, € R
depending on a = 4a/mw?*, b = 2B/mw? such that the solution of (3.82) with

xO0)=u, x(t)=v/m,z(0) = u, z(0) = v’/m are given by
. 2 wt
sin <( n -+ /o)—2

U X wt
x(t,u,v) = . écn cos<(2n + p)7) +
/ “+o00 20/ +00 wt
2t u' V) = Zc Cos<(2n+p) ) C()d/zc;l Sin((Zn—}—p’)?)
—0oQ
where c =) 5 cn,d = ;(2n+ p)cy, and similarly for ¢, d’. Note that the Floquet
exponent p is the same for x, y but p’' # p.

The proof depends heavily on the linearity of Mathieu’s equations. Note that the
stability regions are delimited by the curves C; for which (3.82) has periodic solu-
tions, i.e. for which p = j € N. For given «, 8, there exists w1, w; € R* such that
for any w €]wi, wa| the classical equations of motion (3.82) have stable solutions.
w1 has to be large enough hence the name “radio-frequency traps”.

3.7 The Quantum Evolution

Since ions are actually quantum objects it is relevant to consider now the quantum
problem. As known from the general considerations of this Chapter on quadratic
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Hamiltonians the quantum evolution for Hamiltonians of the form (3.81) is com-
pletely determined by the quantum motion. The Hilbert space of quantum states is
H = L*(R?). One thus finds that the time-periodic Hamiltonian

x2+y2
2

. 2

H@):= —2h—mA + (o — Beos(wr)) <z2 -

where A is the 3-dimensional Laplacian and generates an unitary operator U, s)
that evolves a quantum state from time s to time #. The Floquet operator is the
operator on time evolution over one period 7 =27 /w:

U(T,0) = U (T,0)U, (T, 0)U(T, 0)

We shall denote by U r (resp. U ) the operator ﬁx (T, 0) (resp. ﬁZ(T, 0)). Then one
has the following results:

Theorem 20

(i) Given a, B € R there exists w1, wy € R as in the previous section such that for
any ¥ € H and any € > 0 there exists R € R such that

sttlp||F(|r| > R)ﬁ(t,s)l/f” <€

F(|r| > R) being the characteristic function of the exterior of the ball |r| < R.

(ii) For «, B, w as above, l?p has pure-point spectrum of the form {exp(—ipm (k +
1/2))}ren where p is as in the preceding section the classical Floquet exponent.
Similarly for I’J\I’p

Remark 15 A complete proof can be seen in [47].
(1) says that the time evolution of any quantum state remains essentially localized
along the quantum evolution.

Proof To prove (i) it is enough to state the result in one dimension, and to as-
sume m = h = 1. We establish the result for y» € Cj° which is a dense set.

Let W(—2x,&,t) be the Wigner function of the state ¥ (¢) := l7(t,0)1//. Then
W(x,.,t) € L\(R), V¢t € R, Vx € R. Furthermore we have

(-2
T2
It follows that

|#(x1> Ry = [

[x|>2

2

= /dé Wx,§,1)

dx d& W(x,E,t):/ dx dg W (x(1), £(1),0)
R |x|>2R

where x(¢) is a solution of (3.82) with x(0) = x, x(0) = &. Then we perform a
change of variables with uniform (in ¢) Jacobian, the linearity of Mathieu’s equation
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and the boundedness in time of its solution in the stable region, together with the
fact that W (x, &, 1) € L' (R?) to conclude. O

An extension of Theorem 20 to Hermite-like wavefunctions is the following:
define

L¥\*/? iN,x2
@ =) Z) H L !
e =0 P(3) T HleiL e

where Hj are the normalized Hermite polynomials and the determination of the
square-root is followed by continuity from r = 0. We have

Ut,0)P(0,.) = Di(t,.), VteR

This can be proven by using the Trotter product formula, a steplike approximation
fn (@) of the function f () = o — B cos(wt) and the continuity of solutions of (3.82)
when fy — f. See [47] and [99, 100] for details.

The normalized eigenstates of Ur are generalized squeezed states. Let us assume
m =1 for simplicity. Let F(¢) be the symplectic 2 x 2 matrix solution of

F=JMF

1 0
M) = (0 f(t))

ro=(& 5)

We choose suitable initial data F'(0) = (g g(_)] ) with

wd —1/2
=(3)

We define L, = A; +iB;, N; = C; +iD;. For these initial data, we have

where

f(t) =a — Bcos(wt)

g 400 1 400
L, = _ezpwt/Z chemwt’ N, = _ezpwt/2 chemwt
c gd =~

—00

It is clear that | L], 2’—: are T -periodic where T = 27 /w, and furthermore

. ot L* k/2
el(k+1/2)p2(Lt)1/2<_l>
L;
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is also T -periodic. Then we introduce the self-adjoint quasi-energy operator
K ih 9 + hy(2)
= —1l1N—
a7
acting in the Hilbert space

K =L*R) ® L*(T,)

of functions depending on both x and ¢, T-periodic in ¢. This formalism has been
introduced by Howland [119] and Yajima [204]. K is closely related to the quantum
evolution operator. We have the following result:

Lemma 26

(1) Assume W € K is an eigenstate of K with eigenvalue . Then for any t € T,
W (t,.) € L*(R) and satisfies

Ut +T, 0w () =e "My ()
(i) Conversely let ¥ € L*(R) satisfy
O(T, 0y e iTHhy,
Then W = eM/h{j (¢, 0)y € K and satisfies
Kv =\¢
Proof Define

lI’k(l, X) — e(k+1/2)pa)l/2(pk(x)

Then using the periodicity properties we have ¥, € K and

~ 1
U(T,0)9,(0,.) = exp(—in,o (k + 5)) D10, )
and thus

1\ Apw
Ky, =k+ - |—
k (—1-2) > k O






Chapter 4
The Semiclassical Evolution of Gaussian
Coherent States

Abstract In this Chapter we consider semiclassical asymptotics of the quantum
evolution of coherent states at any order in the Planck constant. We consider a con-
trol in time of the remainder term depending explicitly on & and on the stability
matrix. We find that the quantum evolved coherent state is in L?-norm well approx-
imated by a squeezed state located around the phase-space point z; of the classical
flow reached at time 7, with a dispersion controlled by the stability matrix at point z;.
The idea goes back to Hepp (Commun. Math. Phys. 35:265-277, 1974) and was
further developed by G. Hagedorn (Ann. Phys. 135:58-70, 1981; Ann. Inst. Henri
Poincaré 42:363-374, 1985). The method that we develop here follows the paper
(Combescure and Robert in Asymptot. Anal. 14:377-404, 1997) where we consider
general time-dependent Hamiltonians and use the squeezed states formalism and the
metaplectic transformation (see Chap. 3). The difference between the exact and the
semiclassical evolution is estimated in time ¢ and in the semiclassical parameter
giving in particular the well known Ehrenfest time of order log(h™1).

We then provide two applications of the semiclassical estimates: the first one con-
cerns the semiclassical estimate of the spreading of quantum wave packets which
are coherent states in terms of the Lyapunov exponents of the classical flow. The sec-
ond application is to the scattering theory for general short range interactions: then
the large time asymptotics can be controlled and the quantum scattering operator
acts on coherent states following the classical scattering theory with good estimates
in h. More accurate estimates can be obtained using the Fourier—Bargmann trans-
form (Robert in Partial Differential Equations and Applications, 2007). We consider
Gevrey type estimates for the semiclassical coefficients and h-exponentially small
remainder estimates in Sobolev norms for solutions of time-dependent Schrédinger
equations.

4.1 General Results and Assumptions

We shall consider the quantum Hamiltonian H(t) of a possibly time-dependent
problem. We assume that the corresponding time-dependent Schrodinger equation
defines a unique quantum unitary propagator U (¢, s). Then we consider the canoni-
cal Gaussian coherent states ¢, where z = (g, p) € R*" is a phase-space point. Then
we let it evolve with the quantum propagator that is we consider the quantum state

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 87
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_4, © Springer Science+Business Media B.V. 2012
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at time ¢ defined by
(1) :=U(t,0)¢;

Semiclassically (when % is small) ¥ (z, ¢, i) is well approximated in L?-norm by
a superposition of “squeezed states” centered around the phase-space point z; =
@ (t)z of the classical flow. This study goes back in the pioneering paper by Hepp
[113] and was later developed by G. Hagedorn in a series of papers [99, 100]. In
[49] an approach is developed connecting the semiclassical propagation of coherent
states to the so-called squeezed states. We develop here a generalization of these
results, following the paper [51], allowing general time-dependent Hamiltonians
and estimating the error term with respect to time ¢, to z and to A.

The knowledge of the time evolution for any Gaussian ¢, is a way to get many
properties for the full propagator U (¢, 0) (we can always assume that the initial time
is 0). This is easy to understand using that the family {¢,, z € R*"} is overcomplete
(Chap. 1). Let us denote by K;(x,y) the Schwartz-distribution kernel of U (¢, 0).
From overcompleteness we get the following formula:

K/(x,y)=Qrnh)™" /Rzn dz[U(t, 0)p; | (x)g: (y) 4.1)

This equality holds as Schwartz distributions on R?* and explains why it is very
useful to solve the Schrodinger equation with coherent state ¢, as initial state:

iho W (1) = HOW. (1), ¥.(0) =g, (4.2)

Several applications will be given later as well for time-dependent and time-
independent Schrodinger equations type.

4.1.1 Assumptions and Notations

Let H(t) be a self-adjoint Schrodinger Hamiltonian in L?(R") obtained by quan-
tizing a general time-dependent symbol H (x, &, t) called classical Hamiltonian. We
use the - Weyl quantization (see Chap. 2). H is assumed to be a C*°-smooth func-
tionforx e R*", £ e R",r €]-T,T[0 < T < 400 satisfying a global estimate:

(A.0) There exist some nonnegative constants m, M, K g 7 such that

)Moy o) Hix. .0 < K.

(141 + 151
uniformly in (x,£) € R*,r €T, T[ for |y| + |y’| = m. So H may be a
very general Hamiltonian including time-dependent magnetic fields or non
Euclidean metrics. We furthermore assume H (x, &, t) to be such that the clas-
sical and quantum evolutions exist from time O to time ¢ for # in some interval
1-T,T[ where T < 400 or T = +00. More precisely:
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(A.1) Given some z = (go, po) € R?" there exists a positive T' such that the Hamil-
ton equations

. 0H ) oH

4= ——(q1, pi, 1), pi=———(q, pi, 1)

ap dq
have a unique solution for any ¢t € ]—T, T[ starting from initial data z :=
(g0, po). We denote z; = (q;, p:) := D (t)z the phase-space point reached at
time ¢ starting by z at time 0.

(A.2) There exists a unique quantum propagator U (z, s), (¢, s) € R? with the fol-
lowing properties:

(i) U(z,s) is unitary in L2(R") with
Utt,s)=U(t,nU(r,s), Y(r,s,1)eR’

(i) U(.,.) is a strongly continuous operator-valued function for the operator

norm topology in LZ(R"). The usual norm in L*(R") is denoted by |.||.
(iii) Let

2
B(k) = {u eL*(R"): Y |xPodul”:=lulpy < oo}
|+ Bl<k

and let B(—k) be the standard dual space of B(k).

Then we assume that there exists some k € N such that for any ¥ € L>(R") and any
s [T, T U(t,s)y¥ is B(—k)-valued absolutely continuous in ¢ and satisfies the
time-dependent Schrédinger equation

ih%U(r, )Y =HOU @, s)y

in B(—k) at almostevery t € |—T, T[.

If H is independent on time ¢ satisfying (A.0), (A.1) is satisfied if the trajectory
is on a compact energy level: H(g,, p;) = E with H~'(E) bounded in ]RZ X R’I’)
and (A.2) is satisfied if A is self-adjoint. But if H depends on time #, no general
conditions are known that ensure properties (A.1), (A.2) to be true. However, we
shall indicate in the usual Schrédinger case with time-dependent potentials or in the
Schrodinger case with time-dependent electric and magnetic fields some general
technical conditions provided by Yajima [202, 205] such that (A.2) holds true for
k=2:

(1) Let H(x,&,1) =362+ V(t,x), Ir:=[-T,T]and
V eC(Ir, LP>(R")) +C(Ir, L*(R")), % € LPv1(Ir) + L>P(Ir)

where 8 > 1, pp =Max(p,2), p1 =2np/(n+4p)ifn=>=5, p1>2p(p+1)if
p=4and p1 =2p/(p+1)ifn <3,a; >4p/(4p —n) and

p/m
L™P(]) = {u/ dt[/ dx‘u(t,x)|m:| <oo}
I n
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(Note that V (¢, x) can be less regular in the time variable if it is more regular in
the space variables.) Then property (A.2) is satisfied for s, t € IT x I7 and for
any quantization of H ().

(2) Let H(x,&,1) = %(é — A(t,x))*> + V(t,x) where V(t,x) and A(t,x) =

{Aj(t,x)}j=1,..n are the electric and magnetic vector potentials. If B(z, x) is
the strength tensor of the magnetic field i.e. the skew-symmetric matrix
0Ar  0A;
k= 0x; 0xX

we assume the following:
1 Aj: R"*t! — R is such that for any multiindex o, 97 A; is Clin (t,x) €
R
(i) There exists € > 0 such that

09B(, )| < Co(1+1x) 775, ol =1
0% A(t, x)| + 928, A(t, x)| < Co, el = 1, (t,x) e R"!

(iii) V :R"! — R belongs to LP*(R) 4+ L (R) for some p > n/2 with p > 1
anda =2p/(2p —n).

In Chap. 1 we have described the construction of standard coherent states by
applying the Weyl-Heisenberg operator to the ground state ¥ of the n-dimensional
harmonic oscillator with Hamiltonian

1, A n
Ko:= - (P? 2
0 2( + 0?) 43)

9. = T@%

In Chap. 3 we have computed an explicit formula for the time evolution of coherent
states driven by any quadratic Hamiltonian in (g, p).

We shall now define generalized coherent states by applying T(z) to the ex-
cited states ¥, of the n-dimensional harmonic oscillator; given a multiindex v =
V1, ..., ), ¥, is the normalized eigenstate of (4.3) with eigenvalue |v| +n/2. We
recall the notation

n

= "v

j=1
‘We thus define
lpz(‘)) = i(Z)Wv

and ¢, is simply IIIZ(O).
Similarly we define generalized squeezed states @;‘% centered around the phase-
space point z. Let W be a symmetric n X n matrix with polar decomposition W =

U|W| where |[W| = (W*W)/2and U a unitary n X n matrix. We assume that
W*W <1
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and define
B := UArgtanh|W| 4.4

Now as in Chap. 3 we construct the unitary operator ﬁ(B) in L2(R") as
N 1
D(B) = exp(i(a* -Ba* —a- B*a))

a* and a being the creation and annihilation operators. We define
o'y =T DB,

Of course we have
d) (V) w(B)

where 1/ (B) is the standard squeezed state, using the notations of Chap. 2 and

0
CDZ(S—%

using the notation of Chap. 1.

4.1.2 The Semiclassical Evolution of Generalized Coherent States

In this section we consider the quantum evolution of superpositions of generalized
coherent states of the form lllz(”) and prove under the above assumptions that, up to
an error term which can be controlled in ¢, z, /i, it is close in L?-norm to a super-
position of squeezed states of the form <D( 5 Where 7, := @ (t)z is the phase-space
point reached at time ¢ by the classical ﬁow @(t) of H(t), and B, is well-defined
through the linear stability problem at point z;. We follow the approach developed
in [51] where we use:

— the algebra of the generators of coherent and squeezed states
— the so-called Duhamel principle, which is nothing but the following identity:

[t . .
Ul(z,s)—Uz(t,s)=Ef dr Ui(t,7)(Hi(v) — Ha (1)) Ua(x, 5) (4.5)

where U;(t,s) is the quantum propagator generated by the time-dependent
Hamiltonian H @®),i=1,2. We take H1 () = H(t) and Hz(t) to be the “Tay-
lor expansion up to order 2” of H (t) around the classical path z;. More precisely:

o A oH A dH
Hy(t) = H(qs, pi, 1) +(Q — q1) - B_(qh pt)+(P—pi)- E(Qta Pi 1)

1,4 R
+5(0—ai. P - p)M (g Zt) @.6)
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M; being the Hessian of H (t) computed at point z; = (g;, p;):

u 3’H

r— 8Z2
The interesting point is that since H»(t) is at most quadratic, its quantum propa-
gator is written uniquely through the generators of coherent and squeezed states. In
Chap. 3 we have shown the link between the quantum propagator of purely quadratic
Hamiltonians and the metaplectic transformations. It is shown that the quantum
propagator of purely quadratic Hamiltonians can be decomposed into a quantum

rotation times a squeezing generator. Let us be more explicit: Let Hg(?) be a purely
quadratic quantum Hamiltonian of the form

4.7

=2t

Ao(t) = (0, P)S®) (g)

with S() a 2n x 2n symmetric matrix of the form

_(G: L
S = < L, Kt)
where G;, K; are symmetric and L denotes the transpose of L. In what follows S(¢)

will be simply M;. Let F(¢) be the symplectic matrix solution of

F(t)=JM,F(1) (4.8)

0 1
7=(% )
It has the four-block decomposition
_(A® B@®)
Foy= (C(t) D(t))

In Chap. 3 it has been established that the quantum propagator U, (¢, 0) of ﬁQ @)

is nothing but the metaplectic operator R(F (1)) associated to the symplectic ma-
trix F(¢). It implies that the Heisenberngbservables Q(t), P(t) obey the classical
Newton equations for the Hamiltonian H (¢) as expected. Therefore we have

with initial data Fy = 1, where

Lemma 27

A

U,0,1) (g) Uy(t,0)=F(@) <%>

Passing from the (Q, 13) representation to the (a*, a) representation we easily
get



4.1 General Results and Assumptions 93

-1 a* _l Yl Z, a*
o (D)eo=30 56

Furthermore one can show that IQ(F (t)) decomposes into a product of a rotation
part and a “squeezing” part. Defining the complex matrices:

Lemma 28

Yy =A()+iB(t) —i(Ct)+iD{)), Z,=A@)+iB(1)+i(C@t)+iD())
(4.9)
we have the following identity:

Z¥7=Y*Y —41
and Y, is invertible. The matrix W, = Z,¥,"! is such that
W'W, <1, Wo=0

Furthermore it has been shown in Chap. 3 (Lemmas 21 and 23) that it is a symmetric
matrix. Thus one can define the matrix B; according to (4.4); note that B, is not to be
confused with the matrix B(t) of the four-block decomposition of F'(¢). Introducing
the polar decomposition of Y;:

Y, =%V}
where
YP?=YY*

we see that V; is a smooth function of ¢ and we can define (at least locally in time)
a smooth self-adjoint matrix I'; by

Vi =exp(il?)

Let Ié(t) be the following unitary operator in L2(R™) (metaplectic transformation):

R =exp{%(a*»a) (107 It;l) (i‘)}

It has the following property:

R (1) R~ = ((\‘2?;)

Remark 16 R(t) will be the rotation part of the metaplectic transformation Uy (¢, 0)

Lemma 29

while D(B;) will be the squeezing part.
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One has the following property:

Proposition 38 The quantum propagator solving the time-dependent Schrodinger
equation

ih%Uq(t, s)=Ho(0)U,(t,5), U(s,s)=1
is given by
U,(t,s) = D(B)R(t)R(s) "' D(—By)
Due to the chain rule it is enough to show that
U, (1,0) = D(B)R(1)

The detailed proof can be found in the paper [51].

Now we can derive an explicit formula for the quantum propagator of H(1).
Let S;(z) be the classical action along the trajectory for the classical Hamilto-
nian H(x,&,t) starting at phase-space point z = (g, p) at time 0 and reaching
zr = (g, pr) attime t:

t
Si(z) = /0 ds[¥s - & — H(xs, &, 5)]

and define
8, =S,(z) — Qt'Ptz—‘]'P

The following result holds true:

Proposition 39 Let U;(t, s) be the quantum propagator for the Hamiltonian I:IZ(I)
given by (4.6). Then we have

Ua(t,s) = exp[i (8 — 8;)/h]T (z) D(B)R()R(s) ' D(~B)T(~z;)  (4.10)

Proof Here we use the notation z := 22

h
Using the Baker—Campbell-Hausdorff formula (and omitting the index ¢ in the
following formulas) we get

) FR 'a+1( z—2-7)
dt Z)= <)< Z 2ZZ 72
But

1, . ' . S|
Q(Z-Z—Z-Z)zzl—h(zi-q—ém), and i5=i[5—5(p-q+ﬁ~q)]
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so that taking the derivative of (4.10) with respect to time ¢ we get

i 5 = 2(p~q P-q) 2(p~q q-p)
+q'(ﬁ_p)_1.7‘(Q_q):|U2+f(Zt)Hq(t)f(_Zl)U2
i-p=s+i-(-n-5-@-9)

a5 0-
i-atnn (3
= H, (1)U 4.11)
where we have used that § - p — S = H(q, p, 1). O

The important fact here will be that U, propagates coherent states into Weyl
translated squeezed states so that using (4.5) we get a comparison between the
quantum evolution of coherent states and the Weyl-displaced squeezed state cen-
tered around the phase-space point z;. Consider as an initial state a coherent state

dﬁz(og =T(2)¥. We get

Ua(t,0)) = /T () D(BYR (D) ¥y = @/ M1 00y

2, Dt

using the fact that
. . 1
R()Wy =exp(iy;)¥, where y; = Etr(F,)
Therefore applying Duhamel’s formula (4.5) to o 2.0 We get

1 - U
UG, 0)@ g —e /MM D, = E/ ds Ut $)[H(s) — Ha(s)]e! O/ 00
A B,

(4.12)
This will be the starting point of our semiclassical estimate. Taking an arbitrary
multiindex u = (uq, ..., 4y) wWe denote

@,(1) =T (z)D(B)R(1)¥,

Starting from (4.12) we deduce that for any integer / > 1 there exist indexed func-
tions ¢, (¢, h) such that

33(-1)

U(t,000(0) — Y cylt, ), (/"
[v|=0

< C,hl/? (4.13)
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Furthermore the constant C; can be controlled in the time ¢ and in the center z of
the initial state. Let us now explicit the Taylor expansion of the Hamiltonian around
the classical phase-space point at time ¢ z;: we denote
2n .
1 9% f(5) ;
vV vV
(@) =[]+ (€)"

Sy a;;j

A(9)

v!

v=1,...,V2)
1

for f being a real function of ¢ € R?".
Taking for ¢ the phase-space point z we can write the Taylor expansion of
H(q, p,t) around the phase-space point z; = (g;, p;) at time t as

I+1
HW(z,,
H(é,t)=||2_:o#~(§—a)”
(v) —
n Z / H (Zt_’_e(f)' Zt) t) ({—Z[)U(l—e)l+1d9
[v|=1+2 '
HW ,
:ZM €=+ 3 nu =20 —2)" @14)
V=0 vl v|=l+2

Now we perform the A-quantization of (4.6) denoting £2 := (Q, P); we get

1
Ao -io=Y T g e Y R @)
[v|=3 ’ [v|=I+2

where
Ry(t) = T (—=z)Op[¢" - 1. (O]T (z0)

We now insert (4.15) into (4.12) and obtain the semiclassical estimate of order v/%
for the propagation of generalized coherent states, using in particular the Calderon—
Vaillancourt estimate (Chap. 2). Let us introduce some notation: we consider only
nonnegative time and define

o(z,t) == sup (1 + |z,|)

0<s<t

0(z,1) = sup [tr(F*(s)F(s))]

0<s<t

1/2

where F(t) is the symplectic matrix solution of (4.8). Let M be any fixed integer
not smaller than (M + (m — 2)4)/2. Let us define

01(z, 1, h) = o (z, 1) M Z (|t|> (VAo (. )2j+1

1<j<l
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(we recall that the constants M, m, Ky 7 were defined in Assumption (A.0)). Note
that if (A.0) is satisfied with m =2 and M = 0 (H (¢) is said to be subquadratic) then
we have M| = 0. The result will be a generalization of (4.13) using as initial state
a superposition of generalized coherent states (defined with higher order Hermite
functions).

Theorem 21 Assume H(x, &,t) and z be such that (A.0)—(A.2) are satisfied. Then
for any integers | > 1, J > 1 and any real number k > O there exists a universal
constant I' > 0 such that for every family of complex numbers {c,,, u € N*, |u| < J}
there exist ¢, (t, h) forv e N", |v| <3( — 1)+ J, such that for 0 < h+ VIO(t) <k
the following L*-estimate holds:

J _ J+30-1)
U(z,0)<2cjd>z({g>—e’5f/h Y. cult, ML)

1j1=0 ln1=0

172
erH,m<z,h,r>( > |cu|2> (4.16)

0=<lul=J
Moreover the coefficients c,,(t, h) can be computed by the following formula:

cu(t,h) —cp

= Z Z < Z h(k1+...+kp)/2—Pap’M,v(t))cv “4.17)

vi<J  1=p=l—1 “ki+-+kp<2p+i—1
lu—v|<31-3 k>3

where the entries ap ;, (1) are given by the evolution of the classical system and are
universal polynomials in HY) (z;, 1) for |y| <1+ 2 satisfying ap,uv(0)=0.

Remark 17 (Comments on the error estimate and the Ehrenfest time) The error term
seems accurate but not very explicit in our general setting. Let us assume for sim-
plicity that T = 400 and that the classical trajectory z; is bounded and unstable
with a Lyapunov exponent A > 0. So there exists some constant C > 0 such that

0(z,1) <Ce, Vi>0.

Then for every ¢ > 0 there exist C, and h, > 0 such that

1—3¢ 1
0<r<— log(ﬁ) = pelz, 1) < Ceht (4.18)

for 0 < A < he. So roughly speaking we can say that the semiclassical expansion
(4.16) is still valid for times smaller than the Ehrenfest time Tf := 617 log(%). When
the classical trajectory is stable (0(z, 1) < C(1 + |t|), Vt € R) then (4.16) is valid for

. . _1_
much longer time interval: 0 <t < C;h™27°.
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Fig. 4.1 Time evolution of p
a coherent state

semiclassical
wavepackets
attimest, t'

wavepacket

Remark 18 Let us denote ¥ ® (¢, x) = %/l Zﬂ:ﬁg_l)cﬂ(l, h)®,(t,x) and as-
sume for simplicity that v (0) = ¢, and denote V. (r) = U(z, 0)g,. ¥ (t,x) is
clearly localized very close to the point z; of the classical path. Moreover the shape
of Y@ (z, x) is close to a Gaussian shape with center at z, and with a complex co-
variance matrix /; depending on the stability matrix of the classical system. This
shape evolves with time (see Fig. 4.1). It is exponentially small outside any ball
{lx —q:| < h%_s }, for any € and its A-Fourier transform &Z (t, &) exponentially small
outside any ball {|§ — p;| < h%’g }. From (4.16) we get easily for the exact evolved
state ¥, (¢) the following probability estimates to be true outside of a narrow tube
around the classical path:

/ | edx|‘/fz(fvx)|2+/ | e[ o) = o) @419)
| 6= pil=3

x—qi|>h2"

Proof We only give here the strategy of the proof. For the technical details we refer
the reader to [51] or to [164] for a different approach. The idea of the proof is to
use repeatedly the Duhamel Formula to yield a Dyson series expansion of U (¢, 0) —
U (t,0) and to use (4.15) to calculate H (t) — I-AIz(t). One thus has for every integer
p=1:

U(t,0)—Uy(t,0)
oot t t . .
= > (ih)’f/ dn[ d;z--./ dtj_1 Ua(t, 1)) (H(t)) — Ha(1)))
1=j<p 0 n e
X Uz(tjytj—l)(l:l(tj—l) - HZ(tj—l))
X Ua(tj—1.tj-2) -+ (H(t1) — Hy (1)) Ua(t1,0)

t t t
b iRy / d f dis - - / Aty a1 Ut 1) (H(tpar) — Fa(ipi1))
0 1 tp

x Us(tps1, tp) (H(tp) — Haty))Un(tp, tp—1) -+ (H (1) — Ha(t1)) Ua (11, 0)
(4.20)
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We shall apply this formula with p =1 — 1. It is convenient to introduce the follow-
ing notation:

Ii(r1,...,tj; B1, ..., Bj) = U2(0,1) Bj Uy (85, tj-1) - - - Ua(t2, 1) B1Ua (21, 0)

where By = Op}’ by are quantum observables. By the chain rule we have

O, ....t5;B1,...,Bp =[] U200, 0)BUs(t,0)
I<k<j

where the product is ordered from the right to the left. Denoting

. HW (z,,
H(t) =) # (2 -z
|v|=k '

we see that [T(t, ..., 1p; FAIkl, e I:Ikp) is a homogeneous non-commutative poly-

nomial in Q, P of degree k1 + - - - + kj, using Lemma 27. Therefore the last integral
in (4.20) will yield the error term in the theorem. For the detailed proof we refer the
reader to [51]. O

A more general result is obtained by taking as initial state a coherent state with
arbitrary profile (see Chap. 1, Sect. 1.1.2): let f € S(R") to be the profile of a state.
Define

(Anf)(x) = h—"“f(i 4.21)

7)
Then for any z € R?" we construct a coherent state centered at z by
fo=T@ARS

One has the following result:

Theorem 22 There exists a family of differential operators with time-dependent
coefficients,

pij(x, Dy, 1), j=1, k>3

depending only on the Hamiltonian along the classical path z5, 0 <s <,
pjk(x,&,t) being a polynomial in (x,&) of degree < k such that for any real num-
ber k > 0 and any integer | > 1 and any f € S(R") there exists I' > 0 such that the
following L*-norm estimate holds:

UG, OT @ Arf = U2, ARPI(f,t, D) < T Knpr(z, 1, ) (4.22)
where Pi(.,t, h) is the (h, t)-dependent differential operator defined by

P(fity=f+ Y W pp,Den)f
(k, el

withj={(k,j)eNxN: 1<j<l—-1,k>3j, 1<k-2j<I}.
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Moreover the polynomials pyj(x,&,t) can be computed explicitly in terms of the
Weyl symbol of the following differential operators defined above

' 1 1
/dtlf dtlfl-u/‘ dnri(ty, ... t;; k1, ..., k)
0 0 0

Remark 19 If we consider an h-metaplectic transformation V in L2(R") we con-
sider the following object V = Agl V Ay, (with no confusion with the notation for
the transpose of a matrix). By definition since V has a quadratic generator V is
h-independent. So we find that U, (¢, 0) A P;(f, ¢, h) is actually a coherent state
centered at z; with profile E(B,)ﬁ(t) f. More explicitly

Uz(t,O)AhPAf,z,h)=e"8f/hf(z,mh( > hf/zp,-(x,Dx,z>15<B,>1%(t>f)
0<j=l-1

where p;(x, Dy, t) are differential operators with polynomial coefficients depend-
ing smoothly on ¢ as long as the classical flow z — z; exists.

4.1.3 Related Works and Other Results

In the physics literature the quantum propagation of coherent states has been consid-
ered by many authors, in particular by Heller [110, 111] and Littlejohn [138]. In the
mathematical literature Gaussian wave packets have been introduced and studied in
many respects, particularly under the name “Gaussian beams” (see [8, 159, 160]).
Somewhat related to the subject of this Chapter is the study by Paul and Uribe
[152, 153] of the h-asymptotics of the inner products of the eigenfunctions of a
Schrodinger type Hamiltonian with a coherent state and of “semiclassical trace for-
mulas” (see Chap. 5). However, their approach differs from the one presented here
by the use of Fourier-integral operators, which were introduced in connection with
wave packets propagation in the classical paper by Cordoba and Fefferman [54].

4.2 Application to the Spreading of Quantum Wave Packets

In this section we give an application of the estimate of the preceding section to
the spreading (in phase space) of a quantum wave packet which is, at time 0, local-
ized in the neighborhood of a fixed point of the corresponding classical motion. Let
7= (g, p) be such a fixed point and take as an initial quantum state the coherent
state ¢,. The quantum state at time ¢ is

V() =U(,0)¢;

We have seen that we can approximate ¥ (¢) by a Gaussian wavepacket again local-
ized around z; = z but with a spreading governed by the stability matrix My of the
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corresponding classical motion (given by (4.7)). A way of measuring the spreading
of wave packets around the point z in phase space is to compute

S@t) = <f(—z)wa), > (ata; + a,»ajf)f(—z)tp(z)>
j=1
= |af (2w )| + |a* T (=)@ )| (4.23)

The intuition behind this definition is the following. Let W, ; be the Wigner function
of the states ¥ (¢). According to the properties seen in Chap. 2, 2w h) ™" W, ;(X) is
a quasi-probability on the phase space R*" x and we have

Qrh)™" / dX W (X)AX) = (¥ (1), AJ/(z)).

Applying this relation to A= f"(z)(a* -a+4a- a*)’i’(—z) which has the Weyl-
symbol A(g, p) =|q — x|2 +|p— $|2, we see that S(¢) is the variance of the quasi-
probability 2w h) "W, ;(X).

Let us notice that S(¢) is well defined if the estimate (4.13) holds in the Sobolev
space X' (2) and with some more assumption on the quantum evolution U (¢, 0) one
can get the estimate (4.13) in X»-norm as we shall see now. More refined estimates
in other Sobolev norms will be given in the last section of this chapter.

Let us consider some symbol g satisfying assumption (A.0) with m = 0, such that
Op}/ (g) is invertible in the Schwartz space S(R"). Let us assume that the following
L?-operator norm estimate holds:

-1

|OpEgU @, 0)[0pyg] ™ | < Crg

Then an estimate analogous to (4.13) holds true:
0Py e[U (1. 0T ) Anf — Ua(t. 0) A Pi(f.t. )] < Cro T K pr(z. £, 1)
Obviously S(0) = n and we are interested in the difference
AS(t) :=S@) — S(0)
Let us first calculate
n
T@):= <T(—z)¢>(t), Z(ajaj + aja;f)T(—z)¢>(t)>
j=1
where @ (¢) is the approximant of ¥ (¢) given by
® (1) =" T (2) Uy (1)

Then

1
70 =n+2]alo%|* =n+ Ju(ZZ:)
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where Z; is defined by (4.9) and we use Lemma 28. Therefore
1 k
T@t)—T() = Etr(Z, Z,)

We show now that this is the dominant behavior of AS(¢) up to small correction
terms that we can estimate.

Let us assume that the classical flow at phase-space point z has finite Lyapunov
exponents, with a greatest Lyapunov exponent A € R (for notions concerning the sta-
bility and Lyapunov exponents for ordinary differential equations we refer to [39]).
Then by definition there exists some constant C > 0 such that ||F(¢)| < Ce,
Vt > 0 where C is independent of ¢. In what follows we denote by C a generic
constant independent of 7, /. Then under the above assumptions we get

v -2 50 < cVhte?M, V>0

We deduce the following result:
Theorem 23 Under the above assumptions we have the long time asymptotics
AS(t) = AT (¢) + O(R®) if one of the two following conditions is fulfilled:
(i) A <0 (“stable case”) and 0 <t < ht~1/2
(i1) A > O (“unstable case’) and ¢’ > € such that
0<r< ((1 — 28’)/6A) log(1/h)

In particular we have

Corollary 12 Let us assume that the Hamiltonian H is time independent and that
the greatest Lyapunov exponent is ) > 0. Then S(t) — S(0) behaves like e*' as

t — +o0o and h— 0 as long as t[log(1/h)]~" stays small enough.
(1) More precisely there exists C > 0 such that

eZM
= = AT () <Ce?, Vi>0

/

AS(t)= AT+ O0(R°), forO<t<

log - for some &’ > ¢

(1) In particular for n = 1 we have a more explicit result:

4p% + (a — c)?

AS() = 2(b2 —ac)

sinh?(at) + O (Iif) (4.24)

ab

under the above condition for t where ( b

) = My is the Hessian matrix of H
at z.
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Proof We get (i) using that the matrix J My has at least one eigenvalue with real
part A. To prove (4.24) we compute explicitly the exponential of the matrix 7J M)
which gives F(t). Its eigenvalues are A = +/b% — ac and 1/A. So we get the formula

cosh(At) + 2 sinh(As ¢ sinh(At
— 5 sinh(At) cosh(Ar) — 7 sinh(At)
hence we have
4b* 4 (a — ¢)?
_ * _ s 1.2
AT (1) = tr(Zt Z,) = 72(192 —a0) sinh“(At). 0

4.3 Evolution of Coherent States and Bargmann Transform

In Sect. 4.1 we have studied the evolution of coherent states using the generators of
coherent states and the Duhamel formula. Here we present a different approach fol-
lowing [164], working essentially on the Fourier—-Bargmann side (see Chap. 1). This
approach is useful to get estimates in several norms of Banach spaces of functions
and also to get analytic type estimates.

We keep the notations of Sect. 4.1. We revisit now the algebraic computations of
this section in a different presentation.

Recall that we want to solve the Cauchy problem

Ay (1)

o =HnOY @), ¥0) =g, (4.25)

ih

where ¢, is a coherent state localized at a point z € R?". Our first step is to transform
this problem with suitable unitary transformations such that the singular perturba-
tion problem in /& becomes a regular perturbation problem.

4.3.1 Formal Computations

We rescale the evolved state i/, (¢) by defining f; such that ¢ (¢) = f‘(zt)Ah fi.
Then f; satisfies the following equation:

ihd fr = A, T (@) (HOT (z0) — ihd, T (z0)) An f (4.26)

with the initial condition f—o = g where g(x) = 7"/ 4e=3 1 we easily get the
formula

AT @)V HOT (z0) Ap = OpY H (t, Nhix + g1, VEE + py) 4.27)
Using the Taylor formula we get the formal expansion
H(t,Vhx + qi, NIE + pi) = H(t,2) + VhagH(t, z0)x + 7, H (1, 2)&

+ Kyt x, &) +h Yy WIPTIK (1 x, &) (428)
j=3
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where K;(t) is the homogeneous Taylor polynomial of degree j in X =
(x,£) e R™.

1
Kj(t;X)= Y =0} H(t;2)X”
=i~

We shall use the following notation for the remainder term of order k > 1:

Ri(t; X) = (H(z,z, +VNX) —Zhj/sz(t;X)> (4.29)

Jj<k
It is clearly a term of order /% from the Taylor formula. By a straightforward
computation, the new function f;* = exp(—i %’) [t satisfies the following equation:

io fF=opl[Ka] fF+OpP [RPO D], fLl, =2 (4.30)

In the r.h.s. of (4.30) the second term is a (formal) perturbation series in Vh. We
change again the unknown function f,# by b(t)g such that f,# = Ié[F,]b(t) g.Letus
recall that the metaplectic transformation R[F,] is the quantum propagator associ-
ated with the Hamiltonian K;(¢) (see Sect. 4.1). The new unknown function b(¢, x)
satisfies the following differential equation which is now a regular perturbation dif-
ferential equation in the small parameter A:

i8,b(t,x)g(x) = OpY[RY (1. F (x.£))] (b()g) ()
b0,x) =1

431

Now we can solve (4.31) semiclassically by the ansatz
b(t, x) = Z R2bj(t, x)
j=0
Let us identify powers of /!/2, denoting
K¥t. X)=K;(t. (X)), XeR”

we thus get that the b (¢, x) are uniquely defined by the following induction formula
for j > 1, starting with by(¢,x) =1,

abj(t, gy = Y Op{'[K{D](br(t, )g) ) (4.32)
k4+e=j+2, £>3

bj(0,x) =0 (4.33)

Let us remark that Op{’[K f(t)] is a differential operator with polynomial symbols
of degree £ in (x,&). So it is not difficult to see, by induction on j, that b;(r)
is a polynomial of degree < 3 in variable x € R" with complex time-dependent
coefficient depending on the center z of the Gaussian in the phase space. Moreover,
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coming back to the Schrodinger equation, using our construction of the b; (¢, x), we
easily get for every N > 0,

iho ™M = Ay™ + RN (1) (4.34)
where
w§N><z>=ef5f/hf<z,>Ahﬁ[Fz]< > hf/zb,-mg) (4.35)
0<j<N
and

R;V(t,x):efﬁr/ﬁ<hf/2 > f(z,>Ah1%[Fz]0pi”[Rk(r)oF,](bj(ng)) (4.36)

j+k=N+3
k>3

Thus, we have an algorithm to build approximate solutions I/IZ(N)(I, x) of the
Schrodinger equation (4.25) modulo the error term R§N) (t, x). Of course the hard
mathematical work is to estimate accurately this error term.
Remark that all these computations use only existence of the classical trajectory.
We need some technical estimates concerning the Fourier—Bargmann transform
to have a bridge between the Bargmann side and the usual configuration space. We
refer to [164] for the proofs of the following subsection.

4.3.2 Weighted Estimates and Fourier—-Bargmann Transform

We restrict here our study to properties we need later. For other interesting properties
of the Fourier—Bargmann transform the reader can see the book [141].

Recall that in Chap. 1, Sect. 1.2.3, the Fourier—Bargmann transform F B (here
h = 1) was defined as follows

FBu(X) =:vf(2) = @)% (g.,v), X =(q,p) eR”

Let us begin with the following formulas, easy to prove by integration by parts. With
the notations X = (¢, p) € R xecR"and u € S(R"), we have

FBu)(X) = i<ap - %q)]—"lg(u)(X) (4.37)
FB(@au)(X) = (23—119 - aq>f3<u)<X> (4.38)
_ (i(p —9,) + %)]-'B(u)(X) (4.39)

Recall that e(P*+4°)/4 75 (u)(g, p) is holomorphic in the complex variable g — ip
(see Chap. 1).
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So, let us introduce the weighted Sobolev spaces, denoted /C,(n), m € N.
u € K,y (n) means that u € LZ(R") and x“&f u € L*>(R") for every multiindex «,
B such that |« + 8| < m, with its natural norm. Then we have easily

Proposition 40 The Fourier—Bargmann transform is a linear continuous function
from ICyy, (n) into KCpy 2n) for every m € N.

Now we shall give an estimate in exponential weighted Lebesgue spaces.

Proposition 41 For every p € [1,+00), for every a > 0 and every b > a~/2 there
exists C > 0 such that for all u € S(R™) we have

e )], @ < Clle!™FBux)| (4.40)

(RZ)

7

More generally, for every a > 0 and every b > a|_52| there exists C > 0 such that for
allu e S(R") and all S € Sp(2n) we have

[ RSN 1o any < "M FBuO] 2 g, “.41)

We need to control the norms of Hermite functions (see Chap. 1) in some
weighted Lebesgue spaces. Let u be a C®°-smooth and positive function on R
such that

Iim w(x) =400 (4.42)
[x|—>+00
|87 ()| < 0lx|*, Vx eR™ |x| >R, (4.43)

for some R, >0and 6 < 1.

Lemma 30 For every real p € [1,400], for every £ € N, there exists C > 0 such
that for every a, B € N™ we have

He“(")x"‘af (e,|x|2) ||£’p < cletBlI+1p (@) (4.44)

where || o ||¢.p is the norm on the Sobolev space’ WEP T is the Euler Gamma
function.?

More generally, for every real p € [1,400], for every £ € N, there exists C > 0
such that

||eu<~:s<r)*'/2x>xa35 (e—mz) ||(Z
P

SC|a+B|+1<|3([~)1/Z’+ ‘S(F)l/z’r(@)) (4.45)

Recall that u € WP means that 0Yu € L? for every |a| < L.

2The Euler classical Gamma function I' must be not confused with the covariance matrix I}.
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4.3.3 Large Time Estimates and Fourier-Bargmann Analysis

In this section we try to control the semi-classical error term RgN)(t, x), for large
time, in the Fourier—-Bargmann representation. This is also a preparation to control
the remainder of order N in A, N for analytic Hamiltonians considered in the fol-
lowing subsection.

Let us introduce the Fourier-Bargmann transform of b;(¢)g,

Bj(t,X)=FB[b;()g](X) =(b;(1)g, gx), for X e R*".
The induction equation (4.32) becomes, for j > 1,

Bj(t, X)= / > (oY [Kf0)]ex. gx))Bk(t,X/)dX/ (4.46)

2i
R# (k+€= j+2

£>3

with initial condition B;(0, X) =0 for j > 1 and with By(¢, X) = exp(—%).
‘We have seen in Sect. 4.1 that we have

(OpY[KE(1)]sx. 8x) = 2m) " f

y KL, Y)Wy x (Y)dY, (4.47)

where Wy x is the Wigner function of the pair (gyx/, gx). Let us now compute
the remainder term in the Fourier—-Bargmann representation. Using that F B is an
isometry we get

FP[OPY [Re(t) 0 Fity ] (b (1)8)](X)
= /RZn Bj(t, X")(OpY'[Re(t) o Fy1y)gx'. gx)d X’ (4.48)

where Ry (t) is given by the Taylor integral formula (4.49):

hl/Z—l

Re(t,X) = 0

1
Z / oW H (1,2 +0vVRX) XY (1 —6)*"de (4.49)
0

lyl=¢
We shall use (4.48) to estimate the remainder term R;N), using estimates (4.40) and

(4.41).
Now we shall consider long time estimates for B; (¢, X).

Lemma 31 For every j >0, every s € N, r > 1, there exists C(j, «, B) such that
for |t| < T, we have

|e X0 XaEB; (1. X)| < Cla o ONMFI 1 +T) (4.50)
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where |F|r = supj, <7 |Fi|. M1 and o (t, z) were defined in Sect. 4.1, M| depends on
assumption (A.0) on H(X,t). | e |s.r is the norm in the Sobolev space W*-" (R?m)3

Proof The main idea of the proof is as follows (see [164] for details). We proceed
by induction on j. For j = 0 (4.50) results from (4.44).
Let us assume inequality proved up to j — 1. We have the induction formula

(G=Dh

&Bj(t, X) = Z / Ko(t, X, X')Bi(t, X') d X' 4.51)
k+l=j+2
>3
where
1
Ke(t, X, X') = Z — 0y H(t,z)(Op} (F,Y) gx, gx). and (4.52)
=t "
(OpY (FiY) gx', gx) =2 /R L (EY) Wy xo(Y) dY (4.53)

By a Fourier transform computation on Gaussian functions, we get the following
more explicit expression:

X+ X\ "
_ Y—|Bl
(Opllu(FtY)ng’,gﬂ— ZCﬂZ (Ft( 3 ))

B=y
x Hp (Ft<J(X#_X/)>)e—|X—X/I2/4e—(i/2)o(X’,X)
(4.54)
Estimate (4.50) follows easily. 0

Now we have to estimate the remainder term. Let us compute the Fourier—
Bargmann transform of the error term:

R§N+1>(r,X)=fB[hf/2 > Op'l”[Rk(t)oF,](bj(t)g):|(X)

/+k N+3

= Z f pi'[Re(®) o Fi]gx, gx)d X’

Using estimates on the B; we get the following estimate for the error term:

The Sobolev norm is defined here as || f [ls.r = (34 <, / dx | f()|)Y/" for s e N, r > 1.
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Lemma 32 For every k > 0, for every £ € N, s > 0, r > 1, there exists Cy ¢ such
that forall T and t, |t| < T, we have

~ N+3
[ X85 RNV, X) |, | < CneMuo(T ) FEN P+ VIR (455)

for «/71|F|T <k, |a| + |8l < £, where My ((T,z) is a continuous function of

SUp o<1 10% H (1, 20)].
3<|y|<Ne

Proof As above for estimation of the B; (¢, X), let us consider the integral kernels

Ni(t. X, X') =(Op}'[Re(t) o Fy]gx'. gx) (4.56)
We have
Ni(t, X, X') = p&FD/2 Z /(1—9)’<
lyl= k+1

X (/ Ay H(t 2 + 9«/EF,Y)(F,Y)V . WX/,X(Y)dY) de
RZn

(4.57)
Let us denote by Ny, the operator with the kernel N (¢, X, X'). Using the change
of variable Z =Y — X+TX/ and integrations by parts in X’ as above, we can es-

timate Ny .[B;(t,)](X). Then using the estimates on the B;(¢, X) we get esti-
mate (4.55). O

Now, it is not difficult to convert these results in the configuration space, using

(4.40). Let us define A (x) = (LelE 172,

Theorem 24 Let us assume that (A.0) is satisfied. Then we have for the remainder
term,

0 n
RM(t,x) = ihgwé’v)(r, x)—HOyNM (¢, x)

the following estimate. For every k > 0, for every £, M € N, r > 1 there exist Cx ¢
and Ny such that for all T and t, |t| < T, we have

2L RV @], , < Cn BN 7920 @ VM FRN P+ DN 4.58)

for every h €10, 11, Vh|F| <k.
Moreover, if H(t) admits a unitary propagator (see condition (A.2)), then under
the same conditions as above, we have

|Up: =M @), < Cneo @ )NMFRY P 1+ THNTZRNVIDZ (4.59)
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Proof Using the inverse Fourier—-Bargmann transform, we have

RM(t,x) = f(zf)Ah< / (R[F1ox) () RM (1, X) dX)
RZn

Let us remark that using estimates on the b; (¢, x), we can assume that N is arbi-
trary large. We can apply previous results on the Fourier—Bargmann estimates to
get (4.58). The second part is a consequence of the first part and of the Duhamel
principle. 0

We see that the estimate (4.58) is much more accurate in norm than estimate
(4.59), we have lost much information applying the propagator U;. The reason is
that in general we only know that the propagator is bounded on L? and no more.
Sometimes it is possible to improve (4.59) if we know that U, is bounded on some
weighted Sobolev spaces. Let us give here the following example.

Let H = —R2A + V(x). Assume that V satisfies:

VeC™®R"), [0°Vx)|<CeV(x),
Va1, [V -vyl=c(l+x—y)

for some M € R. So the time-dependent Schrodinger equation for H has a unitary

propagator U; = e’ W~'H The domain of A" can be determined for every m € N
(see for example [163]).

D(A™) = {ue W™ (R"), V"u € L*(R")}
It is an Hilbert space with the norm defined by
2
leel3 = Y [0 o oy + IVl 2
loe] <2m

Using the Sobolev theorem we get the supremum norm estimate for the error:

sup (Ui () = ¥ (0, 0)| < Cy oo (2, VMRV (14 TN 2R

xeR”n

(4.60)

4.3.4 Exponentially Small Estimates

Up to now the order N of the semi-classical approximations was fixed, even arbi-
trary large, but the error term was not controlled for N large. Here we shall give
estimates with a control for large N. The method is the same as on the previous sec-
tion, using systematically the Fourier—Bargmann transform. The proof are not given
here, we refer to [164] for more details. For a different approach see [101, 102]. To
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get exponentially small estimates for asymptotic expansions in small # it is quite
natural to assume that the classical Hamiltonian H (¢, X) is analytic in X, where
X=x,&¢€ R2". This problem was studied in a different context in [87] concern-
ing Borel summability for semi-classical expansions for bosons systems.

So, in what follows we introduce suitable assumptions on H (¢, X). As before we
assume that H (¢, X) is continuous in time # and C* in X and that the quantum and
classical dynamics are well defined.

Let us define a complex neighborhood of R?" in C?",

2,={XeC™ |3X| < p} (4.61)

where IX = (IX1,...,3Xy,) and | - | is the Euclidean norm in R?" or the Hermi-
tian norm in C?*. Our main assumptions are the following.

(A,) (Analytic assumption) There exists p > 0, T €10, +o0], C > 0, v > 0, such
that H (¢) is holomorphic in §2, and for t € I, X € §2,,, we have

|H(t, X)| < ce’™!, and

(4.62)
|0 H(t, 2zt +Y)| < RVyle’¥l, VieR, Y eR™

for some R > 0 and all y, |y| > 3.

We begin by giving the results on the Fourier-Bargmann side. It is the main
step and gives accurate estimates for the propagation of Gaussian coherent states
in the phase space. We have seen that it is not difficult to transfer these estimates
in the configuration space to get approximations of the solution of the Schrodinger
equation, by applying the inverse Fourier—Bargmann transform as we did in the C*®
case.

The main results are stated in the following theorem.

Theorem 25 Let us assume that conditions (Ag) and (A) are satisfied. Then the
following uniform estimates hold.
B
| X 9% B;(t, X) “LZ(RM,eMXIdX)

3 3 L 3+l 1B
< P ERI (1 41— 10]) 7 (35 + el +181) 2 (4.63)

where Cy, > 0 depends only on % > 0 and is independent on j € N, a, B € N and
lr|<T.
Concerning the remainder term estimate we have

XOR 00 o v

S h(N+3)/2(1 + |t|)N+1|F|;~N+3(Ci)3N+3+‘al+‘ﬂ‘(N + l)—N—l

3N+3+|al+[B]
2

x (3N +3+|a|+18l) (4.64)

where A < p, o, B € N2 N > 1, v\/7_i|F|T <2(p —A), C;\ depends on A and is
independent on the other parameters (h, T, N, a, B).
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From Theorem 25 we easily get weighted estimates for approximate solutions
and remainder term for the time-dependent Schrodinger equation. Let us recall the
Sobolev norms in the Sobolev space W™" (R").

1/r
el = ( > h‘“'”/ |3§$‘u<x)|’dX>
lee] <m R

and a function & € C*®°(R9) such that u(x) = |x| for |x| > 1.

Proposition 42 For every m € N, r € [1, +00], A > 0 and ¢ < min{l1, ﬁ}, there
exists Crm.p.e > 0 such that for every j > 0 and every t € IT we have

|RUF b ()ge™ |, 1 < (Crmne) T (14 1FIr) Y2214 1) 4.65)

Theorem 26 With the above notations and under the assumptions of Theorem 25,
1//Z(N)(t, x) satisfies the Schrodinger equation

iy ™M (t,x) = HOy™N (6, x) + RNV (1, x),  where (4.66)
¢§N>(t,x):e”r/hf(zt)Ahlé[F,]( Z h-//zbj(t)g> (4.67)
0<j<N

is estimated in Proposition 42 and the remainder term is controlled with the follow-
ing weighted estimates:

| RV @yestin |

r.m,h
< VW + DVEVAWVRIFR) R ()T @)

where C depends only on m,r,e and not on N >0, |t| < T and h > 0, with the

condition «/ﬁ|F|T < k. The exponential weight is defined by pp (x) = u(x\;%‘ ).

m’ >0 and h, < min{1, ﬁ}.

Remark 20 We see that the order in j of the coefficient b;(¢)g in the asymptotic
expansion in /i//? is C/ j//? or using Stirling formula C"/T'(j)!/? for some constant
C > 0,C’ > 0. So we have found that the renormalized evolved state b(z, x)g(x)
obtained from ., (, x) has a Gevrey-2 asymptotic expansion in 4!/%. Recall that a
formal complex series ijo c j/c-/ is a Gevrey series of index u > 0 if there exist
constants Cy > 0, C > 0 such that

lejl < CoCIT(HV*, Vj=>1.

Any holomorphic function f (k) in a complex neighborhood of 0 has a convergent
Gevrey-1 Taylor series. But in many physical examples we have a non-convergent
Gevrey asymptotic series f[«] for a function f holomorphic in some sector with
apex 0. Under some technical conditions on f it is possible to define the Borel sum



4.3 Evolution of Coherent States and Bargmann Transform 113

By (z) for the formal power series f[«] and to recover f(x) from its Borel sum
performing a Laplace transform on By (t) (see [180] for details and bibliography).

When it is not possible to apply Borel summability, there exists a well known
method to minimize the error between ) _;_y ¢ i/ and f(x). It is called the as-
tronomers method and consists of stopping the expansion after the smallest term of
the series (it is also called “the least term truncation method” for a series). Concern-
ing the semiclassical expansion found for b(¢, x)g(x) it is not clear that it is Borel
summable or summable in some weaker sense. A sufficient condition for that would
be that the propagator U, can be extended holomorphically in « := /!'/2 in a (small)
sector {re'?, 0 <r <rg, |0] < ¢}. In a different context (quantum field theory for
bosons), Borel summability was proved in [87].

Using the astronomers method Theorem 26 we easily get the following conse-
quences.

Corollary 13 (Finite Time, Large N) Let us assume here that T < +00. There exist
c>0,hp>0,a>0,¢e >0, such that if we choose Ny = [%] — 1 we have

H RéNﬁ,) (1)efHn ” 2 < exp(—%) (4.69)

forevery |t| < T, h€]0, hgl. Moreover, we have
c
[w N0 1) — U 10)e: | > < exp(—ﬁ> (4.70)

Also we have the following.
Corollary 14 (Large Time, Large N) Let us assume that T = +00 and there ex-
isty>0,8>0, C; >0, such that |F; | < exp(ylt]), |z;| < exp(8lt]) for every

0 €]0, 1[ there exists ag > 0 such that if we choose Np g = [;—Z] — 1 there exist
co > 0, ng > 0 such that

”h(Nn,g-i—Z)/zR;Nn.gH)(t)eaum H 2 < eXp(_;L_Z) 4.71)

for every |t| < % log(h~1), Vi€ h €10, ng]. Moreover we have

N co
w1y — U2, t0)ge ) 12 < eXp(—ﬁ> 4.72)
under the conditions of (4.71).

Remark 21 We have considered here standard Gaussian. All the results are true
and proved in the same way for Gaussian coherent states defined by g’’, for any
I' e Z’,T . These results have been proved in [164] and in [101, 102] using different
methods.
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All the results in this subsection can easily be deduced from Theorem 25. Propo-
sition 42 and Theorem 26 are easily proved using the estimates of Sect. 2.2. The
proof of the corollaries are consequences of Theorem 26 and the Stirling formula
for the Euler Gamma function.

4.4 Application to the Scattering Theory

In this section we assume that the interaction satisfies a short range assumption
and we shall prove results for the action of the scattering operator acting on the
squeezed states. One gets a semiclassical asymptotics for the action of the scattering
operator on a squeezed state located at point z_ in terms of a squeezed state located
at point z4 where z = S(z_), S being the classical scattering matrix. For the
basic classical and quantum scattering theories we refer the reader to [66, 162].
Let us first recall some basic facts on classical and quantum scattering theory. We
consider a classical Hamiltonian H for a particle moving in a curved space and in
an electromagnetic field:

1
H(g.p)=38@p-p+a@-p+V(@), qeR' peR’ (4.73)
g(q) is a smooth positive definite matrix and there exist ¢ > 0, C > 0 such that

clp?<gl@)p-p<Clpl*>, ¥(q,p)eR™"

a(q) is a smooth linear form on R” and V (¢) a smooth scalar potential. In what

2
follows it will be assumed that H (g, p) is a short range perturbation of H©® = %
in the following sense: there exist p > 1, and C,, for « € N” such that

02(1 — g(@)| +|8%a(@)| + |05V ()] < Calg) 7. VgeR" (474

H and H® define two Hamiltonian flows @', &/ on the phase space R?" for all
t € R. The classical scattering theory establishes a comparison of the two dynamics
P, <D(’) in the large time limit. Note that the free dynamics is explicit:

@4(q, p) =(q+1p, p)

The methods of [66, 162] can be used to prove the existence of the classical wave
operators defined by

29X = lim o7 (®)X) (4.75)

t—=+00

This limit exists for every X € Zy where Z = {(g, p) € R*", p # 0} and is uniform
on every compact of Zy. We also have for all X € Zy

. t ocl Bt —
t_l)lgoo(@ 25(X) — P[(X)) =0
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Moreover, .Qﬁcl are C*°-smooth symplectic transformations. They intertwine the free
and the interacting dynamics:

HoR{x=0¢oHO(X), VXeZ, and & o2{=0{0d)
Then the classical scattering matrix S is defined by
Scl _ (QCI)_IQCI
= (22§ ¢l

This definition makes sense since one can prove (see [162]) that modulo a closed
set Ny of Lebesgue measure zero in Z (£ \ Zy € Np) one has

2¢(20) = 29(Z0)
Moreover S is smooth in Z \ Aj and commutes with the free evolution:
1 1
SUP) = PSe

The scattering operator has the following kinematic interpretation: let us consider
X_ € Zp and its free evolution @ X _. There exists a unique interacting evolution
@!(X) which is close to <1>6(X _) for t \( —oo. Moreover there exists a unique point
X € Zp such that @'(X) is close to ®((X ) fort 7 4o00. X, X are given by

X=0%%%_ and X, =5X_

Using [66] we can get a more precise result. Let I be an open interval of R and
assume that / is “non trapping” for H which means that for every X such that
H(X) € I we have lim;_, 1 |®'(X)| = +00. Then we have

Proposition 43 If I is a non trapping interval for H then S is defined everywhere
in H=Y(I) and is a C*° smooth symplectic map.

On the quantum side one can define the wave operators and the scattering op-
erator in a similar way. Let us note that the quantization H of H is essentially
self-adjoint so that the unitary group U (t) = exp(—%lfl ) is well defined in L2(R").
The free evolution Uy(t) := exp(—%I:I Oy is explicit:

2

(Uoy)(x) = )™ //Rzu eXP(%(—t% + (=) ~§>>1/f(y)dydé (4.76)

The assumption (4.74) implies that we can define the wave operators 21 and the
scattering operator SU) = (£2,)*2_ (see [66, 162]). Recall that

2+ = lim U(=1)Up(t)
t—+o0

The ranges of £24 are equal to the absolutely continuous subspace of H and we
have

Q.Uo(t) = U (1) 24, SPUot) = Up(t)S™ 4.77)
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One wants to obtain a correspondence between limy_, o S and S¢!. There are many
works on the subject (see [99, 102, 165, 203]). Here we want to check this classical
limit using the coherent states approach like in [99, 102].We present here a differ-
ent technical approach extending these results to more general perturbations of the
Laplace operator.

We recall some notations of Chap. 3: X, is the Siegel space namely the space of
complex symmetric # x n matrices I" such that JI” is positive and non degenerate.
Given F any 2n x 2n symplectic matrix the unitary operator R(F) is the metaplectic
transformation associated to F. g’ is the Gaussian function of L? norm 1 defined
by

") =ar exp(zl—hfx -x) (4.78)
and we denote

of =T(2)g"

Finally Ay, is the unitary operator defined in (4.21).
The main result of this section states a relationship between the quantum scatter-
ing and the classical scattering.

Theorem 27 For every N > 1, every z_ € Z\ Ny and every I'_ € X,, we have the
following semiclassical approximation for the scattering operator S™ acting on the

. r-
Gaussian coherent state ¢, :

sMei- =e"5+/"‘f(z+)Ahzé(G+)< > hj/zbjgr‘> +O(RNHD2) - (4.79)
0<j=N

where we define

e =8, 2+ = (q+, p+)

2 = (qi, p:) is the interacting scattering trajectory z; = ®'(2z_), 8, =
fj;o(ptq, — H(zy)) dt — B0 G = g%, bj is a polynomial of degree
<3j,bo=1. The error term OHNEDI2Y s estimated in the L*-norm.

Let us denote

Yo=¢;, and yyi=5My_

Using the definition of S we have

Yy = lim ( lim Uo(t)U(t—s)Uo(s))l//_ (4.80)

t—>~+00 \§—>—00

The strategy of the proof consists of applying the estimate (4.13) at fixed time ¢ to
U(t —s) in (4.80) and then to see what happens in the limits s — —oo, t — +00.
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Let us denote by on the Jacobi stability matrix for the free evolution and by F;(z)
the Jacobi stability matrix along the trajectory ®7(z). We have

0__ 1, 1,
Ff_(o 1n>

We need large time estimates concerning classical scattering trajectories and their
Jacobi stability matrices.

Proposition 44 Under the assumptions of Theorem 27 there exists a unique scat-
tering solution of the Hamilton equation z; = JV H (z;) such that

2 — 0 Phz+ = O((1)7"), fort — +o0

Zr — Btcﬁéz_ = O((t)_p), for t — —o0

Proposition 45 Let us denote
Gus 1= Fis(®5z-) F)

Then we have
(1) limg_, oo Gt 5 = Gy exists, Vt >0
(i) limy— o0 Fy "G = Gy exists

9z 9z
(lll) Gl‘ = Bz—i, and G+ = (’Z—t

These two propositions will be proven later together with the following one. The
main step in the proof of Theorem 27 will be to solve the following asymptotic
Cauchy problem for the Schrodinger equation with data given at time ¢ = +o00:

ihayy) = Ay (s) + O(RN /2 £y (s))

" - (4.81)
limg_, oo Up(—$)V¥;_ " (s) = @,

where fy € L'(R) N L (R) is independent of %. The following result is an exten-
sion for infinite times of results proven in Sect. 4.1 for finite times.

Proposition 46 The problem (4.81) has a solution which can be computed in the
following way:

w§N><z,x>=ef5<Zf>/hf<z)Aném»( > hf/zbm,z)gf)
0<j<N

The bj(t,z—, x) are uniquely defined by the following induction formula for j > 1
starting with bo(t, x) = 1:
byt g = Y OpY[K[O](bt. )g) () (4.82)
kl=j+2, =3
lim b;(t,z—,x)=0 (4.83)
——00
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with
1
Kj?(r, X)=K;(t.Gi(X) =) —!a)V(H(z,)(G,X)V, X e R™
lyl=Jj

bj(t,z—,x) is a polynomial of degree < 3 j in variable x € R" with complex time-
dependent coefficients depending on the scattering trajectory z; starting from z_ at
time t = —00. Moreover we have the remainder uniform estimate

iy N (1) = Hy™ (1) + O(RNTI/2(1)=P) (4.84)
uniformly in h €10, 1], and t > 0.

Proof of Theorem 27 Without going into the details which are similar to the finite
time case, we remark that in the induction formula (4.82) we can use the following
estimates to get uniform decrease in time estimates for b; (¢, z_, x). First there exist
¢ > 0 and Ty > O such that for t > Ty we have |g;| > ct. Using the short range
assumption and conservation of the classical energy we see that for |y| > 3 there
exists C,, > 0 such that

0% H(z)| < C) (1) P! (4.85)

Therefore we deduce (4.84) from (4.82) and (4.85).
Using Proposition 46 and Duhamel’s formula we get

Uy () =Nt +5) + O(RVTD/2)
uniformly in 7, s € R. But we have
[v™M @) = U = )Us(s)v—|
<) v —HyNM |+ [Vo@)y— — M)

We know that

lim _||Uo(s)y— — M (s)| =0

§—>—00

Then going to the limit s — —oo we get uniformly in t >0

Hllfz(l_v)(t) —UMR-y_| = (’)(h(NH)/Z)

Then we can compute Uo(—t)wgiv) (t) in the limit + — 400 and we find out that
Sy = 1//_91) + ORN+D/2) where

N) _ 1 EAWRO))
pi = tim Uo(-nyM o)

So we have proved Theorem 27. O
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Let us now prove Proposition 44 following the book [162].

Proof Letus denote u(t) :=z; — thOz,. We have to solve the integral equation

t
u(t):qb,o(z,)Jr/ (JVH (u(s)) + @ (z-)) ds

—00

We can choose 77 < 0 such that the map K defined by

t
Ku(t) = / (JVH (u(s)) + P2(z-)) ds

—00

is a contraction in the complete metric space Cr, of continuous functions # from
]—o0, T1] into R2" such that sup, <7, lu(#)| < 1, with the natural distance. So we can
apply the fixed point theorem to prove Proposition 44 using standard technics. [

Proposition 45 can be proved by the same method.
Let us now prove Proposition 46.

Proof Let us denote z0 := &9(z_). Furthermore if S is a symplectic matrix
A B
- (¢ 1)
and I" € ¥, (X, is the Siegel space) we define
Ty =(C+DrYA+BIN ez,

Then let
Iy = Zp(r-)
One has for every N > 0:
ihd Nt 5,x) = HOY™N (¢, 5,x) + RNV (¢, 5, x)

where

1//§N)(t,s,x)=ef"fs»'/hf(z,)Ahlé(F,,sFS")( > hf/zbj(t,s)gf—) (4.86)
0<j<N

and

R(N)(t s x):eias,l/hh(N+3)/2
Z— ki b

x( S P ARR(FFO)

JHk=N+2, k>3

x OpY' (Ri(t,) o [Fr s F{]) (b (1, S)gr‘)> (4.87)
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One denotes Fy s = F;—s(Pyz—) the stability matrix at @, (@A?(Z_)). Moreover
the polynomials b (z, s, x) are uniquely defined by the following induction formula
for j > 1 starting with by (s, s, x) = 1:

abjt.s.x)= > OpP[K[(t.9)](bi(t. )g™)(x)
k+H=j+2, [>3

bi(s,s,x)=0

where

Kits.X)=3" i'a)’;H(@’_s(@?z_))(F,_SFSOX)Y, X eR™
=t

So using Propositions 44 and 45 we can control the limit s — —oo in (4.86)
and (4.87) and we get the proof of the Proposition 46. |

The following corollary is an immediate consequence of Theorem 27 and of the
properties of the metaplectic transformation:

Corollary 15 For every N € N we have

s~ =eite/h 3" hj/zﬂj<x—:/g+)¢zrf(x)+0(h°°)
0<j=N h

where 7, = S(z_), I'y = X6, (I), mj(y) are polynomials of degree < 3j in
y € R". In particular mo = 1.

Recall that X" is the space of smooth classical observables L such that for every
y € R2" there exists C, > 0 such that

|OYL(X)| < Cyp(X)™, VX eR™

The Weyl quantization L of L is well defined (see Chap. 2). One has the following
result:

Corollary 16 For any symbol L € X (m), m € R, we have
(§Po,  LsMg. )=L(5"@z-)) +O(Vh)

In particular one recovers the classical scattering operator from the quantum scat-
tering operator in the semiclassical limit.

Proof Using Corollary 15 one gets
(S(h)(pii lA’S(h)§027> = <¢ZF—+7 i(p;j) + O(\/ﬁ)

and the result follows from a trivial extension of Lemma 14 of Chap. 2. 0
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Remark 22 A similar result was proven for the time-delay operator in [192]. The
proof given here is different and doesn’t use a global non-trapping assumption.

Further study concerns the scattering evolution of Lagrangian states (also called
WKB states). It was considered by Yajima [203] in the momentum representation
and by S. Robinson [167] for the position representation. The approach developed
here provides a more direct and general proof that is detailed in [164].

Note also that under the analytic and Gevrey assumption one can recover the re-
sult of [102] for the semiclassical propagation of coherent states with exponentially
small estimate.






Chapter 5
Trace Formulas and Coherent States

Abstract The most known trace formula in mathematical physics is certainly the
Gutzwiller trace formula linking the eigenvalues of the Schrodinger operator H as
Planck’s constant goes to zero (the semi-classical régime) with the closed orbits of
the corresponding classical mechanical system. Gutzwiller gave a heuristic proof
of this trace formula, using the Feynman integral representation for the propagator
of H.In mathematics this kind of trace formula was first known as Poisson formula.
It was proved first for the Laplace operator on a compact manifold, then for more
general elliptic operators using the theory of Fourier-integral operators. Our goal
here is to show how the use of coherent states allows us to give a rather simple and
direct rigorous proof.

5.1 Introduction

A quantum system is described by its Hamiltonian H and its admissible energies
are the eigenvalues E j (h) (we suppose that the spectrum of the self-adjoint operator

H in the Hilbert space H = L*(R") is discrete). The frequency transition between
energies E;(h) and Ex(h) is wjx = w

If n =1, or if the system is integrable, it is possible to prove semi-classical ex-
pansion for individual eigenvalues E (k) when A\ 0. For more general systems it
is very difficult and almost impossible to analyze individual eigenvalues. But it is
possible to give a statistical description of the energy spectrum in the semi-classical

regime by considering mean values
Te(f(H)) =) £(E;() 5.1)

A first result can be obtained if we suppose that the h-Weyl symbol H of H is
smooth and satisfies the assumption of the functional calculus in Chap. 2 (Theo-
rem 10). Consider an interval I, = [A{ — &, Ay + €] such that H! (1) is compact for
¢ small enough. The following result is proved in [107]:

Proposition 47
(i) For every smooth function f supported in I, we have the asymptotic expansion

at any order in h

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 123
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_5, © Springer Science+Business Media B.V. 2012
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Trf(ﬁ)x(Znh)_”/ dX f(HX))+ Y W ™"Ci(f) (5.2)
R2n

Jj=1

where C(f) are computable distributions in the test function f.
@ii) If A and Mo are noncritical values for H U and if Ny denotes the number of
eigenvalues of H in I :=[X1, 2] then we have the Weyl asymptotic formula

N; = Qrh)y™"Vol(H~'(I)) + O (h'™) (5.3)

Remark 23 (i) The first part of the Proposition is an easy application of the func-
tional calculus.

Using (i) it is possible to prove a Weyl formula with an error term O (k") with
0 < % The error term with 8 = 1 is optimal (in general) and can be obtained using
a method initiated by Hormander [42, 107, 116]. Furthermore using a trick initiated
by Duistermaat—Guillemin [71] the remainder term can be improved in o(R!=™) if
the measure of closed classical path on H~'(%;) is zero, for i = 1, 2 (see [158]).

The density of states of a quantum system H is the sum of delta distribution
D(E) =) 8(E — Ej(h)). The integrated density of states is the spectral reparti-
tion function N (E) =ti{j, E;(h) < E} where £ denotes the number of terms in a
series £. So that we have D(E) = diEN(E).

The Gutzwiller trace formula is a semi-classical formula which expresses the
density of states of a quantum system in terms of the characteristics of the cor-
responding classical system (invariant tori for the completely integrable systems,
periodic orbits otherwise). Remark that properties of the classical system may have
consequence on the error term in the Weyl formula (see the Remark above). The
prototype of the trace formula is the Poisson summation formula:

+00 +00
Y. fm= Y fank (54)

n=-—00 k=—o00

for any f € S(R). Recall that f is the Fourier transform f(z) = fR dte T f(1).

We show in which respect it is a Trace Formula Consider the quantum momen-
tum operator P in dimension one, P = zd—, acting in L2([0, 27r]) with periodic
boundary conditions u(0) = u(2r). P is an unbounded operator with purely discrete
spectrum and one has

sp(P) =7
Therefore one has
. +o00
T f(P)= ) f
n=—0oo

ISee the definition in Sect. 5.2.
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The classical Hamiltonian is H (g, p) = p. Therefore the solutions of the classical
equations of motion are

g=1t mod(2m)

So, the classical trajectories are periodic in phase space (T!) x R and are k-
repetitions of the primitive orbit of period 27, Yk € Z. Thus the periods of the
classical flow are equal to 2km, k € Z. Then the Poisson Summation Formula ex-
presses that the trace of a function of a quantum Hamiltonian equals the sum over
the periodic orbits of the corresponding classical flow of the Fourier Transform of
this function taken at the periods of the classical flow.

From the Poisson Summation formula one deduces a Trace Formula for the one-
dimensional Harmonic Oscillator: take

A 1, 4 A

Hy= E(P2 +0?%)
the Hamiltonian of the Harmomc Oscillator. We assume /A = 1 for simplicity. The
spectrum of Ho is {n + 2, n € N}. Therefore for any f € S([0, +o00[) one has

=l§f<n+%>

Replace f by f‘(q, 0) f in (5.4). One gets

Y f+q)y =) ¥ f(2km)

nez keZ

Therefore for g = % one gets

+o00
Tr(f (Ho)) = ) (=D f(2km)

k=—o00

But 2km are the periods of the orbits for the classical Harmonic oscillator of fre-
quency 1, which are all repetitions of the primitive orbit of period 27 . One notes the
apparition of a factor (—1)¥ in the trace formula which is the manifestation of the
so-called Maslov index of the periodic orbit of period 2k .

The paper of Gutzwiller appeared in 1971. Between 1973 and 1975 several au-
thors gave rigorous derivations of trace formulas, generalizing the classical Poisson
summation formula from d?/d6? on the circle to elliptic operators on compact man-
ifolds: Colin de Verdiere [45], Chazarain [41], Duistermaat—Guillemin [71]. The
first article is based on a parametrix construction for the associated heat equation,
while the two other ones replace this with a parametrix constructed as a Fourier-
integral operator, for the associated wave equation.

The pioneering works in quantum physics of Gutzwiller [97, 98] and Balian—
Bloch [12, 13] (1972-74) showed that the trace of a quantum observable A, lo-
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calized in a spectral neighborhood of size O (/) of an energy E for the quantum
Hamiltonian H, can be expressed in terms of averages of the classical observable
A associated with A over invariant sets for the flow of the classical Hamiltonian H
associated with H. This is related to the spectral asymptotics for H in the semi-
classical limit, and it can be understood as a “correspondence principle” between
classical and quantum mechanics as Planck’s constant 7 goes to zero.

More recently, papers by Guillemin—Uribe [96] (1989), Paul-Uribe [150, 151]
(1991, 1995), Meinrenken [144] (1992) and Dozias [70] (1994) have developed
the necessary tools from microlocal analysis [117] in a nonhomogeneous (semi-
classical) setting to deal with Schrodinger-type Hamiltonians. Extensions and
simplifications of these methods have been given by Petkov—Popov [157] and
Charbonnel-Popov [40].

In this Chapter we show how to recover the semi-classical Gutzwiller trace for-
mula from the coherent states method.

The coherent states approach presented here seems particularly suitable when
one wishes to compare the phase-space quantum picture with the phase-space clas-
sical flow. Furthermore, it avoids problems with caustics, and the Maslov indices
appear naturally. In short, it implies the Gutzwiller trace formula in a very simple
and transparent way, without any use of the global theory of Fourier-integral opera-
tors. In their place we use the coherent states approximation (gaussian beams) and
the stationary phase theorem.

The use of Gaussian wave packets is such a useful idea that one can trace
it back to the very beginning of quantum mechanics, for instance, Schrodinger
[175] (1926). However, the realization that these approximations are universally
applicable, and that they are valid for arbitrarily long times, has developed gradu-
ally. In the mathematical literature these approximations have never become text-
book material, and this has lead to their repeated rediscovery with a variety of
different names, e.g. coherent states and Gaussian beams. The first place that
we have found where they are used in some generality is Babich [8] (1968)
(see also [9]). Since then they have appeared, often as independent discover-
ies, in the work of Arnaud [6] (1973), Keller and Streifer [124] (1971), Heller
[110, 111] (1975, 1987), Ralston [159, 160] (1976, 1982), Hagedorn [99, 100]
(1980-85), and Littlejohn [138] (1986)—and probably of many more, which
we have not found. Their use in trace formulas was proposed (heuristically) by
Wilkinson [199] (1987). The propagation formulas of [99, 100] were extended in
Combescure—Robert [52], with a detailed estimate on the error both in time and
in Planck’s constant A. This propagation formula of coherent states which is de-
scribed in Chap. 4 allows us to avoid the whole machinery of Fourier-integral
operator theory. The early application of these methods in [8] was for the con-
struction of quasi-modes, and this has been pursued further in [159] and [150].
They have also been applied to the pointwise behavior of semi-classical mea-
sures [153].

The proof we shall present here for the Gutzwiller trace formula is inspired by
the paper by Combescure—Ralston—Robert [53].
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5.2 The Semi-classical Gutzwiller Trace Formula
We consider a quantum system in L2(R") with the Schrodinger Hamiltonian
H=—-WA+V(x) (5.5)

where A is the Laplacian in L2(R™) and V (x) areal, C®°(R") potential.
The corresponding Hamiltonian for the classical motion is

H(g.p)=p*+ V(@
and for a given energy E € R we denote by X'r the “energy shell”:

2p:={(q.p) R : H(g, p) = E] (5.6)

More generally we shall consider Hamiltonians H obtained by the A-Weyl quanti-
zation of the classical Hamiltonian H, so that H = Op%) (H), where

i(x—

ontnyn = [[a(* e Jume T aver s)

The Hamiltonian H is assumed to be a smooth, real valued function of z = (x, &) €
R?", and to satisfy the following global estimates:

o (H.0) there exist non-negative constants C, m, C), such that
|0y H(z)| < Cy(H(2)), VYzeR™, Vy e N*" (5.8)
(H@)<CH(Z)) (z-2)", Vz, 7 eR™ (5.9)
where we have used the notation (1) = (1 + |u|?)'/? for u € R™.

Remark 24

(i) H(g,p) = p2 + V(q) satisfies (H.0), if V(¢) is bounded below by some con-
stant a > 0 and satisfies the property (H.0) in the variable ¢.

(i1) The technical condition (H.0) implies in particular that H is essentially self-
adjoint on L?(R") for 4 small enough and that x (H) is a h-pseudodifferential
operator if x € C;°(R) (see Chap. 2 and [107]).

Let us denote by ¢’ the classical flow induced by Hamilton’s equations with
Hamiltonian H, and by S(q, p; t) the classical action along the trajectory starting at
(g, p) attime r = 0, and evolving during time ¢

t
S(q,p:t)=f0 (ps-qs —H(q. p))ds (5.10)

where (¢, pr) = ¢:(q, p), and dot denotes the derivative with respect to time. We
shall also use the notation: a; = ¢’(a) where a = (g, p) € R?" is a phase-space
point. Recall that the Hamiltonian H is constant along the flow ¢'.
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If y is a periodic trajectory parametrized as 7 > oy, arx = ap where 7)) is the
primitive period (the smallest positive period), the classical action along y is

Ty )
S)/ :/ dt Ptqr ‘== % pdq
0 Y

An important role in what follows is played by the “linearized flow” around the
classical trajectory, which is defined as follows. Let

92H

H (o) = v .11

o=o;

be the Hessian of H at point o; = ¢ () of the classical trajectory. Let J be the

symplectic matrix
0 1
J = (_ 1 0) (5.12)

where 0 and 1 are, respectively, the null and identity n x n matrices. Let F; be the
2n x 2n real symplectic matrix solution of the linear differential equation

Fr=JH"(a)F,

5.13
e (2 9)s o1

F; depends on o = (g, p), the initial point for the classical trajectory, «;.

Let y be a closed orbit on Y'g with period T,, and let us denote simply by
F, the matrix F), = F(T}). F, is usually called the “monodromy matrix” of the
closed orbit y. Of course, F,, does depend on «, but its eigenvalues do not, since
the monodromy matrix with a different initial point on y is conjugate to F),. F), has
1 as eigenvalue of algebraic multiplicity at least equal to 2. In all that follows, we
shall use the following definition:

Definition 12 We say that y is a non-degenerate orbit if the eigenvalue 1 of F,, has
algebraic multiplicity 2.

Let o denote the usual symplectic form on R>"
o(a,d)=p-¢'=p'-q. a=(q,p);od=(q.p) (5.14)
(- is the usual scalar product in R"). We denote by {«1, ]} a basis for the eigenspace
of F), belonging to the eigenvalue 1, and by V its orthogonal complement in the
sense of the symplectic form o

V={aeeR": o a)=0(xa})=0} (5.15)

Then, the restriction P, of F,, to V is called the (linearized) “Poincaré map” for y .
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In more general cases the Hamiltonian flow will contain manifolds of periodic
orbits with the same energy. When this happens, the periodic orbits will necessarily
be degenerate, but the techniques we use here can still apply. The precise hypothesis
for this (“Hypothesis C”) will be given later. Following Duistermaat and Guillemin
we call this a “clean intersection hypothesis”, it is more explicit than other versions
of this assumption. Since the statement of the trace formula is simpler and more
informative when one does assume that the periodic orbits are non-degenerate, we
will give only that formula in this case.

We shall now assume the following. Let (I'g)7 be the set of all periodic orbits
on X with periods 7,,, 0 < |T),| < T (including repetitions of primitive orbits and
assigning negative periods to primitive orbits traced in the opposite sense).

e (H.1) There exists SE > 0 such that H~'([E — 8E, E +8E])isa compact set of
R?" and E is a noncritical value of H (i.e. H(z) = E = VH(z) #0).

e (H.2) All y in (I'g)T are non-degenerate, i.e. 1 is not an eigenvalue for the cor-
responding “Poincaré map”, P, . In particular, this implies that for any 7 > 0,
(I'g)r is a discrete set, with periods —T <T,, <---<T,, <T.

We can now state the Gutzwiller trace formula. Let A = Op}, (A) be a quantum
observable, such that A satisfies the following.

e (H.3) Thereexists e R, C, >0 (y € N2, such that

|07 A(z)| < C,(H(2)), VzeR™

e (H.4) g is a C* function whose Fourier transform g is of compact support with
Suppg C [T, T] and let x be a smooth function with a compact support con-
tainedin |[E —8E, E+§E[, equal to 1 in a neighborhood of E. Then the following
“regularized density of states” p4 (E) is well defined:

o~ o~ (E—H
pA(E)zTr<X(H)Ax(H)g( - )) (5.16)

Note that (H.1) implies that the spectrum of H is purely discrete in a neighborhood
of E so that ps (FE) is well defined. We have also, more explicitly,

E—-FE; N
pa(E)= ) g( j)Xz(Ej)(A‘Pjv¢j> (5.17)

- h
I<j<N

where E1 < --- < Ey are the eigenvalues of H in |E — 8E, E + §E[ (with multi-
plicities) and ¢; is the corresponding eigenfunction (H @j = Ejpj). Let us remark
here that the & scaling: E_ﬁEj is the right one to have a nice semi-classical limit. The
first argument is that if » = 1 (and for integrable systems), in regular case, eigen-
values are given by Bohr—Sommerfeld formula [108] and their mutual distance is of

order h. The second argument is included in the following result [106, 158].
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Under assumption (H.1) the Liouville measure d L g is well defined on the energy
surface Xg:

dLp = (d Xk is the Euclidean measure on X'r)

Now we can state the Gutzwiller trace formula.

Theorem 28 (Gutzwiller trace formula) Assume (H.0)-(H.2) are satisfied for H,
(H.3) for A and (H.4) for g. Then the following asymptotic expansion holds true,
modulo O (h*°),

pa(E) = () "*§(0)h~ "D /E A dop@) + Y c(@h*
E

k>—n+2
X <2n>"/2—1ef<5v/"‘+%”/2){@(T»!det(ﬂ—PM‘”Z
ye(lE)r
T; )
x/o A(as)ds+2dj(g)hf} (5.18)

j=1

where T;‘ is the primitive period of y, o, is the Maslov index of y (o, € Z and is
computed in the proof), cx(g) are distributions in § with support in {0}, d}/ (9) are
distributions in g with support {T, }.

Remark 25 We can include more general Hamiltonians depending explicitly in A,
H= Zle R/ HD such that H© satisfies (H.0) and for j > 1,

|0vHY ()| < ¢, ;(HO () (5.19)

It is useful for applications to consider Hamiltonians like H® + nH® where H (D
may be, for example, a spin term. In that case the formula (5.18) is true with different
coefficients. In particular the first term in the contribution of T, is multiplied by

T*
exp(—i o7 HV (ay) ds).

Remark 26 For Schrédinger operators we only need smoothness of the potential V.
In this case the trace formula (5.18) is still valid without any assumptions at in-
finity for V when we restrict ourselves to a compact energy surface, assuming
E <liminfiy| o V (x). Using exponential decrease of the eigenfunctions [109] we
can prove that, modulo an error term of order O (R™°), the potential V can be re-
placed by a potential 1% satisfying the assumptions of the Remark 2.1.

It is also possible to get a trace formula for Hamiltonians with symmetries [38].
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5.3 Preparations for the Proof

We shall make use of the standard coherent states introduced in Chap. 1 and their
propagation by the time-dependent Schrédinger equation established in Chap. 4. We
denote by

vu =T (@)Y (5.20)

the usual coherent states centered at the point « of the phase space R*". Then it is
known that any operator B with a symbol decreasing sufficiently rapidly is in trace
class [163], and its trace can be computed by (see Chap. 1)

TrB = (2nh)—”/ (¢es Boo)da (5.21)
RZH
The regularized density of states p4 (E) can now be rewritten as

pa(E) = 2m) " 'h" / G0 "My, AyUpa)dida (522
RxR2n

where U (¢) is the quantum unitary group:

~ A

Uny=e /M and A, =yx(H)Ax(H) (5.23)

Our strategy for computing the behavior of p4 (E) as & goes to zero is first to com-
pute the bracket

m(a, 1) = (ga, Ay U)ga), (5.24)

where we drop the subscript x in A, for simplicity.

First of all we shall use Lemma 14 of Chap. 2, giving the action of an A-
pseudodifferential operator on a Gaussian.

Thus m (¢, &) is a linear combination of terms like

my (o, 1) = Wy 0, U1)ga) (5.25)

Now we compute U (t)¢,, using the semi-classical propagation of coherent states
result of Chap. 4. We recall that F; is a time-dependent symplectic matrix (Jacobi
matrix) defined by the linear equation (5.13). I%(F ) denotes the metaplectic repre-
sentation of the linearized flow F (see Chap. 3), and the /i-dependent metaplectic
representation is defined by

Ru(F) = ARR(F) A} (5.26)
We will also use the notation

t 4t — P-4

t
8(a,t)=/ Dy -dsds —tH(@) — £ . (5.27)
0
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From Chap. 4 we have the following propagation estimates in the L?-norm: for
every N € N and every T > 0 there exists Cy, 7 such that

<Cn.rhV (5.28)

is, )\ —
5 >T(05t)Rh(Ft)AhPN(xvstt’h)wo

H U®)pa — eXP(

where %(x) =g /4 exp(—|x|2/2), and Py (t, h) is the (A, t)-dependent differen-
tial operator defined by

Py(x.Dyt.h)y=1+4 Y H27plx,D.1)
(k,j)eln

with Iy ={(k, )) eNx N, 1< j<2N -1, k>3j, 1 <k—2j <2N}
(5.29)

where the differential operators py;(x, Dy, t) are products of j Weyl quantization of
homogeneous polynomials of degree ks with Zli&i j ks = k (see [52], Theorem 3.5
and its proof). So that we get

P (x, Dy, )0 = Qi (x) Yo (x) (5.30)

where Qy;(x) is a polynomial (with coefficients depending on (e, 1)) of degree k
having the same parity as k. This is clear from the following facts: homogeneous
polynomials have a definite parity, and Weyl quantization behaves well with respect
to symmetries: Op” (A) commutes to the parity operator X' f (x) = f(—x) if and
only if A is an even symbol and anticommutes with X' if and only if A is an odd
symbol) and %(x) is an even function.

So we get

. 15(t,
m(a,t) = Z ck,j,yh#_f exp(l (h OO)

(j,k)eln;|y|<2N

x (T'(@) AR Qy o, T () AR Qr,; R(F)Wo) + O(KY)  (5.31)

where Qy ;, respectively, O, are polynomials in the x variable with the same parity
as k, respectively, |y|. This remark will be useful in proving that we have only
entire powers in £ in (5.18), even though half integer powers appear naturally in the
asymptotic propagation of coherent states.

By an easy computation we have

(T() AR Qy V0, T () Ap Qr.j R(F) o)

1 ~ — ~ n —~
= exp(—i%a(a, a,))<T1 (%) 0,70, Ox. jR(Fz)W0> (5.32)

where T} (+) is the Weyl translation operator with /= 1.



5.3 Preparations for the Proof 133

We set
A fa—a ~ A ~
mp jy(, 1) = <Tl (7) 0y Yo, Qk,jR(Ft)WO> (5.33)
mo(a, 1) —<T (ﬂ>{i 1%(F){F> (5.34)
0 ) — 1 ﬁ 0, t 0 .

We compute mq(e, t) first. We shall use the fact that the metaplectic group trans-
forms Gaussian wave packets into Gaussian wave packets in a very explicit way. If
we denote by A;, B, C;, D; the four n x n matrices of the block form of F;

(A B
F,_<Ct D,) (5.35)

We have already seen in Chaps. 3 and 4, since F; is symplectic, that U, = A; + i B,
is invertible. So we have defined

I =V,U~', whereV, = (C; +iDy) (5.36)
We have from our Chap. 3 (see also [77], Chap. 4)

mo(a, 1) = [det U, ]z 7=/

i . i q9—4q:
(L +ilx -x— —[x—
X/Rnexp{z( p+il)x - x \/ﬁ<x 3 )

x(p—pi+ilg—qn) } dx (5.37)

But the integration in x is a Fourier transform of a Gaussian and can be performed
(see in Appendix A, Sect. A.1). The complex matrix [; + i1 is invertible and we
have

1+ W,
(r+in~t=11M (5.38)
2i
where we use the following notation:
W, =27,Y7, Zi=U +iV,, Y, =U;, —iV, (5.39)
It is clear that Y is invertible (see Chap. 3). So we get
mo(a, 1) = 2" 7" 2[det v, U; ] Pldet U1 Pe ke @) (5.40)
where the phase W (¢, ) is given by
1 t
We(t,a) =t(E — H()) + E/ ooy — o, &) ds
0
i 9 9 N
+Z(1_Wt)(05—0h)'(05—051) (5.41)

witha =g +ipifa = (g, p).
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In (5.40) we have a product of square root of determinant. [detU,]. 12 is a
branch for [det U;]~!/? with the phase (or argument) obtained by continuity in time
from U;—¢ = 1. For a complex symmetric matrix M with definite-positive real part,
[det M], 1/2 i3 a branch for (det M)~ /% with the phase obtained by continuity along
a path joining WM to M, the eigenvalues of M'/? having positive real part. Follow-
ing carefully these phases will give the Maslov correction index.

Remark 27 There is here a difference with the paper [53] where the phase was
obtained before integration in y € R", so computations here will be a little bit more
natural and easier.

The same phase WE (¢, ) appears when computing my_j ,, (e, t) with non-trivial
amplitudes. Then the formula for the regularized density of states in (5.22) takes the
form

pA(E)szdt /Rz daa(t,a, h)er PECD (5.42)

where W is given in (5.41) and a(r, &, h) < 3~ ; @ (1, ).

Our plan is to prove Theorem 28 by expanding (5.42) by the method of sta-
tionary phase. The necessary stationary phase lemma for complex phase functions
can easily be derived from Theorem 7.7.5 in [117]. There is also an extended dis-
cussion of complex phase functions depending on parameters in [117] leading to
Theorem 7.7.12, but the form of the stationary manifold here permits us to use the
following result proved in Sect. A.2.

Theorem 29 (Stationary phase expansion) Let O C R? be an open set, and let
a, feC®O)withIf =0in O and supp a C O. We define

M={xec0,3f(x)=0, f'(x) =0}

and assume that M is a smooth, compact and connected submanifold of R¢ of di-
mension k such that for all x € M the Hessian, f"(x), of f is non-degenerate on
the normal space N, to M at x.

Under the conditions above, the integral J(w) = fR,, e/ g (x)dx has the fol-
lowing asymptotic expansion as w — 400, modulo O (w~°):

2
J(w) = <X)

The coefficient c is given by

/" —-1/2
co = e @l (mo) / [det(M)} a(m)dVy (m) (5.43)
M

l *

d—k
2 _j
E Cj(,()

Jj=0

where dVys(m) is the canonical Euclidean volume in M, mg € M is arbitrary, and
[det P];l/ % denotes the product of the reciprocals of square roots of the eigenvalues
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of P chosen with positive real parts. Note that, since I f > 0, the eigenvalues of
M lie in the closed right half plane.

5.4 The Stationary Phase Computation

In this section we compute the stationary phase expansion of (5.22) with phase Vg
given by (5.41). Note that a(t, a, i) is actually, according to (5.31), a polynomial
in 4'/2 and 7~'/2. Hence the stationary phase theorem (with A-independent sym-
bol a) applies to each coefficient of this polynomial.

We need to compute the first and second order derivatives of Wg (¢, «). Let us
introduce the 2n x 2n complex symmetric matrix

i _ Wt —l Wt
Wi = (—i W; —Wt)
It is enough to compute first derivatives for ¥z up to O (|a; — a|?):

O WE(t,a) = E — H(a) — %(oc, —a)- Jéy + %(W’j — 1) (o —a) (5.44)

Ve, o) = %(11 + F)J (e — ) + %(FT —1)(WF = 1) (s —a)  (5.45)

The critical set for the stationary phase theorem is defined as
Ce={(a,1) eR¥ x R, I(We(ar, 1)) =0, 8, W (t,a) =0, 3 W (t, &) = 0}

We have seen in Chap. 2 that since F is symplectic, one has W*W < 1, so if
S(YE(a,t)) =0 then a; = «. Using (5.44) we get

Ce={(a.t) eR" xR, H(a) = E; oy =t}
Hence (¢, @) is a critical point means that « is on a periodic path of energy E, for

the Hamiltonian H, and period 7.
The second derivatives of ¥ restricted on Cg can be computed as follows:

2 WE(t,a) = %(Wtu —1)d-a (5.46)
02, WE (1, @) = —do H (at) + %(F,T —1)(Wf —1)(&) (5.47)
02 W (1, @) = %(JF, —FTJ)+ %(F,T — 1) (W —1)(F, —1) (5.48)

Let lI/g (t9, o) be the Hessian matrix of W at point (fo, og) of Cg. We have to
compute the kernel of ¥} («o, fo).
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Lemma 33 For every (ty, ag) € CE we have
ker(d/g(tg, ozo)) = {(r, v) € R x R, v-9,H =0, (Fify —Dv+71a= O} (5.49)

Proof Using the Taylor formula we have

S(Yet, @) = loq’g(lo,oto)(t — 10,0 — ) - (t —fo, @ — @)
+O(It — tof + lo — oo ’) (5.50)
From W*W < 1 we get, for some ¢ > 0,
S(Ye(t, @) = cla —ar)? (5.51)
Using that o — oy = (o0 — atg) + (0t — 00,1) + (00,7 — 0tz) + (0tsy — @tr) We get
o —a; = (1= Fy)(@—ag) + (tg — )6 + O (It — to]* + o — ao]”)

Then from (5.50) and (5.51) we get, for some ¢ > 0,

~ 12
|SWE (10, o) (1 — o, & — @) - (£ — 10, @ — arg) | = ]| (Fyy — 1) (@ — ) + (¢ — 10) |

(5.52)

So we have proved the part “C” in (5.49). The part “2” is obvious. (]

The first thing to check, in order to apply the stationary phase theorem is that the
support of « in (5.42) can be taken as compact, up to an error O (h*°). We do this
in the following way: let us recall some properties of /-pseudodifferential calculus
proved in [68, 107]. The function m(z) = (H(z)) is a weight function. In [68] it is
proved that x (H )= H where H, € § (m~*), for every k (x is like in (H.4)). More
precisely, we have in the 1 asymptotic sense in S(m %),

Hy = Zijhj

Jj=0

and support [H, ;] is in a fixed compact set for every j (see (H.4) and [107] for the
computations of H, ;). Let us recall that the symbol space S(m) is equipped with
the family of semi-norms

97
sup m 12 —u(z)

z€ R2n

Now we can prove the following lemma.

Lemma 34 There is a compact set K in R*" such that for

m(a, 1) = (pa, Ay U()¢s)
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we have
/ Im(a, t)|doz = O(h+°°)
RZ"/K

uniformly in every bounded interval in t.

Proof Let x € Ci°(JE —$8E, E+SE]) suchthat x x = x. Using (H.3) and the com-

position rule for A-pseudodifferential operators we can see that A X (H) is bounded
on L2(R™). So there exists a C > 0 such that

m(@.n| = C|7(A)ea|
But we can write
|7 (H)ga|* = (% (A) ¢ 00)

Let us introduce the Wigner function, wy, for ¢, (i.e. the Weyl symbol of the or-
thogonal projection on ¢, ). We have

(X(ﬁ)zwa,wa)=(nh)*”[HXz(z)wa(z)dz

where

l=—af?
1

wo(z) = (Th)™"e™

Using remainder estimates from [107] we have, for every N large enough,

Ho= Y Hpa b/ + BV Ry ()
0<j<N

where the following estimate in Hilbert—Schmidt norm holds:

Ry (R +
S | RN ()] 5 < +00

Now there is an R > 0 such that for every j, we have Supp[H,> ;] < {z, |z| < R}.
So the proof of the lemma follows from

| Ry = @)™ f | R (| e

and from the elementary estimate, which holds for some C, ¢ > 0,

Ja—. c

r|2
f/ e 7 dzda<Ce™ 7 -
{lz|<R,|e|>R+1}

From (5.49) we see that a sufficient condition to apply the stationary phase theo-
rem is the following “clean intersection condition” for the Hamiltonian flow ¢’.
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Clean Intersection Condition (CI) We assume that Cg is a union of smooth com-
pact connected components and on each component, the tangent space T(,,«,)CE
to Cg at (fo,0) coincides with the linear space {(r,v) € R x R2,
V-9, H =0, (Fy1)v+ta =0}

So under condition (CI) the kernel of lp;s/ (t0, ) coincides with the tangent space
T(49.20) (CE). Hence lI/g(to,ao) is non-degenerate on the normal space at Cg on
(to, o), as is required to apply the stationary phase theorem. At this point we have
already proved that there exists an asymptotic expansion for the regularized density
of states p4 (E). A more difficult problem is to compute this asymptotics in general.

The simpler case is the period 0 of the flow: Cx = {0, «), H(«¢) = E}. Then
the property (CI) is satisfied if E is non critical for H. Remark that O is not an
accumulation point in the periods of classical paths.

The Hessian matrix on Cg is

1 ;
w0, 0) = ( kA ’VOH>

where VH = 3, H. The normal space N, to Cg has the basis {(1,0), (0, VH)}.
So the determinant of ¥/ (0, ) restricted to No.w is [VH |*. The stationary phase
theorem gives us

Proposition 48 Let g be such that g is supported in | — Ty, To[ where Ty > 0 and
@' has no periodic trajectory on X g with a period in | — Ty, To[\{0}. Then we have

x(H ()

E)=§0)2r)™"
pA(E) =g(0)(2m) (/2 IVH|

dEE>h1” +O0(R*™) (5.53)

E

Moreover the asymptotics can be extended as a full asymptotics in h.
As an application of (5.53) we have the following.

Theorem 30 (Weyl asymptotic formula) Assume that H satisfies condition (H.0).

Consider L1 < Ay such that H=Y[h — &, k2 + €] is compact and are non critical

values for H. Let Ny be the number of eigenvalues E j(h) ofI-AI inl =[A1,A2].
Then we have

Ny =Qrh)™"Vol{a e R, H(a) e I} + O(R'™") (5.54)

Proof Using a partition of unity it is enough to consider

o= Y x(Ejm)

Ej (h)<i

where x is supported in a small neighborhood of A or A, (between A and A, we
can apply the functional calculus to get an asymptotic expansion; see [107]).
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To prove an asymptotic expansion for o (1) we use (5.53) choosing A = x (H), g
even, g(0) =1, g > 0 and g(A) > 8¢ for |1| < gy for some &g > 0, &g > 0. We have

1 —A
o(x)—ﬁfg(“h )a(,u)du:/(o(k)—a(A—i—Ih))g(t)dt (5.55)

From (5.53) we have, after integration,

—2
h_lfg('uh )a(u)du:(Znh)_"/ a’ax(H(oc))—i—O(h_”)

H(a)<i

Using the following estimate, for some C > 0:
o +th) —o )| < C(1+||)R'™" (5.56)

we get

o(h) = (2nh)—"/ da x(H()+ O0(h™)
H(a)<\

then (5.54) follows.
Now we prove (5.56). It is enough to consider the case 7 > 0.
Suppose T < g9. Then

Atth —A
T s/dug(“T) =o(n'™")

For T = £gp with £ € N, using the triangle inequality, we get
lo (A + Legh) — o (W)| < Cer'™
Finally for £eg < 7 < (€ 4 1)gg using again the triangle inequality we get (5.56). [

Remark 28 Assuming that the set of all periodical trajectories of H in X is of
Liouville-measure 0, it is possible to prove by the same method the following result.
For every C > 0 we have

limh”’ln{j,E—Cthj(h)5E—Ch}=/ dLg =:Lg(Zg)  (5.57)
ANO >k

This result was already proved in [106, 158] using Fourier-integral operators.

Now we come to the proof of the Gutzwiller trace formula (5.18).

Note that for isolated periodic orbits on X'r the non-degenerate assumption is
equivalent to the condition (CI). So it results from our discussion that in this case
the Hessian matrix ¥, at (fo, ag), where y is a periodic path with period 7 = kT
and o € y is non-degenerate on the normal space /\/to,ao at Cg. Here /\/to,ao is the
linear space {R(1,0) + {(0,v), v e R?", o (v, VH) = 0}. Our main problem is to
compute the determinant of the restriction lI/g, | (to, &) of W[ (10, @) to Ny e We
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shall denote IT; the orthogonal projection in R>* on JV H (ap) := & (tangent vector

to y).
It is convenient to introduce the notations

G=5Wi-1). k= -9)(G+17)+is
Using that Fy, is symplectic we have
Og W (10, @0) = K (Fyy — 1)
So we have

Ga - o Ka ) (5.58)

‘I’g(t‘)’“O):"]< Ké  K(Fy—1)

This formula is general. Furthermore we have the very useful result:

Lemma 35 K is a 2n x 2n invertible matrix and we have

L 1(u-1 -i@+0)
K __§<i11+v —(Il—i—iV)) (559

In particular we have
Yy -1
detK = (—D)" det<§> (5.60)
where U = U, V=V;, Y =Y.

Proof We have, using definition of W,

W—-1 —i(W—-1)
—iW+1) —-(W+1)

{2V 2V \[(W-iV)! 0
“\2iv —2vu 0 U —iv) !

After some algebraic computations, using in particular the symplectic relations, we

Wﬁ—11+iJ=(

find
K (1-iV A+ U (U =iv)T! 0
“\-i1-V —-1+4U 0 U —-iv)™!
So we get the lemma. (]

Now we begin to use the non-degeneracy condition to compute the determinant
of W7 | (to, p). We have

1,71 _ =1 d Ka
det(i™'Wg | (to,0)) =i det(m K(FIO_E)HHJ (5.61)

where d = $(W* —1).
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Let us introduce now convenient coordinates. We define a Poincaré section S by
the equation 7 () = 0 where 7 is a classical observable such that {7, H}(«) =1,
T (ag) =0, T is defined in an open neighborhood Vg of ay.

The first return Poincaré map P(a) = ¢7 @ () is defined in Vo N S such that
T(d7 @ (a)) =0 with T (ag) = 1o, T (@) is the first return time.

In Vy we can define new symplectic coordinates: (e, 7, @), where e = H(x),
T =T (), w(a) € R2"=D The differential P’'(cg) of P at g is related with the
stability matrix F = (3,¢")(ao):

P'(ag)v=Fv— (F'VT -v)a (5.62)

For e near E, the Poincaré map P, is defined in VyNSN X, into Vi NS N X, where
V1 is a neighborhood of ag, by P(ar) = ¢7 @ (), T (g) = 1. It is a symplectic map
and for e = E its differential P, is the restriction of P’(cxg) to Ny, := T,y (SN Xf)
(for more details we refer to [103]).

Note that N, = {v € R* v.-VH =v-VT =0}.

When the energy e is varying around E we have a smooth family of closed tra-
jectories of period T (e) parametrized by «(e) € Vo NS such that «(E) = «p and
T(E)=ty. T and « are smooth in e. This result is known as the cylinder Theorem
[103]. It is a consequence of the implicit function theorem applied to the equation
o7 (e)(a(e)) = a(e). In particular we have

(F—1)a'(E)=T'(E)a (5.63)

Note that o’ (E) - VH = 1 so &’ (E) # 0 and the non-degeneracy assumption implies
that {&, @’ (E)} is a basis for the generalized eigenspace E; for the eigenvalue 1 of
F (we have a non-trivial Jordan block if T'(E) # 0).

Let V be the symplectic orthogonal of E;: V = {v|o (v, &) = o (v, o' (E)) = 0}.
The restriction of F to V is the algebraic linear Poincaré map P, @) Using (5.62)
we can easily prove that P, and P, @ are conjugate: M P, =P, @) where M is an
invertible linear map from N, onto V. So we have

det(P, — 1) = det(P,“ — 1)

In particular if y is non-degenerate then P, — 1 is invertible. The strategy is to
simplify as far as possible the r.h.s. in (5.61).

To simplify our discussion we shall assume that 7’ (E) # 0. It is not a restriction
because if T’ = 0 we can perturb a little F by F¢, ¢ > 0, such that

Fé¢=F onV, Féa=a, Féa/(E)=d'(E) + e

The determinant we have to compute depends only on the symplectic map F, so we
can compute with F°« and take the limit as ¢ — 0.
The first step is to find v € C** such that

(F—Lv+v-aK la=a (5.64)
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With this v := vy we get

R a1 d_U()K(X Ka
det(l lPE)l(to,ao)) =i det( 0 K(F—1) +i17d) (5.65)

(v-a)
l&e|?
A direct computation gives

where IT; = Q.

K la= —%(F +1)VH
so (5.64) is transformed into
(F — 1y = %v ‘&(F +1)VH
Using (F — 1)TVH =0 we have v - & = 0, so we have to solve

(F —Dvg =& (5.66)

We are looking for vg = A& + pa'(E) and we find

1 (d(E)-&.
S ) (ch —a (E)> (5.67)

So our first simplification gives the expression
det(i 7'y | (to,@0)) =i~ (d — voK ) det K det(F — 1+ iK ')
For the first term we get

. '(E). 6
d—vokKd=—ivg- Jo =i EE) D
T'(E)

detK is already computed. We shall compute det(F — 1 + iK~'IT;) in a
symplectic basis {vy, v2, v3,...,v3,} Where v = @&, vy = W,(E)C(/(E) where
o(vyj—1,v25) =1for 1 < j <nand o(vj,vx) =0 if |j — k| # 1. In this basis
we have

Uj -a
|&r|2

K 'Mgvj = K 'y

So combining with the first column we can eliminate the terms K ~! IT;v jforj>2
and using that F' — 1 is invertible on V we can assume that in the first column only
the two first terms are not zero. Finally we have obtained

x; 8
det(F — 1 +iK ') = det (xz 0) 0 = —éxpdet(Py, — 1)

0 [P, —1]
(5.68)
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It is left to compute x, and . We have

T'(E)

1 2
Xy = —Ea((F—i—]l)VH, v1) =|VH]| (5.70)
So we get
det(i~'Wf | (to, @0)) =2"|VH|*det(Y) " det(P, — 1) (5.71)

Using the expression (5.40) we find the leading term o1 ,, (E) for the contribution of
the periodic path y in formula (5.18), assuming for simplicity that A =1,

p1y(E) = Q)" >[det(yU )], *[det v *[det ¥]'/
x §(T,)[det(P, — 1))/ e/Ve | VH| ™! (5.72)

where [1]!/? denotes a suitable branch for the square root. So we get

-1/ (5.73)

Py (E) = Qm)">~ e Sy /MHovmD (T, ) T¥| det(1 — Py)|
withoy €Zand S, = ¢, pdq.
Let us remark that, because P, is symplectic and 1 is not eigenvalue of P,, we
have det(P, — 1) = (—l)"/| det(P, — 1)| where o’ is the number of eigenvalues of
P, smaller than 1. So we see that

el'(fyﬂ/z ::l:eio’/ﬂ/z (574)

Thus we get that the contribution of the Maslov index in Theorem 28 is to determine
the sign in (5.74).

We have given here an analytical method for its computation. We do not consider
its geometrical interpretation (“Maslov cycle”) for which we refer to the literature
on this subject [60, 134, 166] and references in these works.

The other coefficients, d! are spectral invariants which have been studied by
Guillemin and Zelditch. In principle we can compute them using this explicit ap-
proach. This completes the proof of Theorem 28.

5.5 A Pointwise Trace Formula and Quasi-modes

From the well known Bohr—-Sommerfeld quantization rules it is believed that there
exist strong connections between periodic trajectories of a classical system H and
bound states of its quantization H. In this section we discuss some properties of lo-
calization for bound states or approximate bound states (quasi-modes) near periodic
trajectories in the simplest cases. More general results are proved in [153].
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5.5.1 A Pointwise Trace Formula

The idea of this formula has appeared in [153]. We give here a proof of the main re-
sult of [153] for Gaussian coherent states. We assume that properties (H.0) and (H.1)
are satisfied. Consider the local density of states defined for every a € R*" by

E—E;(h
prte0 = o E )y 0) v v

J
where ]h are the normalized eigenfunctions for H,H W ]h =E;(Wy ]ﬁ

Theorem 31 The local density of states pg (o) has the following asymptotic behav-
ior as h — 0:

pp(@) = b(g,a)ht (5.75)
keN

The coefficients (g, o) are smooth in o and are distributions in g. Their expres-
sions depend on the behavior of the path t — ¢' .

(i) If the path t — ¢'a has no periodic point with period in supp g then £;(g, )
are distributions in g supported in {0}. In particular the leading term is
1 n+l 1
bo(g,0)=—=1" 7 7————39(0) (5.76)
V2 IVH ()l
(i) Ift — ¢'a has a primitive period T*, £ (g, o) are distributions in & supported
in {mT*, m € Z}. In particular the leading term is

Co(g, ) = %n—% > &(mT*)Cm) (5.77)

mezZ

where
1

Cm)=(1— W poa-a) 2.

m

Recall that W,ﬁ depends on the monodromy matrix F;.

Proof As for the trace formula (5.18), we first give a time-dependent formula for

ok (o) with the propagator U (t) = e~iffl

If 11, is the orthogonal projection on the coherent state ¢, we have

pE(@) =Tr<g<E — ﬁ)x(ﬁ)ﬂa>

by computing the trace on the basis wjﬁ. So we get

1 .t N
pr@ =5 f dt 500 FE (g, U x () 0a) (5.78)
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In (5.78) the integrand is the same as in the proof of the trace formula. The difference
is that here we have only a time integration. So the stationary phase theorem is much
simpler to apply: « is fixed such that H(«) = E, the critical set of the phase Vg,
is defined by the equation ¢’ = o so we have t = mT* where T* is the primitive
period (T* = 0 if « is not a periodic point of the flow).

12}5 (t, @) is here the second derivative in time of ¥g. So we have

Vet o) = %(]1 ~ W) -

For t = 0 we have &E (@) = %||VH||2. Using that VH # 0, the stationary phase
theorem gives the part (i) of the Theorem.

For the periodic case we have to recall that W, is a complex symmetric n X n
matrix and that W*W < 1. With this properties we have easily that for every T > 0
there exists ¢ > 0 such that

R —Wa-a>cllal?> forre[~T,T]

So the critical points t =mT*, m € Z, are non degenerate and the stationary phase
theorem gives the part (ii) of the Theorem. |

5.5.2 Quasi-modes and Bohr-Sommerfeld Quantization Rules

Quasi-modes (or approximated eigenfunctions) can be considered in more general
and more interesting cases (see [125, 153, 159, 160]) but for simplicity we shall
consider here mainly the fully periodic case. We always assume that (H.0) and (H.1)
are satisfied. We introduce:

(H.P) Forevery E € [E_, E], X is connected and the Hamiltonian flow @}1 is
periodic on X'g with a period Tg.

Remark 29 For n =1 the periodicity condition is always satisfied. For d > 1 this
condition is rather strong. Nevertheless it is satisfied for integrable systems and for
systems with a large group of symmetries.

Let us first recall a result in classical mechanics (Guillemin—Sternberg, [95]):
Proposition 49 Let us assume that above conditions are satisfied. Let v be a closed
path of energy E and period Tg. Then the action integral J (E) = fy pdq defines

a function of E, C*® in 1E_, E1[ and such that J'(E) = Tg. In particular for one
degree of freedom systems we have

J(E) =/ dz
H(z)<E
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Now we can extend J to an increasing function on R, linear outside a neigh-
borhood of 1. Let us introduce the rescaled Hamiltonian K = Qen)~ g (ﬁ ). Using
properties concerning the functional calculus [107], we can see that K has all the
properties of H and furthermore its Hamiltonian flow has a constant period 27 in

Efo = KO_1 (A) for L € [A_, A4] where AL = %J(Ei). So in what follows we re-
place H by K, its “energy renormalization”. Indeed, the mapping %\7 is a bijective

correspondence between the spectrum of Hin[E_, E] and the spectrum of K in
[A—, A4], including multiplicities, such that A; = #\7 (E)).

Let us denote by m the average of the action of a periodic path on X )\K % and by

W € Z its Maslov index (m = % fy pdx —2m F). Under the above assumptions the
following results were proved in [107], using semi-classical Fourier-integral opera-
tors and ideas introduced before by Colin de Verdiere [44] and Weinstein [195].

5.5.2.1 Statements of Results Concerning Spectral Asymptotics
Theorem 32 [44, 107, 195] There exist Co > 0 and hy > 0 such that

spect(K) N[A—, A1 S | I(h) (5.79)
keZ

with
Iy (h) = |:—m + (k - %)h — Col?, —m + (k = %>h+ Cohz]
for he]0, hy].
Let us remark for /& small enough, the intervals I (%) do not intersect and this

theorem gives the usual Bohr—Sommerfeld quantization conditions for the energy
spectrum, more explicitly,

1
Ak = EJ(Ek) = <k— %)h—m—l— O(hz)

Under a stronger assumption on the flow, it is possible to estimate the number of
states in each cluster Iy (h).

(H.F) (D%O has no fixed point in Effo, VA €[A_ —&, Ay +¢] and Vs €]0, 27 [.

Let us denote by di () the number of eigenvalues of K in the interval I (h).

Theorem 33 [42, 44, 108] Under the above assumptions, for h small enough and
—m+ (k — %)h € [A_, A4], we have

di(h) = Z r; (—m + (k — %)h) ri—4 (5.80)

j=1
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with I'; € C*®°([A_, A4 ]). In particular

[ = @) f dv;

i

In the particular case n = 1 we have u = 2 and m = — min(Hp) hence di (h) = 1.
Furthermore the Bohr—Sommerfeld conditions take the following more accurate
form:

Theorem 34 [107] Let us assume n = 1 and m = 0. Then there exists a sequence
fr € C°([F_, Fy)), for k > 2, such that

1
he+ Y R ) = <e+§)h+ 0(h*) (5.81)

k>2

for € € Z such that (€ + $)h € [h_, A4].
In particular there exists g € C*°([A—, A+]) such that

A= <E+%)h+ thgk(<€+%)h> + 0 (1) (5.82)

k>2
where € € Z such that (¢ + $)h € [F_, Fy].

We can deduce from the above theorem and Taylor formula the Bohr—Sommer-
feld quantization rules for the eigenvalues E,, at all order in A.

Corollary 17 There exist &+ b(), h) and C* functions b; defined on [A~, A1)
such that b(:, h) = ZjeN b (MBS 4+ 0(h*) and the spectrum E, ofl-AI is given by

E,= b((n + %)h h) +0(r) (5.83)

for n such that (n + %)h € [A7, AT]. In particular we have by(\) = J! 2m)) and
b1 =0.

When H~!(I) is not connected but such that the M connected components
are mutually symmetric, under linear symplectic maps, then the above results still
hold [107].

Remark 30 For n = 1, the methods usually used to prove existence of a complete
asymptotic expansion for the eigenvalues of H are not suitable to compute the co-
efficients b (1) for j > 2. This was done recently in [46] using the coefficients d jx
appearing in the functional calculus.
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5.5.2.2 A Proof of the Quantization Rules and Quasi-modes

We shall give here a direct proof for the Bohr—Sommerfeld quantization rules by
using coherent states, following [26]. A similar approach, with more restrictive as-
sumptions, was considered before in [151].

The starting point is the following remark. Let » > 0 and suppose that there exists
C, such that for every & €]0, 1], there exist E € R and ¢ € L2(RY), such that

2 r ER .
|(H—E)y| <Ch", and hggfnwn =c>0 (5.84)

If these conditions are satisfied, we shall say that H has a quasi-mode of energy E
with an error O (/"). With quasi-modes we can find some points in the spectrum of
H close to the energy E. More precisely, if § > %, the interval [E — 8h", E 4+ 8h"]
meets the point spectrum of H. This is easily proved by contradiction, using that H
is self-adjoint. So if the spectrum of H is discrete in a neighborhood of E, then we
know that H has at least one eigenvalue in [E — 8h", E 4+ §1"].

Let us assume that the Hamiltonian H satisfies conditions (H.0), (H.1), (H.P).

Using Proposition 49, we can assume that the Hamiltonian flow <D,H has a con-
stant period 27 in H’I]E_ —¢&, E4 + ¢, for some ¢ > 0.

Following an old idea in quantum mechanics (A. Einstein), let us try to construct
a quasi-mode for H with energies E (") close to E € [E_, E], related with a 27
periodic trajectory yg C X go, by the Ansatz

2 gty
I/IVE:/ e h U(t)g.dt (5.85)
0

where z € yg (¥, is a state living on yf). Let us introduce the real numbers

1 2
U(fi):ﬁfo [é(t)p(t)—HO(Q(I),p(t))]dtJr%

where 1 — (g(t), p(t)) is a 2w -periodic trajectory yg in Hy"Y(E), E e [E_, E.],
1 is the Maslov index of y. In order that the Ansatz (5.85) provides a good quasi-
mode, we must first check that its mass is not too small.

Proposition 50 Assume that 2r is the primitive period of yg. Then there exists a
real number mg > 0 such that

Wy, | = meh* + O (h!/?) (5.86)

Proof Using the propagation of coherent states and the formula giving the action of
metaplectic transformations on Gaussians, up to an error term O (+/72), we have
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2w
1/2
I P = Gty | f e e, + i)™

x (det(A, +iBy)) " drdsdx

where the phase @ is
1
D, s,x) =0 —s)E+ (8 — &)+ 5(%‘ “Ps =4t pr) +x - (pr — ps)

1 _
+5(Fr(x—qt)~(x—qt)—l“x(x—qs%(x—qs)) (5.87)

I3 is the complex matrix defined in (5.36).
Let us show that we can compute an asymptotics for ||, > with the stationary
phase Theorem. Using that J(1}) is positive non-degenerate, we find that

J(@(t,5,x)) =0, and [I(@(,5,x)=0} & f{r=g; =g} (5.88)

On the set {x = g; = g5} wehave 9, @ (¢, s, x) = p; — ps. Soif {x = q; = q,} then we
have r = s (27 is the primitive period of ) and we get easily that ;@ (¢, s, x) =
In the variables (s, x) we have found that db(t s, x) has one critical point: (s, x) =
(t, q¢). Let us compute the Hessian matrix 8 @ at (¢,t,qr):

~(Tdi — p0)-dr it — pol”
3@d (1.1, :( (Uiqr = po) - 4r . 5.89
S ( @) I (g: — pt) 2i31; ( )

To compute the determinant, we use the identity, for » € C, u € C¢, R € GL(C?)
T T, p—1 T
rou 1 0 r—u' -R7'u u
(u R> (—Rlu 1) - ( 0 R) (550)

2det[—id; D (1,1, q1)]

Then we get

= Iig: -G + (SUD) 'Ry — po) - BTG — pr) det236] (5.91)

But E is not critical, so (g;, p;) # (0, 0) and we find that det[—iaixé(t, t,q:)]1#0.
The stationary phase Theorem (see Appendix A) gives

Wy 1 =m >V 4 O(h) (5.92)
with

2T
mfg:z(d“)/%/;/ |det(A, +iB)|”"?| det[—id2 @ (1, 1,0)]| " *d
0

(5.93)
]

We now give one formulation of the Bohr—Sommerfeld quantization rule.
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Theorem 35 Let us assume that the Hamiltonian H satisfies conditions (H.0),
(H.1), (H.P) with period Tg = 2 and that 21 is a primitive period for a periodic
trajectory yg C X'E. .

Then h_l/4wa is a quasi-mode for H, with an error term O(h'/*), if E satisfies
the quantization condition:

o (h) :=%

1
— dgeZ 5.94
+2nhnyp qe€ (5.94)

Moreover, the number A := % ny pdq — E is constant on [E_, E.]. Having cho-
sen C > 0 large enough, the intervals

1k, ) = [(% +b+k>h+k— chl, (% +b+k)h+A+Ch7/4:|

satisfy: if [ (k, h) N[E_, E1] # @ then H has an eigenvalue in I (k, k).

Proof We use, once more, the propagation of coherent states. Using periodicity of
the flow, we have, if H(z) = E,

UQm)p, =X MWy 4+ 0(h) (5.95)

Here we have to remark that the term in +/% has disappeared. This needs a calcula-
tion.
By integration by parts, we get

A 7
Hvyy, = ih/ en U (t)p, dt
0
= lh(e nUQRr)e, — (pz) + Evyy,
= Ev, + O(h?) (5.96)
So, we finally get a quasi-mode with an error O (1’/*), using (5.86). U

More accurate results on quasi-modes, using coherent states, are proved in par-
ticular in [125, 164].



Chapter 6
Quantization and Coherent States
on the 2-Torus

Abstract The two dimensional torus T? is a very simple symplectic space. Nev-
ertheless it gives non trivial examples of chaotic dynamical systems. These systems
can be quantized in a natural way. We shall study some dynamical and spectral
properties of them.

6.1 Introduction

The 2-torus T2, with its canonical symplectic form, is seen here as a phase space. It
is useful to consider classical systems and quantum systems built on T? for at least
two purposes.

Dynamical properties of classical non-integrable Hamiltonian systems in the
phase space R? x R? (d > 2) are quite difficult to study. In particular there are
not so many explicit models of chaotic systems. But on the 2-torus it is very easy to
get a discrete chaotic system by considering a 2 x 2 matrix F' with entries in Z and
such that |Tr F| > 2. So we get a discrete flow t — F'z fort € Z,z € T2! where
T? = R?/Z? is the 2-dimensional torus.

In 1980 Hannay—Berry succeeded to construct a “good quantization” R(F) cor-
responding to the “classical system” (T2, F). From this starting point many results
were obtained concerning consequences of classical chaos on the behavior of the
eigenstates of the unitary family of operators R(F) as well by physicists and mathe-
maticians. In this section we shall explain some of these results and their relationship
with periodic coherent states.

6.2 The Automorphisms of the 2-Torus

We have already seen in Chap. 1 that R? is a symplectic linear space with the canon-
ical symplectic bilinear form o = dg A dp. T? is also a symplectic (compact) man-
ifold with the symplectic two-form o = dgq A dp identified with the plane Lebesgue
measure.

For t € N, F'z means that we apply F ¢-times starting from z, and if r > 0 then F' = (F~")~1.

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 151
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_6, © Springer Science+Business Media B.V. 2012
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Here we call automorphism of the 2-torus T2 any map F induced by a symplectic

matrix F € SL(2,7Z).
a b
F = (c d) (6.1)

Let F be of the form
with entries in Z satisfying det(F) = ad — bc = 1; the corresponding map of the
2-torus is given by

(q.p)eT*— (¢, p') € T?, withq' =aq+bp (mod 1), p’ =cq+dp (mod 1)

So F is a symplectic diffeomorphism of T?. In particular it preserves the Lebesgue
measure m, on TZ.

We shall consider now the discrete dynamical system in T2 generated by F.

Let us first recall the definitions and properties concerning classical chaos (er-
godicity, mixing). For more details we refer to the books [55, 123, 140].

A (discrete) dynamical system is a triplet (X, @, m) where X is a measurable
space, m a probability measure on X and @ a measurable map on X preserving the
measure m:

For any measurable set E C M one has m(®~'E) =m(E).

The orbit (or trajectory) of a point x € X is O(x) := {®*(x), k € Z}. The orbit is
periodic if @7 (x) = x for some T € Z, T #0.

Definition 13 For a dynamical system D = (X, @, m) let us consider the time av-
erage or Birkhoff average E7(f, x) = % Z':T f(@'(x)), where f is measurable.

1=
@ is ergodic if for any function f € L (X, m) one has

Tlim Er(f,x)=m(f), m—everywhere (6.2)
— 00

where m(f) := [ f dm is the spatial average.

Remark 31 If a dynamical system is ergodic its time average (in the sense of the left
hand side of (6.2)) equals the “space average”, and does not depend on the initial
point x € X almost surely.

Proposition 51 A dynamical system D = (X, ®,m) is ergodic if and only if one of
the following statements is satisfied:

(i) Any measurable set E C X which is ®-invariant is such that m(E) =0 or
m(X\ E)=0.
(i) If f € L (X, m) is @-invariant (f o @ = f) then it is constant m-everywhere.

See [123, 139] for proofs.
This means in particular that the periodic orbits of an ergodic dynamical system
are rather “rare” from a measurable point of view:
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Proposition 52 Let @ be a continuous map on a compact topological space X en-
dowed with a probability measure m which is ®@-invariant and such that m(U) > 0
for any open set U. If (X, @, m) is ergodic, then the set of periodic orbits in X is of
measure 0.

Although relatively rare, the periodic orbit have a strong importance in the frame-
work of ergodic theory since they allow the construction of invariant measures in the
following way. Let x € X and let O (x) be a periodic orbit of period p(x) € R. The
following probability measure is clearly invariant:

px)

Z ok (x)

where 4, is the Dirac distribution at point a € R.

Given a map @ in X and m an invariant measure, it is not always true that m is
the unique invariant measure. If it is the case the map @ is said “uniquely ergodic”
and the unique invariant measure is ergodic (see [123]).

Well known examples are irrational rotations on the circle (or translations on the
torus T!). If « is an irrational number, @ (x) = x +o, mod.1 defines a unique ergodic
transformation in T', the unique invariant measure is the Lebesgue measure (see
[123]). In the topological framework one has a characterization of such maps [55]:

my

p(x)

Proposition 53 Let D = (X, @, m) be a dynamical system with X a compact metric
space, and @ a continuous map. D is uniquely ergodic if and only ifV f € C(X):

hm =0

Zfocbl—m(f)

]

where || - || is the norm of the uniform convergence.

There is a stronger property of dynamical systems which is the “mixing” prop-
erty:

Definition 14 A dynamical system D = (X, @, m) is said to be mixing if Vf, g €
L2(X, m) one has

lim | f(®*x))g(x)dmx)=m(f)m(g)

k—oo Jx
The following result is useful and easy to prove.

Proposition 54 D = (X, @, m) is mixing if and only if there exists a total set T in
L%(X,m) such that for every f, g € T we have

Jim . f(@* () g(x) dm(x) =m(f)m(g)
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In the framework where X is a differentiable manifold, one can define the notion of
Anosov system (see [123, 139]):

Definition 15 A diffeomorphism @ of a differentiable manifold M is Anosov if
Vx € M, there exists a decomposition of the tangent space at x in direct sum of two
subspaces E¥ and E¥ and constants K > 0, 0 < A < 1 satisfying

(Dy@)E} =Ej},).  (Dy®)EY=Ej,
and
(Do) <K, |(Deo)Ex] < K

VxeM,neN.
We have the following useful stability result (see [139]).

Theorem 36 Let M be a compact manifold and ® an Anosov diffeomorphism
on M. There exists € > 0 small enough such that if ||® — ¥ ciyy < € then ¥
is an Anosov diffeomorphism on M, where

I¥llcr oy = S“Al;(|q§(x)| + | Dr@ ) ])
xXe

Theorem 37 If @ is a diffeomorphism Anosov on T? then the dynamical system
D = (T?, @, w) is mixing, it being the normalized Lebesgue measure on T?.

Let F € SL(2, Z). The hyperbolic automorphism of the 2-torus defined by F rep-
resents the simplest examples of hyperbolic dynamical systems when |Tr F| > 2.
Namely if this is satisfied then F has two eigenvalues Ay = A > A_ = A~ ! with
A > 1. Denote Ty(T?) the tangent space at point x € T2, E;‘ (resp. E_) the
eigenspace associated to the eigenvalue A (resp. A~!) and D F : Ty(T?) —>
Trx(T?) the differential of F. One has

IDxF)| = IAllv]l ifveEf

|DxF)| = |2~ vl ifveEy

where | - || is the norm associated to the Riemannian metric ds*> = dg* + dp? on T2.
This proves that F is an Anosov diffeomorphism, and is therefore ergodic and mix-
ing.

We can also give a more direct proof that F' is mixing using Proposition 54. Let
us consider the total family in L2(T?), ey (x) = e*7%*  where k € Z?. We have

/ek(x)eg(¢’1(x))dm(x):f ek (x)epryng(x) dm(x)
T2 T2
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If £ # 0, using that A has eigenvalues A and A~ with A > 1, we see that (QDT)"E is
large for n large hence we get sz er(x)eg (D" (x))dm(x) = 0. We can conclude
using Proposition 54.

One can easily identify the periodic points of F:

Proposition 55 The periodic points (q, p) € T? of an hyperbolic automorphism
of T? are exactly points (q, p) such that (¢, p) € Q*/Z>.

Proof Let A be an hyperbolic automorphism of T2, and n € N*. Then the finite set
L, =A{(5,3).r,s =1,...,n} is invariant under A and so all elements of L, are
periodic for A. Let m # n € N*. Since one has

ros
Lm)nz{(—,—),r:l,...,m,s:l,...,n}CLmn
m n

all points of L,, , are also periodic. Thus all points in Q> /Z? are periodic for A. No
other point can be periodic. Namely a point (g, p) € T? is periodic of period k € N*
if and only if there exists (m, n) € 72 such that

w0 (3)-(2)

But the matrix AF — 1 is invertible and has only rational entries. Thus

(5)=ta =0 (0)= ()

with (r, si) € Qz. This completes the proof. U

Remark 32 An hyperbolic automorphism of T? is always mixing (so ergodic) but
never uniquely ergodic since every periodic point x gives an invariant probability
measure 711y.

6.3 The Kinematics Framework and Quantization

We closely follow the approaches of [10, 27, 29, 30, 59, 104].

Let us recall that we consider as phase space the 2-torus T? = R?/Z? with its
canonical symplectic two form.

Using the correspondence principle between classical and quantum mechanics,
it seems natural to look for the quantum states ¥ having the same periodicity in
position and momentum (g, p) as the underlying classical system.

The Weyl-Heisenberg translation operators f"(q, p) “translate” the quantum
state by a vector z = (¢, p) € R%. So we are looking for some Hilbert space H,
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included in the Schwartz temperate distribution space S’(R), such that for every
Y € H we have

T(1,00y =e %1y (6.3)
70, Dy =%y (6.4)

where we allow a phase 6 = (61, 6») since two wavefunctions ¥1, ¥ satisfying
Vs =e/*y; define the same quantum state and, more importantly, we shall recover
the plane model as 8 runs over the square [0, 27 [ x [0, 27 [.

(6.4) means that the h-Fourier transform Fp 1 satisfies

Frv(p+1) =e 2 Fry(p) (6.5)

Recall that 71, ¥ (p) = 2 h) =12 [ e~P/My (q) dg.
From (6.3), (6.4) we see that ¥ must be a joint eigenvector for the Weyl-
Heisenberg operators T (g, p) and we get

70, DT 1,00y =T(1,07(0, Dy
Since we have
7, DT (1,0) =€/"T(1,0)7(0,1)

conditions (6.3), (6.4) entail the following quantification condition ﬁ = N where
N € N and 7 is the Planck constant. Moreover, the quantum states v live in a N-
dimensional complex vector space.

This result can be obtained using the powerful methods of the geometric quanti-
zation [59]. Here we follow a more elementary approach as in [29, 30].

Let us denote by H  (6) the linear space of temperate distributions y satisfying
periodicity conditions (6.3), (6.4) with i = ﬁ (remark that if & # ﬁ and if
satisfies (6.3), (6.4) then ¥ = 0). So in all this chapter it is assumed that i = ﬁ
for some N € N.

Proposition 56 Hy (0) is a N dimensional complex linear subspace of the temper-
ate distribution space S'(R).

Proof Let ¢ € Hy(0). From condition (6.4) we find that the support of ¥ is in the

discrete set {g; = 27;’1 J;\,Qz , J €Z}.So ¢ is a sum of derivatives of Dirac distributions

y=y c?‘ 8,5‘;). Using uniqueness of this decomposition we can prove that cﬁa) =0

for a # 0, so we have ¥ =} ¢;8,, where ¢; = cj.o). Now, using (6.3) we get a
periodicity condition on the coefficient ;. So we have

cin=¢"c;, VjeZ and y= Y cj<zeik915qj+k) (6.6)
0<j=<N-1 keZ

Conversely it is easy to see that if i satisfies (6.6) then ¥ € Hy (6). So the propo-
sition is proven. O
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From the proof of the proposition, we get a basis of Hy (6):

e;@) _ Nfl/ZZeiklngqj_i_k’ 0<j<N-1
keZ

eﬁe) obviously satisfies (6.3). Let us check that it satisfies (6.5) by computing its
Fourier transform. As a consequence of the usual Poisson formula:

ZeZinkx — ZSK(X)

keZ e

we get after some easy computations

R I ©D
LeZ ”

Let us introduce py = & + 2 and ) = N"12 %, e 28, o . for &=
N ' 2rn
0,..., N — 1. We have now
Z
> Fiee” (6.8)

0<¢<N-1

where the matrix element F; ¢ is given by

Fio=N"12 2mje 016,
e = exp N 7 +02E+91J+2

We put on Hy (6) the unique Hilbert space structure such that {e( )}0< j<N—11s an
orthonormal basis. So we see that F} is a unitary transformat1on from Hy (61, 62)
onto Hy (=62, 01). In particular if 6 = (0, 0), the matrix {F ¢} is the matrix of the
discrete Fourier transform.

For all ¥ € H g, 6,y we have

N—-1
v=3 cj@e

Jj=0
Then the vector
N-1
(c; () j=0

is interpreted physically as the quantum state of the particle in the position represen-
tation. Similarly in the momentum representation one sees that we € Hy(—03,6)
is decomposed as

N—-1
v =3 diwe

j=0
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One goes from the position to the momentum representation via a generalized Dis-
crete Fourier Transform:

N—-1

N 0, (0 1 2k 0
d;&yﬁ):exp(—iﬁ(ﬁ—i— )) ch(w)exp<—l](; +Nl))

For 6 = (0, 0) we recognize the discrete Fourier operator that we have introduced
above.

A convenient representation formula for elements of H y (6) can be obtained us-
ing the following symmetrization operator:

2(9) Z( DNaz2gitrzi=022) 7 () (6.9)

7€Z?

Let us remark that ¢ € H (0) if and only if 1 € S’(R) satisfies

f(z)w — (_1)N21Z26i0((92,91),(21,Zz))w (6.10)

Proposition 57 21(\?) defines a linear continuous map from S(R) in S'(R). Its range
is Hy (0). Moreover for every ¥ € S(R) we have

( (9) E(Q)W I/ZZelﬁelw(q e):eﬁe)(w) (611)
LeZ
and
2, 1 ®) 2
/R|I//(x)| dx=— //[O’zn[2|ej ()| do (6.12)

The map  +— {65-6)(1//)}05 j<N—1 can be extended as an isometry from L%(R) onto
the Hilbert space L*([0, 2xr[2,C", 4%).

Proof Recall that we have
T@y(x) = e @2/2e 2y (x —zp)

So we have
El(\le)w — Z ei(elzlfgzzz)eixzz/hw(x _ Z])
21,22€7Z

We first compute the z;-sum using the Poisson formula:

Z ei(xzz/ﬁ—ﬂzzz) Z S L

+271N
22€Z keZ
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we get

21(\]0)1# — % Zeikt‘?l Z (Z eiwllﬁ(q]' _ 6))8qj+k (6.13)
keZ 0<j<N—1 “eZ
The equalities (6.11) and (6.12) follow easily from (6.13).

In particular we see that for every j =0,..., N — 1 we have 65»6) = Z‘,(\?)I//j
where ¥; (x) = Yo(q; — x), o is C*°, with support in [— 7%, 751 and ¥ (0) = 1.
This proved that X (S(R)) = Hy (6).

Let us define the map Z(y) = {eﬁe)(W)}ongN,l. We know that 7 defines an
isometry from L?(R) into L2([0, 27 [%,CV, 4‘2—%). We have to prove now that Z is
onto.

It is enough to prove that the conjugate operator Z* is injective on L>([0, 277[?,
CN, 4%y To do that we have to compute (Z* f, ) where f = (fo,..., fn-1), [}

* 472
are pe]rriodical functions on the lattice 27 Z x 27 Z and ¢ € S(R). This is an exercise
left to the reader. O

This leads to a direct integral decomposition of L2(R):

5 N 1 2 p2m p2m
LA(R) = <2_> / / dO Hy(9)
e 0 0
1 2 p2m p2m
s <_> / / 6y (®), where y(0) =5y
2 0 Jo

This is a Bloch decomposition of L2(RR) analogous to the description of electrons in
a periodic structure.

It appears that H  (0) is equipped with the natural inner product and the spaces
Hny (0) are the natural quantum Hilbert spaces of states having the torus as phase
space.

Let us explain now in more detail the identification

5 N 1 2 27 p2m
L“(R) = <2—> / / dO Hn(6)
7 0 0

For every ¢ € S(R) we define 1}(9, Jj)= 65-9)(1,0) where 6 € [0, 27 [% and jeZ.
We have seen that ¢ — 1} is an isometry from L2(R) onto L2([0, 27 [*x(Z/NZ),
f% ® duy) where up is the uniform probability on Z/NZ.

Let A be some bounded operator in L%(R). Assume that A is a linear continuous
operator from S(R) to S(R) and from &’ (R) to S'(R) and that A commutes with
EI(VQ)(A 21(\(,9) = 21(\,9)14), for every 0 € [0, 2n [2. Then Aisa decomposable operator
(see Reed—Simon [162], t. 1, p. 281). More precisely we have the following useful
result.
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Proposition 58 Let us denote by A N.o the restriction of AtoH N(6). Then we have,
Jor every yr1, Y € L*(R),

R A dé
A = 9), A 0 — 6.14
(W2, AV1) 2 ) / /[ - (¥2(6). AN.o¥1 Oy, )73 (6.14)
_y®
where Y1 (0) = X"Vt
Proof This is easily proved using that y(8) = Y ;- y_; ¥/ (6. j)ej.@) and (6.12). O
We shall apply the following results proved using Reed—Simon [162].

Corollary 18 Let Abea decomposable operator like above. Then we have

”AHLZ(R) = ee[s(gzpnp AN ”7{5\? (6.15)

and A is an isometry in L*(R) if and only l:fAANﬁ is an isometry in Hy (0) for every
6 € [0,27[%.

First examples are the Weyl-Heisenberg translations.

Lemma 36 Let 7z = (z1,22) € R?. Then f(z)E,(V@) = E,(\f)f(z) if and only if

Nz € Z%. Moreover if 71 = & and zp =% we have

~ ny np . ninp . 2
TN,Q (ﬁ’ ﬁ)eEG) = eXp(lﬂT) eXp(l (92 + Zn])ﬁ)e§?n1 (616)
Proof Exercise. (|

Corollary 19 The unitary (projective) representation (n1,nz) — Tne(5. %) of
the group 72 in 7-[53) is irreducible.

Proof Let V be an invariant subspace of Hgg) and v = ZOgjgN—l aj e&e), v#£0.If
aj =0for j # jo, then using translation YA"N,(;(%, 0) we get ej.e) € V Vj.Butplaying

with YA"N,(g (0, ”Wz), if m coefficients a; are not O there exists a non zero vector of V
with m — 1 non null coefficients. So we can conclude that V = H  (0). ]

Remark 33 1t has been proved that all irreducible unitary representations of the dis-
crete Heisenberg group are equivalent to (T ¢ ('/’V—', "Wz), Hn(@)), for some (N, 0) €
N* x [0, 27 [ [63].

For the particular case 6 = (0, 0), the states e(} can be identified with the natural
basis in CV . Then the translation operators TQ /N, 0), 7(0,1 /N) are simply N x N
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matrices of the following form:

T(0,1/N):=Z = diag(l, w, 0, ..., 0" ") (6.17)
where w = e?7/N is the primitive Nth root of unity.
0 0 0 1
R 1 0 ... 00
T(/N,0):=X=|. . . Lo (6.18)
00 ... 10

These operators (matrices) have been introduced by Schwinger [175] as “general-
ized Pauli matrices” and are intensively used in quantum information theory for the
mutually unbiased bases problem in CV. See [50, 175]. They have the following
properties:
Proposition 59
(i) X and Z are unitary.
(ii) They are idempotent, namely
xN=2zN=1
(the identity matrix in CV).
(iii) They w-commute:
XZ=wZX.

(iv) X is diagonalized by the discrete Fourier transform JF:
F*XF=2Z

where Fj i = «}_ijk’ Vjk=1,...,N.

Remark 34 A complex N x N matrix is an Hadamard matrix if all its entries have
equal modulus. Note that F is an unitary Hadamard matrix of the Vandermonde
form, and that X and its powers generate the commutative algebra of the “circulant”
matrices. A N x N matrix C is said to be circulant if all its rows and columns are
successive circular permutations of the first:

cf € ... CN
. CN (1 ... CN—1
C =circ(cy,¢2,...,CN) = 6.19)
c 3 ... cl

C=cil+ceyX+ - +cXV!

(see [57)).
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The Discrete Fourier transform in CV is very natural in this context since it
transforms any basis vector in the position representation into any basis vector in

the momentum representation.

Lemma 37 For any circulant matrix C there exists a diagonal matrix D such that

F*CF=D
Furthermore
N—1 '
Dj ;= «/ﬁ@j = Z Ck+1a)_jk
0
Proof Use Proposition 59(iv) and (6.19). O

These properties are very useful to construct the N 4 1 mutually unbiased bases
in Quantum Information Theory for N a prime number. See [50].

6.4 The Coherent States of the Torus

Already used in the physical literature in [131] we introduce now the coherent states
adapted to the torus structure of the phase space. They will be the image by the

periodisation operator 21(5)) of the usual Gaussian coherent states studied in Chap. 1.
In dimension 1 one has, for z = (¢, p) e R> and y € C, Jy >0,

~ 1/4 : . 2

Sy igp ixp . (x—q)
_ _4ar AP R 6.20
Py,z(x) (ﬂh) eXp< n T YT, ) (6.20)
o) =200, . 6.21)

It is easily seen from the definition properties of X 1(\,9 ) and the product rules for f"(z)
that

QD}(,Q%Z Z (_1)Nn1nzei(9|n]—92n2)+ﬁ0(n,z)7'\~(n+Z)(py’0 (6.22)
nl,n2€Z

For every z' = (2}, z}) € Z* we get

2] ol sl e o) . ’
(p](/,i+1, — (_I)NzlzZCz(zzez 201 i No (2,2 )(/))(,62 (6.23)

Thus the states (p;(/e_z o (pl(f; are equal modulo phase factor, so they describe the
same physical system and we can identify them. Recall that o is the symplectic

form:

a((a, b), (c, d)) =ad — bc
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The set {(p;(/g,% }.e12 therefore constitutes a coherent states system adapted to the torus.

)

In the basis e f of the position representation we have

i@ ) =, o)

~ N 1/4
_ Ny 1 i0 (X p) 1 2
B (%) Vool 3tk exp 3Rl ma)) 029

mez

where x] N + 2 —m.

Similarly we have in the momentum representation (for y =1i):

1\ 1 ) —1 )
Y - 3 2 : +5qkk k _
dr(q, p) = <nh> \/Ne —354p e—imbrtiq eXp(ZfL (é p) )

mezZ

with &, k— N + 2 —m.
An important property which is inherited from the overcompleteness character

of the set of coherent states in L2(IR") is that the {(p)(,?;} cer2 form an overcomplete
system of H (@) with a resolution of the identity operator 13, (5):

Proposition 60 V6 € [0,27)? and Yh=1/2n N we have
dqdp ©) )
T3y = []rz xh |‘py,q,p><‘py,qyp|

where we use the bra—ket notation for the projector on the coherent state (p,f;,

Proof For simplicity we assume y =i. Since Hy(0) is finite dimensional it is
enough to prove that V(j, k) € [0, N — 17* we have

dgdp
L P e e ) =01

Now using (6.24) together with Fubini’s Theorem we get

dqdp :
5 aa pesa.p = X [ dpesp(ei(—k = Nan—m)yp)

m,n

1
< [dadoly—adoly—a) 629

If j =k then the first integral in the right hand side of (6.25) is zero except for
m = n in which case we get 1. Thus we get

[ = 5 [ dalebateh -l = lekol =

mezZ

If j # k the same integral is zero since j — k € N*. g
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We also get the Fourier-Bargmann transform /% of any state ¢ € Hy (6) as
f_ 6
V= \/mq’q,p’ v)

The map W9 : ¢y € Hy(0) —> WOy = Nyt e LA(T?, %) is obviously iso-
metric. The quantity

H(q. p) = (¢l . v)|

is called the Husimi function of v € Hy (6).
We have as a corollary an analogous result as Proposition 6:

Corollary 20 Let Ag € L(Hg). Then
A A dqdp
_ 0 0
Te(do) = [ {vf.p0 Ao ) ot

We have the following very useful semi-classical result.

Proposition 61 For every complex numbers y, y’ with positive imaginary part we
have:

(1) There exist constants C > 0, ¢ > 0 such that for any z,7’ € Tz, N>1,
_ N2,
(@6, . 05 )] < CV/Ned@ereN (6.26)

where d(z,7) is the distance between z and 7' on the torus T2. In particular
fory =y’ =i we can choose c = 1.
(ii) There exists ¢ > 0 such that ¥0 € [0, 27)* we have Vz = (g, p) € T2

6 |2 —cN
”(py,z” =1+0(e ‘ )
Proof For simplicity, let assume that y =y’ = i. The proof is the same for arbitrary

U
v,V
‘We recall that in the continuous case one has

I 2
}((pz/,(pZ>|2=eXp(—|Z i )

2h
so that

oIl =1

Thus we shall prove that the analogous properties (i) and (ii) hold for the coherent
states of the 2-torus but only in the semi-classical limit N — co. A weaker result is
given in [29], here we shall give a different proof.

We rewrite (6.23): for every z € T2, m = (my, my) € 72,

© _ einN(a(z,m)+m1m2)ei(m2027m1Gl)einNo(z,z’)

Qe o (6.27)
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Let us denote f; ./(0) = ((pz N %) and consider Sz as a periodic function in 6 for
the lattice (27Z)2. Its Fourier coefficient ¢, (z, z') can be computed using (6.27),

do
’ —zm -6

cem(z,2) = @, 9 (6.28)

we)= [ el o)

. do
— inN(o(z,m)+mimy) 9/ 0 N 6.29
€ /[0,271[2 ((pz ’ (pz+m>4n2 ( )
— eiﬂN(U(z,m)+m1m2) <(pz/7 ¢1+;ﬁ) (630)
where m = (m1, —m2). f,  being a smooth function in 6, we get

o@D |em(2.2)| (6.31)

meZ?

But |c, (2, )] = (wh)~ exp(— £ 50

I ;2
3 Jene )] = e 3 e~ )

meZ? meZ?
Now we have
I —z=m? > | =z + m[* = 2|m||z — 2|
So we get
Z eXp( 12 —z—mf* —z—mf? < ele=7IPAN Z —im2xN/2
- 2h
meZ? |m|>4+/2 meZ?
So for every N > 1 we get
S AV
Y. e Sk Sl PO
2h -
meZ2,|m|>4v2
For the finite sum we have easily
/ ~ 12
7 —z—m _ "2
Z exp _| | <Ce d(z,7)*ntN
2h
meZz,lm|§4\/§

so we get (i).
Concerning the proof with any y, ', we have to use the inequality

=22
| {0y 2 0y.2) | <Ch Ve

where C > 0, ¢ > 0 depend on y, y’/, but not in z, 7.
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The proof of (ii) uses the same method with 7' = z. So we get

2@ =11 = > (02 0zim)]

m#(0,0)
and
|fz,z(9) — 1| <N Z o~ Iml’nN
m#(0,0)
So we have proved (ii). Il

6.5 The Weyl and Anti-Wick Quantizations on the 2-Torus

We will show how a phase-space function (classical Hamiltonian) H € C>(T?) can
be quantized as a selfadjoint operator in the Hilbert space Hy (6). These functions
have to be real.

6.5.1 The Weyl Quantization on the 2-Torus

We identify the functions H with the functions C* on R? of period (1, 1) € R2.
Then we have

H(q,p) = Z Hy pe?7o(@.p).(m.m))

(m,n)eZ?

Then we define, following [104] and [64]:

Definition 16

~fm n
Opy (H) = Hu.n (ﬁ’ﬁ) (6.32)

Recall that A = ﬁ, N e N*,
One has the following property:

Proposition 62 Let 6 € [0,27)? and h > 0. Then for any function H € C*®(T?)
one has

Opy (HYHN () S Hy (©0)
Proof This follows directly from the definition of H y(0) and from
T (m,n)OpY (H)T (m,n)* =Op}) (H), ifm,neZ

In other words Op}V,LV (H) commutes with ZJ,(\?). Il
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Thus we define the operator Op;VG(H ) € L(Hp) as the restriction of (6.32) to
Hy(0).

In the decomposition of L2(R) as a direct integral, Op%VG(H ) is the fiber at 6 of
Opy, (H).

do
Opy (H) = / / Op}y o (H)— (6.33)
h 027 h.0 42
We have also the following formula by restriction to Hy (6):
Opyy(H)= > Han<N N) (6.34)
n,mez

In particular we see that the map H — Op;vivg (H) cannot be injective, so the Weyl

symbol H of Op}%vg (H) is not unique. It becomes unique by restricting to trigono-
metric polynomials symbols. Let us denote by 7y the linear space spanned by
Tnm(q, p) = e2im(ng=mp) forn . m=0,..., N — 1. Then we have

Proposition 63 Oph g IS a unitary map from Ty (with the norm of L2([0, 11%) onto

L(Hy(6)), equzpped with its Hilbert—Schmidt norm. In particular we have, for ev-
ery H K €y,

Tr(Opy 4 (H)Opy (K)*) =N / [T ) H()K (z)dz (6.35)

Proof Let us recall the formula

kot i
(0) _ Jimkt/N Li(2427j)t/N ,(0)
T(N N) L (6.36)

Using that the discrete Fourier transform is unitary, we get

TTkefk/g/* N&i 8 6.37)
r —, — = ’ ’ .
N'N) \N'N oL

So the system {N~'/27 (X, £)}o_4 ¢<y—1 is an orthonormal basis in L(Hy(6)),
equipped with its Hilbert—-Schmidt norm and we get the proposition. (|

Corollary 21 Every linear operator H in Hn (@) has a unique Weyl symbol
H e Ty,

H(Z) — Z Hm,neZina(z,(m,n))

0<m,n<N-—1

where

*
Hyn = N1/2Tr(1f1f(ﬂ, 1) ) (6.38)
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A semi-classical result for the Weyl quantization is the following:

Proposition 64 Forall H € C®(T?) one has

1
lim NTr(Oph 0(H)) /;TZ dz H(2)

N—o00

©)

Proof Using the orthonormal position basis e j one has

N—1
Tr(Opy p(H)) = > > H,,,m<e§, T(% %)e?>

j=0 m,n

Now we use the property (6.36):

1
—Tr(Opy (H))
N
1 N—-1
=N Z Z Hy Ntk
j.k=0€,neZ
N+ k) —ioye+i (22 k
X exp z—( +k)—i6; —HT 2—+ Jj+ ( J+k)
tn —itoy+i"%2 1 = 2z
:%:Hn,m(—l) e I ﬁze N (6.39)

Thus we conclude

Tr(Op} 4 (H)) = Ho,o + Z Hyy pyei® (@m-61.62)
l,nel*

The last term tends to O because of the regularity of H, and the first one is
sz dz H(z), which completes the proof. O

6.5.2 The Anti-Wick Quantization on the 2-Torus

As in the continuous case (see Chap. 2) the Anti-Wick quantization is associated to
the system of coherent states.

Definition 17 Let H € L°°(T?). Then gog, , being the system of coherent states
defined in the previous section, we define

Y= [ H@l 3
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Remark 35 Note that Opgg/(H ) for H € C®(T?) is simply the restriction of

Op%W(H ) (considered as an operator on S’(R)) to Hy (9).
Let us recall that we always assume 27 AN = 1.

As for Weyl quantization, Anti-Wick quantization on R? and on T? are related
with a direct integral decomposition

Proposition 65 Let H € C*®(T?). Then we have the direct integral decomposition

pi" (H) = f f[o - W (H >(2 7 (6.40)

In particular we have the uniform norm estimate
|ops (D] < 1 Hllx (6.41)

Proof Using periodicity of H and direct integral decomposition of ¥ € S(R)
W (0) = 2\ 9), we get

Y (Hyy = / /m / H(z>¢z+n,w<9))¢z+ndz— (6.42)

n=(ny,n )EZ2

Using periodicity in z of ¢, and ¢, 1, = ei“("'z)/ZEYA‘(n)<pz, we get
d
oty =[[ [ HElL v Ol 64
72

So we have proved (Ong(H))g = Oph (H). U
Now we show a link between Anti-Wick quantization and the Husimi function:

Proposition 66 One has for any H € C*°(T2) and for any ¥ € Hg
(v, Op,‘I Hy)= Nf dz H(z)Hy (2)

And we have the following semi-classical limit:
Proposition 67 For any z € T2, any 6 € [0; 2x[?, and any H € C*°(T?) we have

Nli_r)noo((pz ’ Oph % H(pz> H(Z)

Proof We denote z = (q, p) € T2 and B, (z) the ball of center z and radius ¢ and by
B{(z) its complementary set. Take ¢ < 0. We have

/ /

dz N0 6\]2 / dz N6 6\]2
tomiumt)= [ SEHENL G+ [ SaElel )
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It is clear that the first term in the right hand side tends to 0 as 7 — 0 because of
Proposition 61(i). For the second term we denote g(z, z') = N|(¢?, (pf,) |2. We have

/ dz' H(z)g(z,Z') — H(2)
BS(Z)
ff 42 |H(Z) - H)|g(e.7) + ;H@W o(e.2)d7 — 1‘
Be(2) Be(2)

ssHVHnoo/

Be(2)

g(z,2)dz + ‘H(z)"f dz'g(z.7') — 1‘ (6.44)
B:(z)

Using the resolution of identity we have

[ asey= 1 [ atetes)
B.(2) BE(2)

Using Proposition 61(ii) the first term in the right hand side tends to 1 as N — oo,
and it is clear that the second is small as N — oo. This completes the proof. ]

As in the continuous case the Weyl and Anti-Wick quantizations are equivalent
in the semi-classical regime:

Proposition 68 For any H € C*®(T?) and any 0 € [0, 21)2 we have

|Op) o (H) — Oppyy (D || LN ©) = O(N7'), asN—o0 (6.45)

Proof This result follows from the similar one in the continuous case (see Chap. 2,
Proposition 27) using the estimate

|0pr 5 (H) = Opg g (D 134, 00y < 1OPR (H) = Op3™ (H) | £ 2gy) (646

O

6.6 Quantum Dynamics and Exact Egorov’s Theorem

6.6.1 Quantization of SL(2,7)

We now consider a dynamics in phase space induced by symplectic transformations
F € SL(2, 7). It creates a discrete time evolution in T2 and the n-step evolution is
provided by F".

One wants here to quantize F as a natural operator in Hy (6).

We have seen in Chap. 2 (3.3) that F is quantized in £(L?(R)) by the metaplectic
transformation R(F). Let us recall the following property:

RIF*T@R(F)=T(F'2) (6.47)
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We shall see now how to associate to F' an unitary operator in Hy (6).

Proposition 69 Let F € SL(2,7). Then for any 0 € [0, 27)? there exists 0’ €
[0, 277)2 such that

R(F)Hg C Hyr

Furthermore 0’ is defined as follows:

5\ _ (02 ab mod 27
<9{> =F (91 +aN cd)’ mod 27 (6.48)
Moreover we have

RFYZD =20 R(F) (6.49)

Proof We use here Proposition 57 and formula (6.9). From (6.47) we get, if ¥ €
Hy () and z = (z1,22) € Z2,

T@QRF)Y = RIF)T(F' () = 'O @OM+TNIDIR(Fyy (650

e (§)-( D
25 —c a )\z

We have o (7', (02,01)) =0 (z, F(62,60,)) and

where

2h2h = —cdz? + (ad + be)z1 2o — abza
But modulo 2 we have z% =-z1, Z% = —22,ad + bc=1. So we get, modulo 27,

o (2, (62,61)) + T Nz\zh = 21(d6) + cbr + w Ncd) — 22(b0) + ab — T Nab)
+nNz122

So we have R (F)Hg C Hg with 8’ given by (6.48). Moreover it is easy to check
formula (6.49). O

Let us denote 0’ := wp(0). So mp is a smooth map from the torus }Rz/(ZnZ)2
into itself.

Remark 36 We can easily see that ﬁg(]) = F* for & = (0,0) in the basis of
{eﬁe)};\’:] , up to a phase.
Definition 18 For every F € SL(2, Z), we shall denote IéN’g(F ) the restriction of
R(F) to Hn(6). It is the quantization of F in Hy(0). Ry,¢(F) is a linear operator
from Hy (0) in Hy (0").
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Proposition 70 IQN,Q (F) is a one-to-one linear map from Hy (0) in Hy (©).
Furthermore we have the following relationship between Ry ¢(F) and R(F).

5 ® . do
R(F) = VNoRN6(F)——= (6.51)
[0,272 (2m)
where Vy g is the canonical isometry from Hy(0') onto Hy(0) defined by
VN,geﬁe) = 6‘5-9).

In particular for every 6 € [0, 27 [2, R ~.0(F) is a unitary transformation from
Hy(0) onto Hy(0').

Proof We know that IQ(F ) is an isomorphism from S(R) onto S(R) and from S’ (R)
onto 8’(R). Using that H (@) is finite dimensional we see that IéN’g(F ) is a one-
to-one linear map from Hy (9) in Hy (0).

We can easily check that Vi g 21(\75(9)) = 21(\?) for every 6 € [0, 27[%. So using
that 7w is an area preserving transformation we get, for every ¥, n € S(R),

~ 1 ~
(77» R(F)W>L2(R) = 47[—2 \/[;) 22 (7](9), VN,QRN,Qw(0)>HN(9)d9

So the proposition is proved using standard properties of direct integral decomposi-
tions for operators. (|

One has the following results concerning the interesting case 6’ = 6. The proofs
are left to the reader or see [29, 30, 104].

Proposition 71 Consider F € SL(2,7Z) with |Tr F| > 2. Then VN € N* there exists
6 € [0,27)? so that

R(FYHn(6) S Hn (6)
where 0 can be chosen independent of N if and only if F is of the form

even odd odd even
odd even/’ or even odd

The case |Tr F| = 3 is the only case where the choice of 6 is unique with 0 = (7, )
for N odd and 6 = (0, 0) for N even.

Moreover in the case
Fo even odd
odd even

the value 0 = (0, 0) is a solution of the fixed point equation 0 = g (0).

Remark 37 It has been shown in [64] that for F' € SL(2, Z) of the following form:

_ 2g 1
F= <2g2 -1 2g>
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! of the form

(0)}N—
j=0

the operator IQ(F ) has matrix elements in the basis {e j

A C 2w, .
R(F)jr= \/—% exp(T(gJ2 — jk+ gk2)>

where |Cy| = 1, so that it is represented as a unitary Hadamard matrix. We do not
know at present whether this property is shared by more general maps F.

6.6.2 The Egorov Theorem Is Exact

As in the continuous case the Egorov theorem is exact since R(F) is the metaplectic
representation of the linear symplectic map F':

Theorem 38 For any H € C*°(T?) one has

Ry .6(F)*Op} o(H)Ry 6 (F) =Op} 4 (H o F) (6.52)

Proof By denoting f‘g (z) the restriction of f"(z) to Hy (0) one has
~(m n
OP;‘{Q(H) = Z Hy nTo (ﬁ, ﬁ)
m,nez

So

D * w D D * m n D

R g(F)*Op}) o (H) RN 9(F) =) Hy n Ry 6 (F)*Ty (ﬁ, N)RN,Q(F)

m,n

But we know that
Ryo(F)*To() Ry o (F) =Ty(F~'z), Vz=(m/N,n/N)

We do the change of variables

Then we get

n n N m/ n/
Ry .g(F)*Op}) o (H)Ry o (F) = ) (HoF)m/,n/Te(ﬁ,ﬁ)=0p¥f,9(HoF)

m',n' €’

This completes the proof. U
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6.6.3 Propagation of Coherent States

As in the continuous case the quantum propagation of coherent states is explicit and
“imitates” the classical evolution of phase-space points. Here the phase space is the
2-torus and Yz € T? the time evolution of the point z = (g, p) is given by

() ()

We shall use “generalized coherent states” which are actually “squeezed states”.
Take y € C with Iy > 0. The normalized Gaussian ¢, € L%(R) were defined in

Sect. 6.4.
@) Iy ]/46 iyx2
= — X
Prix 7h P\ o

Then the generalized coherent states in L2(R) are

0y i=T@)e" (6.53)
The generalized coherent states on the 2-torus are as above
0
oS =2\ ¢y € Hn ()

We take such coherent state as initial state and apply to it the quantum evolution
operator Ry (F). One has the following result:

Proposition 72 Let F € SL(2, Z) be given by

a b
r=(c3)
If tp(0) =0, then

1/2
|by+a|)/ 0

b 0
RN,Q(F)%/,Z = ( by +a PF.y,Fz

where F -y = Z}’:i;

Proof We know that 5\ R(F) = R(F)Z . Let z = (¢, p) € T%. Then we have

A A 0 9 A
Ryo(F)¢) .= Ry o(F)Z\ 0y = 2\ R(F)py -

The result follows from the propagation of coherent states by metaplectic transfor-
mations in the plane (see Chap. 3). O
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6.7 Equipartition of the Eigenfunctions of Quantized Ergodic
Maps on the 2-Torus

One of the simplest trace of the ergodicity of a map F on T? in the quantum world
is the equipartition of the eigenfunctions of R ~.0 (F) in the classical limit N — oo.
It has been established in the literature in different contexts: for the geodesic flow on
a compact Riemannian manifold it was proven by [45, 174, 206]. For Hamiltonian
flows in R” it was established in [106], and for smooth convex ergodic billiards in
[83]. For the case of the d-torus this problem has been investigated in [28]. Here we
restrict ourselves on the case of the 2-torus.

Theorem 39 (Quantum ergodicity) Let F be an ergodic area preserving map on T2,

,,,,,

the eigenfunctions of IéN,g(F). Then there exists E(N) C {1, ..., N} satisfying

. #E(N)
lim =

N—o0

1

such that VA € C*®(T?) and all maps j : N € N+—> j(N) € E(N) we have:

Jim (82, 0¥y ) = [ A1z (6.54)
: N AW N _
1\fh—r>noo(¢j(N)’ Oph’e (A)¢J'(N)> = [H‘Z A(z)dz (6.55)

uniformly with respect to the map j(N).
Remark 38 This Theorem says that the Wigner distribution and Husimi distribution
(when divided by N) converge in the sense of distributions to the Liouville distribu-
tion along subsequences of density one.

We begin with a lemma:

Lemma 38 Let us introduce the following Radon probability measures uiv , Iy as
follows:

1 N
1) (W) =(0f . Op i (MgT). aw(A) =5 (4)
j=1

This measures are F-invariant. because ¢§V are eigenstates for R N.o(F).
One has VA € C*(T?):

Jim iy (A) = p(A)

w is the Liouville measure on the 2-torus T2.
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Proof We find that the measures ,uy are F-invariant, modulo O(N _1), using

Egorov theorem and that ¢>§V are eigenstates for R N.o(F).
Clearly we have

1
v (A) = S Tr(Opy g (4))

So we have
1
[N (4) = (A)] = | ZTr(Opy y (4)) = M(A)‘

AW 1 |4
= [0p75 (A) = Oyig ()| 23y, + | 77 Tr(OPR (A) = 1£(A)
We deduce the result using Propositions 64 and 68. O

Remark 39 The Lemma is still true for the Schwartz distributions v}v (A) =
(PN, Oph“{g(A)qsﬁ.v ) and Dy (A) = + Zﬂ-v:] vj.V (A). The uj.V are exactly F-invariant.

Let us prove now

Proposition 73 For every A € C*°(T?) we have

1
lim >N (A) = AP =0 (6.56)

N—400
0<j=<N

Proof We can replace A by A — u(A) and assume that (A) =0
Define for n € N* the “time-average” of A:

1k:n
= —ZAoFk.
nk:l

Using the Remark after Lemma 38, we can replace ,u by v¥ f
We have v;(A) =v;(A,) for every n>1.So0we get using the Cauchy-Schwarz
inequality and F invariance of v i

WY ) = [(op} (4n¢Y. o) < |op} (ane? |
< (0py (A)*Opy) ()¢}, oY) (6.57)

But from the composition rule for 2 Weyl quantization (Chap. 2) we have

1
Op} (An)*Op}Y (A) = Op}Y (1Anl?) + O(ﬁ) (6.58)
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For every n, consider the limit N — +400. Using Lemma 38 we get
. 2 . 2
limsup | (4)|” = limsup [v} (4)]” < / |An>du
N—+o00 N—+o00 T2

Using ergodicity assumption and the Lebesgue dominated convergence theorem we
have

n——+00

lim AP du=0
']1‘2
The limit (6.56) follows if w(A) = 0. O

Now, the Bienaymé—Tchebichev inequality gives the following result according
to which “almost-all” eigenstates are equidistributed on the torus.

Proposition 74 For any H € C*°(T?) and Ve > 0

o #y: IMy(H)—M(H)|<8}
lim =1
N—oo N

Along the same lines as in [106] one can concludes for the existence of a H-
independent set £ (N) such that the theorem holds true.

Remark 40 A natural question is “is the quantum ergodic theorem true with E(N) =
N’ (unique quantum ergodicity)? The answer is negative. In [58] the following re-
sult is proved. Let C = {11, ..., Tk}, K periodic orbits for F'. Consider the probabil-
ity measure ¢, = ZlngK ojpr;, where orj € [0, 1] and lejfk aj = 1. Then
there exists a sequence Ny — 400 such that

li NoW(A)N—l A()d ! (A) (6.59)
kl>n<30<¢Nk’ Ph.o ¢’Nk)—§ - (z Z+§Mc,a .

This result shows that some eigenstates can concentrate along periodic orbits, this
phenomenon is named scarring.

6.8 Spectral Analysis of Hamiltonian Perturbations

The previous results can be extended to some perturbations of automorphisms of the
torus T2.

Let H be a real periodic Hamiltonian, H € C Oo(']Tz) and F € SL(2,7). Let 0 €
[0, 277 [2 be such that § = 5 (0). We consider here the following unitary operator in
Hy (0), where 2r AN = 1:

E A
Us = exp <—iﬁ0pz,9(H)) Ry .o (F)
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We shall see that if F' is hyperbolic and ¢ small enough the quantum ergodic theorem
is still true.

To prepare the proof we begin by some useful properties concerning the propa-
gators V(t) = e_’%H, Vno(t) = e~infine,

Let us introduce the following Hilbert spaces: g = Dom(I:IOSC + 1)5/ 2 where
5> 0, with the norm |2 = [|(Hose + /29 > (Hose = =125 +32).

Lemma 39 For every s > 0 and every T > 0, there exists Cs,7 > 0 such that
v |, <Corlivlls, Yo €Ky, Vie [T, T1,¥hel0,2x]

Proof 1Tt is sufficient to assume that s € N (using complex interpolation). For s =0
we know that V (¢) is unitary. Let us denote A = (ﬁosc +1)1/2. Letus assume s = 1.
It is enough to prove that AV (1) A~ " is bounded from L2(R) into LZ(R).

We have

?%V(—rmvm =V(-0[H, A]V @)

Using the semi-classical calculus (Chap. 2), and that H is periodic, we know that
%[I:I,A] is bounded on L2(R). So the lemma is proved for s = 1.

Now we will prove the result for every s € N by induction. Assume the lemma is
proved for k < s — 1. Compute

PEvnav =vold, Ve
l

But %[I-AI , A®] is an h pseudodifferential operator of order s — 1 for the weight
nix, &) =1+x2+&5)Y2 In particular the operator ’,ﬁ[I:I AS1A'S is bounded on
L?(R). So we get the result for s using the induction assumption. U

The following result will be useful to transform properties from the space L>(R)
to the spaces Hy (9).

Let ¢ € S(R) and for 6 € [0, 277[? be such that ¥ (9) = (¥ (0,0), ..., ¥ (6, N —
1) € CN (coefficient of ¥ (#) in the canonical basis of Hy(6)). Let us denote
Hy ([0, 27 [?) the periodic Sobolev space of order s > 0 of functions from [0, 27 [
into CV Tts norm is denoted || - || v .

Lemma 40 For every s > 0 there exists Cs such that

[ 9]y < Csllvlls, V¥ e SR (6.60)

In particular we have the following pointwise estimate: for every s > 1 there exists
C, such that

[0 @] < Csllylls, Y¥ ek (6.61)
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Proof Let us recall that, for every ¢ € S(R), 6 = (61, 62) €]0, 271]2,

~ . i 0
PO N=NTY g -0, =4 o

= N 2aN
So we have
0, V(0. )= N2 "t —g))y(g; — O +iN"2q; ¥ 0. ))  (6.62)
LeZ
- . d
. —1/2 €0y -
9,00, j) =N /EEXZ:G’ i (g; =) (6.63)

Reasoning by induction on |m| =m + m>, m = (m1, my), we easily get

f[o " (0, J)\ do <Cy, Z / |(hdx)* w(x)\ + |« 1,0(x)| )dx (6.64)

k+e<|m|

So estimate (6.60) follows. Estimate (6.61) is a consequence of Sobolev estimate in
dimension 2. O

Let us now consider the propagation of coherent states go( ) under the dynamics
Vn,o(t) in Hy (). We shall prove that estimates can be obtamed from the corre-
sponding evolution in L?(R) (see Chap. 4), using the two previous lemmas.

Recall these results. We have checked approximate solutions for the Schrédinger
equation:

iho = Hlﬁ,, lﬁo=<py,z, Sy >0

We have found lﬂz(ﬁz/[ such that

zh8, (M) '(pz(,ly) + h(N+3)/2Rg\t/1)’ wz(‘ﬁ(’)l) =y (665)
where, for every s > 0, ||R( )||IC =0() for h— 0.
w(M) has the following expression:
_, g ( x—
YyM(x)=e'n Z Wil <;, 7 )% (x) (6.66)

O<j=<M
where z; = (gq;, p;) is the classical path in the phase space R? such that zg = 7
satisfying
gr = %(l,ﬁh, D1)
) ol (6.67)
Pr=—%,(.q,p), qo=4q, po=p

and

ol =T (z)p". (6.68)
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@' is the Gaussian state:

<pF’ x)= (nh)fd/‘ta(t) exp(é Ex.x) (6.69)

I} is a complex number with positive non degenerate imaginary part, &, is a real
function, a(t) is a complex function, 7 (¢, x) is a polynomial in x (of degree <3j)
with time dependent coefficients.

More precisely I is given by the Jacobi stability matrix of the Hamiltonian flow
7> @}z :=z;. If we denote

0 0 d o)
A= g o, P (6.70)
dq dq op ap
then we have
I =(C+yD)(A +yB)™", Th=y, (6.71)
t
— qopPo
5(2) = /0 (psds — H(zy)) ds — w (6.72)
-1/2
a(t) =[det(A, +yB)] ', (6.73)

where the complex square root is computed by continuity from ¢ = 0.
Using the two lemmas and the Duhamel formula, we get, using the notation

0
v =27y,

Proposition 75 For every m > 0 and every 6 € [0, 2[> we have

.0 -
|Vioel?) —wily )”HN(G) = O(N~("*D/2) (6.74)
i 0.0) _ (©) . .
In particular we have ¥, ;" = ¢ Lz, with the notation of Sect. 6.4.

Let us come back to Hamiltonian perturbations of hyperbolic automorphism F'.
Let us denote Fy, = @4, o F. Fj; is symplectic on T? (it preserves the area). By the
C! stability of Anosov dynamical systems, for ¢ small enough, F 77 is Anosov. The
quantum analogue of F; is the unitary operator

~ & ~
Rng.e(F)= eXp<—l ﬁop%,e (H)> Ry o (F)
We have the following semi-classical correspondence.

Proposition 76 The following estimates hold true uniformly in z € T? and
e [0,1]:

R.0.6(F)p)) = Ce) pe () (6.75)
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— CetFyDe
— A:+F-yB:

c :eismz»/h(wb+a|>‘/2<|Ag+F~yBe|>‘/2
‘ vb+a A+ F -yB,

where y, and

In particular C; is a complex number of modulus one.
Proof This is a direct consequence of propagation of coherent states (Sect. 4.3). [

Now we shall prove some spectral properties for R N.0.e (F) for € small enough.
Let us denote n}v, 0 < j <N — 1 the eigenvalues of Ry g.(F), so that

RSN’Q’E(F)'()&}N = r;j.vlﬂjl.v where {1//]1.\]}05]-51\/_1 is an orthonormal basis of Hy(0)

and n ;V € S!, the unit circle of the complex plane.

Theorem 40 For ¢ > 0 small enough, when N — +o00, the eigenvalues
{nj.v}ofjsN,1 are uniformly distributed on S' i.e. for every interval I on S') we
have

8{jsn eI}
lim —— —°

ym = () (6.76)

were i is the Lebesgue probability measure on S'.

Proof In a first step we will prove that for every f € C!(S!) we have

1 N
fim T (Rwoc(P)] = [ £ diato 6.77)

N—+o00

Using Fourier decomposition of f it is enough to prove (6.77) for f(z) = z¥, k € Z.
Hence we have to prove that for every k # 0,

. 1 ~ k
Jlim ﬁTr((RN,g,S(F)) )=0 (6.78)

We assume k > 1 (for k < —1 there are obvious modifications).
Using that the coherent states are an overcomplete system in H y (6), we have

Tr((Ry.o.0 (F))) = /T 6! (R (F)) o)
Using the propagation of coherent states we get

2, (R 0.0 (F) e?)] = (¢! e, (rk)| + O(eNT12)

and using Proposition 61 we have
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(6. (Ru .0 () 6)] < Cle, )N CEOIE 0PN 4 (o y=112)

But we know that for ¢ small enough Fy, is Anosov so it is ergodic and its periodic
set has zero measure. So for every § > 0 we have u{z € T2, d((Ff{)kz, z)>6}=0.
Using that O (¢ N~1/?) is uniform in z € T? we get (6.78) hence (6.77).

Now we get easily the Theorem considering fi € C'(S!) such that f_ <1; <
frand [ (fy — fo)dp <8 with § — 0. O



Chapter 7
Spin-Coherent States

Abstract In this chapter we consider that the unit sphere S? of the Euclidean
space R? with its canonical symplectic structure is a phase space. Then coherent
states are labeled by points on S? and allow us to build a quantization of the two
sphere S?. They are defined in each finite-dimensional space of an irreducible uni-
tary representation of the symmetry group SO(3) (or its covering SU(2)) of S and
give a semi-classical interpretation for the spin.

As an application we state the Berezin—Lieb inequalities and compute the ther-
modynamic limit for large spin systems.

7.1 Introduction

Up to now we have considered Gaussian coherent states and their relationship with
the Heisenberg group, the symplectic group and the harmonic oscillator. These
states are used to describe field coherent states (Glauber [90]). For the description
of assembly of two-levels atom, physicists have introduced what they have called
“atomic coherent states” [5]. These states are defined in Hilbert space irreducible
representations of some symmetry Lie group.

As we shall see later it is possible to associate coherent states to any Lie group
irreducible representation. This general construction is due to Perelomov [155]. In
this chapter we consider the rotation group SO(3) of the Euclidean space R and its
companion SU(2). Irreducible representations of these groups are related with the
spin of particles as was discovered by Pauli [154].

In this chapter (and in the rest of the book) we shall use freely some basic notions
concerning Lie groups, Lie algebra and their representations. We have recalled most
of them in an Appendices A, B and C.

7.2 The Groups SO(3) and SU(2)

Let us consider the Euclidean space R equipped with the usual scalar product,
x = (x1,x2,x3), y = (y1, ¥2, ¥3), X -y = x1y1 +X2y2 +x3y3 and the Euclidean norm

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 183
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_7, © Springer Science+Business Media B.V. 2012



184 7 Spin-Coherent States

x| = (xl2 + x% + x32)1/2. The isometry group of R3 is denoted O(3).! A € 0(3)
means that || Ax|| = ||x|| for every x € R3. SO(3) is the subgroup of direct isometries
i.e. A € SO(3) means that A € O(3) and det A = 1. It is well known that A € SO(3)
is a rotation characterized by a unitary vector v € R3 (rotation axis) and an angle
0 € [0, 2z [. More precisely, v is an 1-eigenvector for A, Av = v and A is a rotation
of angle 6 in the plane orthogonal to v. So we have the following formula, for every
x eR3:

Ax:=RO,v)x =1 —cosf)(v-x)v+ (cosh)x + sinf (v A x) (7.1)
Recall that the wedge product v A x is the unique vector in R3 such that
detfv,x,w]=(wAXx) -w, VYwe R3
It is easy to compute the Lie algebra so(3) of SO(3),
s0(3) = {A eMat(3,R), AT + A =0}

where AT is the transposed matrix of A.
Considering rotations around vectors of the canonical basis {eg, e2, e3} of R3 we
get a basis {E1, E», E3} of so(3) where

d
Er. = —R(6,
k=0 ( ek)e:o

It satisfies the commutation relation
[Eka E@] = Em (7~2)

for every circular permutation (k, £, m) of (1, 2, 3).
It is well known that any rotation matrix is an exponential.

Proposition 77 For every v € R3, ||v|| =1 and 0 € [0, 27 we have
R0, v) =MW (7.3)

where M(v) =) | 43V Ej.

Proof 6+ R(0,v) and 0 — ¢?M® are one parameter groups, so it is enough to
see that their derivatives at @ = ( are the same. This is true because we have v A x =
M(v)x. O

As SO(2) (identified to the circle S') SO(3) is connected but not simply con-
nected. To compute irreducible representations of SO(3) it is convenient to consider

! An isometry in an Euclidean space is automatically linear so that O(3) is a subgroup of GL(R?).
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a simply connected cover of SO(3) which can be realized as the complex Lie group
SU(2). SU(2) is the group of unitary 2 x 2 matrices A with complex coefficients,

A= (_a,; Z) such that |a|? + |b|2 = 1.

The Lie algebra su(2) is the real vector space of dimension 3 of 2 x 2 complex
anti-Hermitian matrices of zero trace:

su2)={X e€gl(2,C) | X*+X =0,TrX =0}

The three linearly independent matrices:

1(0 i 10 -1 1(i 0
A“E(f 0)’ A2_§(1 0)’ A3_§<o —i>

form a basis of su(2) on R and satisfy the commutation relations
[Ar, Ae]l = A (7.4)

provided k, I, m is a circular permutation of 1,2, 3.
Let us consider the adjoint representation of SU(2). This representation is defined
in the real vector space su(2) by the formula

pu(A)=UAU"", UeSUQ), AcsuQ) (7.5)

In physics the spin is defined by considering the Pauli matrices, which are hermitian
2 x 2 matrices given by

01=<(1’ é) Uz=<(l.) _()i>, o3=<(1) _01> (7.6)

which satisfy the commutation relations
[ok, 01] = 2ioy (7.7)

which is equivalent to (7.4) because we have Ay = %ak. {01, 02, 03} is an orthonor-
mal basis for the three-dimensional real linear space H> ¢ of Hermitian 2 x 2 ma-
trices with trace 0, which will be identified with R3. The scalar product in H g
is

1
(A,B) = 3 Tr(A*B)
Let us denote Ry the 3 x 3 matrix of py in this basis. The following proposition
gives the basic relationship between the groups SO(3) and SU(2).
Proposition 78 For every U € SU(2) we have:

(i) Ry has real coefficients.
(i1) Ry is an isometry in H3 j.
(iii) detRy =1.
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(iv) The map U — Ry is a surjective group morphism from SU(2) onto SO(3).
(v) The kernel of U — Ry isker R = {1, —1}.
Proof

(i) From (Ryoy, 0¢) = lTI‘(UO’kU_l(I() we get (Ryox, o¢) = (Ryok, 0p).
(i) Using commutativity of trace we have (Ry A, Ry B) = %Tr AA* = (A, A).
(iii)) We have det Ry = %1 because Ry is an isometry. But det Ry = 1 and SU(2)
is connected so det Ry = 1.
(iv) Itis easy to see that R is a group morphism.

Let us consider the following generators of SU(2):
e"iv/2 0 cos(6/2) —sin(8/2)
Uile) = < 0 ef¢/2> - )= <sin(9 /2)  cos(8/2)
Let us remark that we have, for every ¢, ¢’, 0,

—i/2p+9) & i/2(¢'~¢)
cos(6/2)e sin(6/2)e ) (7.8)

U@ U2 (0)Ui(¢) = (Sin(g /2)e=126' =0 cos(6/2)ei /26 +9)

Then compute the image:

cosp sing O cosf 0 —sinf
Ry, o=\ —sing cosg 0], Ry, = 0 1 0
0 0 1 sinf 0 cos6

Ry, (p) 1s the rotation of angle ¢ with axis e3, Ry, ) is the rotation of angle 6 with
axis ep.
So, if ¢, 0, n € [0, 27| we have

Ry, () v,0)U1 () = Ruy () Rua0) Ruy ()

where (¢, 0, n) are the Euler angles of the rotation R(¢, 6, n) := Ry, ) Ru,@6) X
Ry, (- But any rotation can be defined with its Euler angles, so R is surjective.

(v) Let U € SU(2) be such that UAU ™! = A for every A H; . Then we easily
get UAU ! = A for every A € Mat(2, C) hence U = A1 with A = =+1. 0

We shall see now that every irreducible representation of SO(3) comes from an
irreducible representation of its companion SU(2).

Corollary 22 p is an irreducible representation of SO(3) if and only if p is an
irreducible representation of SU(2) such that

oRy = pR_y, YU eSUQ)

Proof Let p be a representation of SU(2) in a finite-dimensional linear space E
such that pRy = pR_y. Then we define a representation p of SO(3) in E by the
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equality p(Ry) = p(U). Conversely every representation of SO(3) comes from a

representation of SU(2) like above. In other words the following diagram is com-
mutative:

SUQ2) i 50(3)

GL(E)

where GL(E) is the group of invertible linear maps in E. 0

Corollary 23 The Lie algebras s0(3) and su(2) are isomorph though the isomor-
phism DR(1) (differential of R at the unit of the Lie group SU(2)). In particular we
have DR(1)Ay = Ex, k=1,2,3.

Remark 41 The generators {Lj}1<k<3 of the rotations with axis e; give a basis of
the Lie algebra so(3) as a real linear space. Recall that L = (L1, L», L3) is the
angular momentum.? Ly belongs to the complex Lie algebra so(3) @ iso(3) and is
sometimes denoted Ji, J =ix A V,. For example L3 =i(x20y, — x10x,). We have
the commutation relations, for every circular permutation (k, £, m) of (1,2, 3),

[Li, Lel=iLy. (7.9)

This basis can be identified with the matrix basis (i E, i E», i E3) considered before.

7.3 The Irreducible Representations of SU(2)

The group SU(2) is simply connected (it has the topology of the sphere S?), so we
know that all its representations are determined by the representations of its Lie
algebra so0(2) (see Appendices A, B and C). Moreover, SU(2) is a compact Lie
group so all its irreducible representations are finite dimensional.

7.3.1 The Irreducible Representations of su(2)

We shall first consider the representation of the Lie algebra su(2) and determine all
its irreducible representations.

Recall that su(2) is a real Lie algebra and it is more convenient to consider its
complexification s1(2) + isu(2). But any matrix can be decomposed as a sum of an

2Multiplication by i gives self-adjoint generators instead of anti-self-adjoint operators.
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Hermitian and anti-Hermitian part, so we have

5l(2, C) = s5u(2) + isu(2) (7.10)

5l(2, C) is the space of matrices A = (Z _ba), a,b,c e C.1Itis the Lie algebra of the

group of 2 x 2 complex matrices g such that detg = 1. It results from (7.10) that ir-
reducible representations of the real Lie algebra su(2) are determined by irreducible
representations of the complex Lie algebra s((2, C).

One considers s((2, C) endowed with the basis {H, K4, K_} in which the com-
mutation relations are

[H,Kyl=+Ky, (K4 K_1=2H (7.11)

1/1 0 0 1 0 0
40 me ) o0

It is also convenient to introduce Hermitian generators (see footnote 2):

where

03 K:K++K7=ﬁ K=K+_K7=2 (7.12)
! 2 2’ 2 2i 2

Let (E, R) be a (finite- dlmensmnal) 1rredu01ble representation of s[(2, C). For con-

venience let us denote A the operator R(H). H admits at least an eigenvalue A and
an eigenvector v # 0:

Hv=2xv
From the commutation relations (7.11) we have
HK v = (12+I-AI + I€+)v =+ DK, v
AR _v=(R_A—R_)o=(—DE_v

Since there must be only a finite number of distinct eigenvalues of A , there exists
an eigenvalue A9 of H and an eigenvector vy such that

A

ﬁv():)»()vo, K_v9=0

Ao is the smallest eigenvalue of H. One defines then

A

k
Vg = (K+) Vo
It must obey
Hui = (A + k) g

One can show by induction on k that

k,vk =ckVg—1, Wwhereckr1 =cx—2Mo+k), VkeN
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So we get
ck=—kQRr+k—-1), keN

Since the vectors v # 0 are linearly independent and the vector space E is finite
dimensional there exists an integer n such that

vo#0,v1 #0,...,v, #0,v,41 =0

Thus from K_ vy+1 = 0 one deduces that 2Ag +n = 0.
Then Yk € N one has

[Ky, K_Joe=2Hv,  [H,Ki]oe=£Kiv (7.13)

One deduces that the vectors {v}}_, generate a subspace of E invariant by the
representation R and since the representation we look for is irreducible, they gen-
erate the complex linear space E which is therefore of finite dimension n + 1. The
elements of the basis {vk}zzo are called Dicke states in [5].

In conclusion we have found necessary conditions to get an irreducible represen-
tation (E™, R™) of dimension n + 1 of s[(2, C) with a basis {vi}{_, of E® such

that
(-3

R (K )vp = ves1
RMW(K_ v =k(n —k + Dvg_g

R™ (H)yy
(7.14)

forO<k<nandv_;=v,4+1 =0.
We have to check that these conditions can be realized in some concrete linear

space. Let E( the complex linear space generated by homogeneous polynomials
k —k
of degree n in (z1, z2) € C with the basis vy = ( k), and

d d d d
R"(K )=z20—, R"Ky)=z21—, R"H (z — - —)
(K-) 23Z1 (Ky) =121 05 (H) = A6 . 28Z2

So we have proved:

Proposition 79 Every irreducible representation of sl(2, C) of finite dimension is
equivalent to (E™, R™) for some n € N.

In the physics literature one considers j such that n =2j. j is thus either integer
or half-integer and represents the angular momentum of the particles. We shall see
later that representations of SO(3) correspond to j € N so n is even. j is the greatest
eigenvalue of R (H).

In quantum mechanics the representation (E?/), R27)) is denoted (V) D))
and one considers the basis of V) indexed by the number m, —j <m < j, where
m is integer if j is, and half-integer if j is.
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States in V (/) represent spin states and the operators in V /) are spin observables.
So we introduce the notation S‘g = RZD(Ky) (it is the spin observable along the
axis Oxg, 1 <€ <3)and S‘i = R(zj)(Ki). This basis is usually written in the “ket”
notation of Dirac as | j, m). The correspondence is the following:

(G —m)!

oy = D v

In this basis the representation D/ of the elements K3, K +, K_ (basis of the com-
plex Lie algebra s1(2, C) defined at the beginning) act as follows:

S31j, m) = m|j, m)
Siljomy = —m)G+m+1)|j,m+1)
S_1j,my=V(G+mG—m+1)|j,m—1)

C N T TN T

We recall that the two components L1, Ly of the angular momentum are related to
the operators L 1 as follows:

Hence

Li=Li+ilL,, L_=Li—il,

In the Arepfeseantation space (v, D7y of s1(2, C) one can consider the spin operator
S =(S1, $2, $3) and

LR, @ 2
S? can be rewritten as
§*=5_8;+83(S5+1)
It is clear that for the representation D/, the vector |j, m) is eigenstate of S%:
S*1j,m) = j(j + DIj,m)

Thus S? acts as a multiple of the identity and is called the Casimir operator of the
representation D/ .

One defines a scalar product on E/) by imposing that the basis |, m) is an
orthonormal basis. In the ordered basis:

|j, _j>9|jv _J+1>v’|]’J_1>v|]’])

the operators S3, S+ are represented by the following (2 4+ 1) x (2j + 1) matrices:
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Sy =diag(—j, —j+1,....j —1,)) (7.15)
0 0 0 ... 0 0 0
JV2j 0 0 ... 0 0 0

. 0 22,—=1) 0 ... 0 0 0

S, = ) . .o ) . . (7.16)
0 0 0 ... V22j=D 0 0
0 0 0 ... 0 V2j 0
0 JV2j 0 . 0 0
0 0 JV22j=D ... 0 0

A 0 0 0 .. 0 0

S_=1. ) ) ) ) ) (7.17)
0 0 0 .0 V2)
0 0 0 ... 0 0

These formulas are consequences of the polynomials representation of the Dicke
states | j, m) in the space V) given by
z { +mZ é —m

VG +m)(G —m)!

lj,m)(z1,22) =

7.3.2 The Irreducible Representations of SU(2)

We shall see now that for every j € % we can get a representation 7U) of SU(2)

such that its differential 47 /) coincides with the representations D) of su(2) that
we have studied in the previous section. Furthermore they are the only irreducible
representations of SU(2).

Since every unitary matrix is diagonalizable with unitary passage matrices we

have VA € SU(2):
el 0 _
A=g(0 64Jg1

for some # € R. Then we show that the exponential map from su(2) to SU(2) is

surjective:
el 0 .
(0 e‘”) =exp(ito3)

From the relation
we deduce
A= exp(itgogg_l)

with igo3g~! € su(2), hence the result.
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Taking the Pauli matrices as a basis we find that every A € su(2) can be written
as

A=ia-o, a:(al,az,a3)e]R3
We deduce easily that
det A = ||a|®
and
A% = —(detA)1

Therefore we have proven the following lemma:
Lemma 41 For any A € su(2) one has
A? = —(detA)1
Furthermore one has the following result:

Proposition 80 For any A € su(2) such that det A = 1, one has, Vt € R,

exp(tA) =costl +sintA (7.18)

Proof Both members of (7.18) have A as derivative at ¢t = 0. It is therefore enough
to show that the map t € R — lLcost + Asint is a one parameter subgroup of
GL(2,C). Take s € R. One has

(lcost 4+ Asint)(1coss + Asins)
=1costcoss + A%sinssint + (sinscost + cosssint)A

=1cos(s +1t)+ Asin(s + 1) (7.19)

As a consequence we see that every element g € SU(2) can be written as

g=al+wS +a3 7 +oas

=) =) ()

the vector (o1, ap, a3, ag) of R* being of norm 1. Thus SU(2) can be identified with
the group of quaternions of norm 1.
The group SU(2) acts on C? by the usual matrix action.

where

g= <_“E z) € SUQ2) (7.20)
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z1\ _ [ az1+bz
8\z2) T\ b2y +az

g induces an action p(g) on functions f : C?>C:

with |a|? + |b|*> = 1. Then

p(@)f=fog™

1

Since g has determinant one its inverse g~ equals

L (a —b
§ =\b 4

(p(9) f)(z1,22) = f(az1 — bz, bz +az)

One considers V) as the vector space of homogeneous polynomials in zj, z of
degree 2j (we recall that j %N). Consider the following basis in V:

thus

2j 2j—1 ‘ j— 2j . .
o M T —j=ms
It is clear that V/) is stable by p.
One equips V) with the SU(2)-invariant scalar product which makes the mono-
mials

2j—k
Z]fzzj

VK2 — k)

an orthonormal basis of V(). Define the action of g € SU(2) on an homogeneous
polynomial p in the following way:

pk(z1,22) =

T/ (g)p(z1,22) =pog '(z1,22)

Let us prove the following.

Lemma 42 Consider the homogeneous polynomial p:

2j
1 2j-1
p(z1,22) =Zqzlz2
1=0

Then the map
2j
p lpl? =) 1@j - Dllal?
=0

defines an Hilbertian norm of V'Y that is invariant by the action of SU(2).
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Proof Tt is enough to check that ||p o g* 12 = || plI* which implies that the represen-
tation (V) T ) is unitary. Take

P(z1,22) = pa.p(z1,22) = (@z1 + Bz2), a,BeC

which generate V. Then if

2j 2
2j-1 2j-1
PGz =Y azhiz’ P =) iz’
=0 =0
2j 2j
_ 2j-1 _ 2j-1
pog ') =) diZzy’ ™, Pog iz =) dizizy’
1=0 =0
one has
2j
(P p)=(p'og™ . pog™!)=D agij-1)
1=0
2j _
=Y adnej - = @)\ (ed + pp)” (7.21)
1=0

Namely the Hermitian scalar product in C2 of (o, B) with (/, B') is invariant under
SU(2). O

We shall study the representation T/ of SU(2) obtained by restriction of p to

V(). One defines
faz ) =2 "

We first consider diagonal matrices in SU(2). They are of the form

. el 0
gr =exp(—2itK3) = (O e_”)

Then

(TD(e) £3) @1, 22) = fih(zie ™, zae’") = e 727 £ (21, 22) (7.22)

Thus every f is eigenstate of T)(g,) with eigenvalue e =2
We shall now consider the differential d7T / )(g) for the basis elements K3, K+

of 5[(2, C): one considers X € sl(2, C),

=5 %)
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and
_ _(a@) b()
g =exp(tX) = (c(t) ()
Then g(0) =1 and g’(0) = X so that

a0 =d0)=1,  b0)=c(0) =0,
d'(0) =, b'(0) =8, dO=y, d0)=-a

For any polynomial in two variables f(z1, z2) one has

d d
(@ (=X 1)1 22) = —(p(@)7 )@, 22)| = (f 0g)(@1,22)
! =0 dt =0
= (az1 + Bz2)01 f (21, 22) + (Y21 +822)02 f (21, 22)
Therefore
1
(dp)(K3) = E(Zlal —220)
(dp)(K+) =2z102, (dp)(K-) =220,
We shall determine the action of dp(K3), dp(K ) on the basis vectors fn/; of V:
dp(K3) fin =mfr

Furthermore using

Nl =G+m™ LT afl =G —my T
we get
dp(K ) fn=(G—mfl . do(K)f=(G+m)f]_,
Denoting
) _ 1 j
N DV EAD Ik
we get
dTY(K3)|j,m) = ml|j, m) (7.23)
AT (K )|j.m) =G+ 1) —m@m+ D|j,m+1) (7.24)
dTY K )| j,m) =G+ 1D —m@m—1)|j,m—1) (7.25)

We use here the abuse of notation p = T/). So we deduce the following result:
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Proposition 81 The differential of the representation TG of SU(2) coincides with
the representation D’ of su(2).

Proposition 82 For any j € %N, (VD TWDY is an irreducible representation of
SU(2).
It defines an irreducible representation of SO(3) if and only if j € N.
Ifnisodd(j e %, j & N) then T is a projective representation of SO(3).

Proof 1t follows from general results about the differential of the representations of
Lie groups that the differential of 7/ is an irreducible representation.

The second part comes from the following fact: TW(—g)=TW(g),Vg € SU?)
if and only if n is even.

The proof of the last part is left to the reader. (]

Corollary 24 Every irreducible representation of SU(2) is equivalent to one of the
representations (V(f), T(J)), j € %N.

Proof Since SU(2) is compact we know that every irreducible representation of
SU(2) is finite dimensional. We have seen that every irreducible representation of
finite dimension of su(2) is one of the D/, j € %N. This implies the result since
SU(2) is connected and simply connected. g

7.3.3 Irreducible Representations of SO(3) and Spherical
Harmonics

We have seen above that irreducible representations of SO(3) are described by
(T, vW) for j € N. A more concrete equivalent representation can be obtained
with a spectral decomposition of the Laplace operator on S?.

Recall that in spherical coordinates (r, 6, ¢) we have

_aera2 9* 97 29 1,
B 8x]2 8x22 8x32 Tl rar 279
where Ag is the spherical Laplace operator on S?,
a2 1 d 1 92

Ag = (7.26)

—+—_ -
907 @n6 90 | sinle 992

SO(3) has a natural representation X in the function space L?(R3) (and in L%(S?))
defined as follows: X (g) f(x) = f(g~'x) where g € SO(3), f € L>(R?) and the
Laplace operator commutes with X'

Let us introduce the linear space e}’fg(j ) of homogeneous polynomials f in
(x1, x2, x3) of total degree j and satisfying A f = 0 and restricted to the sphere

S?; %”30 ) is the space of spherical harmonics.
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Recall that the Euclidean measure on S? is d s (0, ¢) = sinf d6 dg.

Theorem 41 jfg(j Visa subspace of C*°(S?) of dimension 2j + 1, invariant for the
action X. The representation (X, 3?3(] )) is irreducible and is unitary equivalent to
the representation (TWy Wy,

Recall the following expression for the measure dy on the sphere: du,(0, @) =
sinf df dg.

Proof We shall prove some properties of spherical harmonics which are proved in
more details for example in [130].

The space H/ is invariant by the generators L1, Ly, L3 of rotations. In spherical
coordinates we have

19
Ly=—-— (7.27)
i dgp
1 d i 0
Ly =—|cosp— — i (7.28)
i a0  tanf dg
Li=ising 4 5599 (7.29)
=i(sing— — .
! Y36 T tan6 99
We can compute the Casimir operator: L% := L% + L% +12= —Agz. In particular
we have [L3, Ag] =0.
If Ly := L +iL, then we have
[L3,L+] ==L, (L+,L_]1=2L3 (7.30)

LiL_=L?>—L3(L3—1), L_Li=L*>—L3(L3+1) (731
Let f € H/. In polar coordinates we have f(r, 0, ¢) =r/Y (6, ¢). So we get
Af=0 e —ApY=j(+DY
L3 can be diagonalized in H/
LY =AY <= Y(p,0)=¢™f©0), meZ —j<m<j

So admitting that H/ has dimension 2j + 1 we see that the representation (X, H/)
is unitary equivalent to the representation (7, V). O

Remark 42 Using the same method as in Sect. 7.3.1, for every j € N we have
an orthonormal basis {Y]'.‘}_ j<k<j of %”3(] ) where ¥ ]k are eigenfunctions of Lj:

L3Y jk =kY jk —Jj <k < j.In other words Y jk are Dicke states. Moreover they have
the following expression:

2j +1
TT

Y70, 9) = Pj(cosf) (7.32)
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where P; are the Legendre polynomials

1 d/

_ 2 J
=y

Pj(u)

For k # 0 we can use the following formula:

LyYy=JiG+D —kk+ l)Yj’.‘*‘

(7.33)
LYy =JiG+D —kk— 1)Y/’?—1

Let us prove now two useful properties of the spherical harmonics

Proposition 83

(1) Forevery j €N, %030) has dimension 2j + 1.
(i) {Y’-‘, —j <k <j,jeN}isan orthonormal basis of LZ(SZ) or, equivalently,

i =)

jeN

Proof Let us introduce the space @gj ) of homogeneous polynomials in (x1, x2, x3)

of total degree j. The dimension of &3 ; is w It easy to prove that A is
surjective so we get (i):

G+DG+2) G=Dj

dim(ker A) =
2 2

=2j+1

To prove (ii) let us introduce on ﬂgl ) ascalar product such that we have an orthonor-

ky ko k3 .
mal basis {%}kﬁkﬁhz ;- Let us introduce the Hilbert space 77 := EB@? ).
So the linear operators aaTk and xj are hermitian conjugate. Hence A is conjugate to
r? =x12 +x§+x§.

We have r{@él ) - 9;1 *2 and A@éj ) — Wéj -2, Using the formula (Fredholm
property) ker A = (Im A*)*, we get @;J ) = Hj & r?@é’ =2 Step by step we get

29 =HD &r?H V... o2 HI Y (7.34)

where j — 1 <2¢ < j.
Now we can prove that the spherical harmonics is a total system in L>(S?). Let
us remark that the algebra | J jeN Z5,; is dense in C (S?) for the sup-norm (conse-

quence of Stone—Weierstrass Theorem). So using (7.34) we see that UjeN %g(j ) is
dense in C(S?) for the sup-norm, so UjeN <%”3(j) is dense in L2(S?). O
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7.4 The Coherent States of SU(2)

7.4.1 Definition and First Properties

Let us start with a ref_erence (non zero) vector ¥ € 4% and‘consider elements of
the orbit of 1o in V/) by the action of the representation 7). We get a family of
states of the form

lg) =T (g)vo

j will be fixed, so we denote |g) = T (g)¥o. In a more explicit form we have
T(@¥o(z1,22) =vo(¢ ' (21,22), (21,220 €C?

In principle any vector ¥ € V/) can be taken as reference state. However for the
states Yg = |j, =) we can see that the dispersion of the total spin operator S =
(S 1 Sz, S3) is minimal, so that the states |j, =) determine the system of coherent
states which, in some sense, is closest to the classical states. In practice we choose
in what follows

Vo=1j,—J)
Let us recall the definition of the dispersion for an observable A for a state Y, where
¥ is a normalized state in an Hilbert space .7 and Aa self-adjoint operator in .

For ¢ in the domain of A the average is (A) = (Y, AI//) and the dispersion is
defined like the variance for a random variable in probability:

~ A~

ayA=((A-{4),1)"), = (&), (4]}

Let us recall here the Heisenberg uncertainty principle: if A, B are self-adjoint op-
erators in 27 and ¥ € JZ, ||y || = 1 then we have

(80/4) (80 B) = (A, B]),)” (1.35)

Application to the total spin observable gives

DyS= " Byi= Y 8w |’ Sk v)

1<k<3 1<k=<3

For Yoo = |j, m) we get
ApS=jG+1)—m’

So the dispersion is minimal for m = =;.
The Heisenberg inequality for spin operators reads (see (7.35))

N N 1.~
(S7)83) = Z<S3>2 (7.36)

It is easy to see that this inequality is an equality for Yo = Vp,.
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Now our goal is to study the main properties of the coherent states |g). Let us
first remark that the full group G = SU(2) is not a good set to parametrize these
coherent states because the map g +— |g) is not injective. So we introduce the so-
called isotropy group H defined as follows:

H={geG,38 R, T(g)yo=e"yo}

We find that H is the subgroup of diagonal matrices

H:Kg 2)} o = exp(iy)

Now the map ¢ > |g) is a bijection from the quotient space X := G/H onto the
orbit of g, where G/H is the set of left coset gH of H in G and g — ¢ is the
canonical map: G — G/H.

Let us denote Xo = X\{(_O1 é)}

Lemma 43 X is isomorphic to the set of elements of the form

{(“_ g) aeR, a#0, f=p1+if2 €C, a2+ﬂ12+ﬁ22=1}

Proof Let us denote g(a,b) a generic element of SU(2), g = ( g), a,beC,

la|> + |b|> = 1.
We first remark that for every |b| = 1, g(0, b) is in the coset of g(0, 1).
Now if |a|? + |b|> = 1 and a # 0 then we have a unique decomposition

gla,b)y=g(a’,b")g(a,0)

witha' > 0, 0 = (&, @2+ 1p)?=1.
So we get the lemma. d

Remark 43 Concerning the orbit with our choice of ¥ the image of X does not
contain the monomial z%" , which are obtained with g(0, 1).

Choosing the parametrization

6 6 _.
a:cosz, ,B:—sinief”/’, 0<0<2m, 0<¢p<2m

we see that the space X is just a representation of the two-dimensional sphere S?
minus the north pole, namely the set of unit three-dimensional vectors

n = (sinf cosg, sinfsing,cosd), 0<O<m, 0<¢<2m
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and any element g € X can be written as

0
&gn = €xp |:i 5 (singoy — cos ¢02)i| (7.37)

where o1, o, are the Pauli matrices.

Thus gn describes a rotation by the angle 6 around the vector m =
(sing, —cos ¢, 0) belonging to the equatorial plane of the sphere and perpendic-
ular to n (it is well defined because 6 € [0, 7 [).

Definition 19 The coherent states of SU(2) are the following states defined in the
representation space V (/):

In) =T (gn)¥o := D)o (7.38)

In the physics literature they are called the spin-coherent states because the spin is
classified with the irreducible representations of SU(2) (see [154]). These coherent
states have several other names: atomic coherent states, Bloch coherent states.

Choosing g = gn the coherent state of the SU(2) group can now be written as

In) = T (gn)¥o = exp(ifm - K)o
where
m = (sing, —cos @, 0), K= (K1, K2, K3)

m is the unit vector orthogonal to both n and nyp = (0, 0, 1). Note that this definition
excludes the south pole ng = (0,0, —1).

Thus a coherent state of SU(2) corresponds to a point of the two-dimensional
sphere S? which may be considered as the phase space of a classical dynamical
system, the “classical spin”. The coherent states associated with the south pole will
be the image of (g(0, 8)), |B] = 1 giving monomials z%’.

So we have parametrized the spin coherent by the sphere S?.

Another useful parametrization can be obtained with the complex plane, using
the stereographic projection from the south pole of the sphere S? onto the complex
plane C.

If n = (n1,n,n3) € S? then the stereographic projection of n from the south
pole is the complex number ¢ (n) = ”{i—;’;z So in polar coordinates we have ¢ (n) =
tan(6/2)e’?.

As we have already remarked, the group SU(2) naturally embeds into the com-
plex group SL(2, C) which is the group of complex matrices having determinant
one. The following Gaussian decomposition in SL(2, C) will be useful. The proof is
an easy exercise.

Lemma 44 For any g € SL(2, C) of the form

g=<;‘ ’3) with 8 # 0
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one has a unique (Gaussian) decomposition
8= t+ -d -t

where d is diagonal and ty are triangular matrices of the form

(1 ¢ (1 0
t+—<0 1), t_—<z 1) (7.39)

and

We have the formulas

Y B
=34, ==, == 7.40
€ 2= ¢ 5 (7.40)
Moreover if g € SU(2) then we have
el = (1+1¢7) " = (1+121%) " (7.41)

This allows to write as consequence of Gauss decomposition,
T(j)(g) — T(j)(t+)T(j)(d)T(j)(t_)
Let us write ¢ = re’s with 7 > 0 and s € R.

Taking Yo = |j, —j) as the reference state one gets in the representation
(TW, vy

T () o = e5+5- 90 = Yo (7.42)
TV (d)yo = e/ 1870y (7.43)

So we have
T(g)Yo =€ YNT (t+)%0 (7.44)

From (7.41)we get N = (1 +|¢ 12)~/. ¢ is a real number (argument of §). If g = g
then 6 is real so we get s = ¢ =0.

In conclusion we have obtained an identification of the coherent states |n) with
the state |¢) defined as follows:

160 = (1+1¢1P) "~ exp(¢8:)1j =)
More precisely we denote |{) = |gn) With the following correspondence:

0 .
n = (sind cos ¢, sinf sin g, cos ), { =—tan Ee_"p

The geometrical interpretation is that —¢ is the stereographic projection of n.
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Recall the following expression of gp:

cos % —sin %e_i‘/’
gll = 0 ] (745)

in eiv 0
sin 5e oS 5

Another form for |n) is given by the following equivalent definition using that g, =
eiG(sin <p§1 —cos (p§2)

[n) = D(&)vo
where
D(&) =exp(£Sy —&S_)

and & = tan(%)ei‘p.
The Gaussian decomposition also provides a ‘“normal form” of D(&):

D(§) =exp(¢5+) exp(nS3) exp(¢'S-)
with
n=—2logl¢l, ¢'=—¢

Since ¢, ¢’, n do not depend on j it is enough to check this formula in the represen-
tation where j = %, S= %R(a), where o is the three component Pauli matrix.

For each n € S? the coherent state 1, minimizes Heisenberg inequality obtained
by translation of (7.36) by D(n) i.e. putting S’k = D(n)S‘kD(n)_1 instead of S’k,
1 <k<3.

7.4.2 Some Explicit Formulas

Many explicit formulas can be proved for the spin-coherent states. These formulas
have many similarities with formulas already proved for the Heisenberg coherent
states and can be written as well with the coordinates n on the sphere S? or in the
coordinates ¢ in the complex plane C.

Let us first remark that S? and C can be identified with a classical phase space. S?

is equipped with the symplectic two form o = sin6 d6 A dg. In the stereographic
dendt
(1+1g1H*

projection it is transformed in o = 2i This is an easy computation using

{=—tan %e_i‘/’.

Let us consider first some properties of operators D (n). We shall also use the no-
tations D (&) or D(¢) where & and ¢ are givenby & = tan(%)e”/’ and { = —tan %e_”"
using polar coordinates for n. The multiplication law for the operators D(n) is given
by the following formula:

Proposition 84

(i) For every ny,my outside the south pole of S* we have

D(n;)D(mz) = D(n3) exp(—i @ (ny, my) J3) (7.46)
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where @ (n1, ny) is the oriented area of the geodesic triangle on the sphere with

vertices at the points [ng, ny, na].
n3 is determined by

n3 = Rgnl ny (7.47)

where R, is the rotation associated to g € SU(2) as in Proposition 78 and

0
gn = exp <i 3 (o1 singp — 07 cos (p)) (7.48)

(ii) More generally for every g € SU(2) and every n € S? such that n and g - n are

outside the south pole we have

DY (g)ym =exp(—ijF (g, 1)) ¥gn (7.49)

where g -n = Rg(n) and <7/ (g, n) is the area of the spherical triangle [ng, n,

g-nj.

Proof We prove the result in the two-dimensional representation of SU(2). The vec-
tor n3 is determined only by geometrical rule and is thus independent of the repre-

sentation. We choose the representation in V'1/2,

Define R(g) to be the rotation in SO(3) induced by any g € SU(2). By the defi-

nition (7.48) of g we have
R(gn)ng=n, Vn=(sinfcosg,sinf sing, cosf)
We need to compute g = gn, gn,. We use the following lemma:
Lemma 45 Vg € SU(2) 3m € S? and § € R such that
g = 8gmr3(8)
where r3(8) = exp(i %03).
Applying the lemma to g = gn, gn, We get
g =8gmr3(d)
and we need to identify m with n3 given by (7.47). We have
R(r3(8))no =ng
Then
R(g) = R(gn))R(gn,) = R(gm)R(r3(9))
Applying this identity to the vector ng we get
R(gn;)R(gn,)n0 = R(gn,)M2 = R(gm)no =m

Thus we have proven that m = n3 = R(gn,)n>.
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So we have seen that the displacement operator D(n) transforms any spin-
coherent state |n) into another coherent state of the system up to a phase:

D@m)[n;) = D) D(m)yo = D(my) exp(i$3@ (n, n1)) Yo = exp(—ij @ (n, mp)) Im2)

where ny = R(gn)n;. The second factor in the right hand side of (8.65) does depend
on the representation. The computation of @ (ny, ny) will be done later.

In the proof of (7.49) the nontrivial part is to compute the phase <7 (g, n) which
also will be done later. U

The following lemma shows that the spin is independent of the direction.

Lemma 46 One has

Dm)S3Dm) "' =n-S

We shall prove the lemma in the representation of the Pauli matrices. First note
that

0 0
D(n) = cos 5 + i sin E(sin QO] — COSPa7)

Then

0 0
D(n)(r3D(n)_1 = <cos 3 + i sin E(simpcn — Cos <p02)>o3

X (cos g —isin %(Sil‘l Qo1 — cos <p02)> (7.50)
We use the properties of the Pauli matrices:
0103 = —ioy, 0003 =107, 0701 = —i03
to compute the right hand side. One gets
D(n)a3D(n)’] =cosfo3 + sinf(singpor + cospo)) =n- o
The following consequence is that |n) is an eigenvector of the operator n - S:
Proposition 85 One has
n-Sin) = —j|n)
Proof Denote by |ng) the vector
S0y,
Then

S3Ing) = —je!?S3 g = — jing)

since we take Vo = |j, —j).
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Now we shall use the above lemma:
n-Sn) = D(n)J3y9 = —j|n)
This completes the proof of the proposition. (]

As in the Heisenberg setting, the spin-coherent states family |n) is not an orthog-
onal system. One can compute the scalar product of two coherent states [n), [n’):

Proposition 86 One has

, /1 '\
m'ln) = elﬂP(n,n)(#) (7.51)

where @ (n, 1) is a real number. If the spherical triangle with vertices {ng, n,n’} is
an Euler triangle then ® (n, 1) is the oriented area of this triangle.

Proof To each point n on the sphere S? we associate its spherical coordinates 6 €
[0, ), ¢ €[0,27) as usual:

Xx =siné cos g, y =sinf sing, z=cosf

The corresponding element g, € SU(2) is defined as

0
gn = exp (i 3 (sinpo] — cos (p02)>

The matrix i(singpo] — cos poy) can be viewed as a pure quaternion that we de-
note g. Using (7.18) we have
0 0

gnzcos§+qsm§

Taking n’ € S? with spherical coordinates 6’, ¢’ we get (using quaternion calculus)

o o 6 0 (o)
/ = COS = COs — — sin = sin — cos (@ —
8&nén ) ) ) 2 (2l
0 0’ 0 0’ 0 0’
+ o3i sin 2 sin 3 sin(¢’ — ¢) + ¢’ cos 2 sin 5 +a sin S cos = (7.52)
Therefore gn gy is of the form (7.20) with

0 0’ 0 0 . /

a = cos = cos — — sin — sin —e' (¥ ~¢)
2 2 2 2

The element g, of SU(2) can be written as

cos% —sin%e i
&n 0 i [

in Zet¢ g

sinze CoS 5
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Now we turn to the representation 7’ (g) in the space V) of homogeneous poly-

nomials of degree 2j in z;, z2. The coherent state |n) is of the form 7 (gn)vo for
2j

)

VEH!

neous polynomial representation. Note that this is coherent with the choice | j, — j).
The overlap between two coherent states is given by the scalar product:

some n € S? and ¥ being a reference state. We choose ¥ = in the homoge-

(TY9 (gn) 0. TY (gw)V0)

1 G 0\ 0’ 0\
zgcos——l—z]slnEe , zgcosE+zls1nze (7.53)

~ 2! 2

We make use of the following result:

Lemma 47 Let I, 5(z1,22) = (21 + Bz2)%/ . Then the scalar product in V) of
two such polynomials equals

(My g, Mo p) = )@ + BB')Y

Then we get

0 ! 0 0 .. N\
(n'[n) = <cos 7 Cos = + sin 2 sin Eel (p—¢ ))

By an easy calculus we obtain

/ / 2

0 . ,
COS — COS — + sin — sin —e! @—%¢)
2 2

B 1+n-n
)

Let us now compute the phase of the overlap (n’|m). It is a non trivial and interesting
computation related with Berry phase as we shall see. It can be extended to a more
general setting for coherent states on Kéhler manifolds [32]. We follow here the
elementary proof of the paper [4].

Let us denote

0 0’ o 6 . ,
n= aIg<COS 5 cos 5 + sin 5 sin Ee’(ﬁ"—‘ﬂ )>

Using classical trigonometric formula we get

B sinf sin®’ sin(p — ¢’)
" (1 +cosf)(1 +cosf’) +sinf sinb’ cos(p — @)

tann (7.54)

We now compare this formula with the following spherical geometric formula al-
ready known by Euler and Lagrange (see [75] for a detailed proof).

Let 3 points nj, nz, n3 be on the unit sphere Sz, not all on the same great circle
and such that the spherical triangle with vertices np, n», n3 is an Euler triangle i.e.
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the angles and the sides are all smaller than 7. Let w be the area of this triangle.
Then we have

det[n;, np, n
an — | det[n(, ny, n3]| (7.55)
2 1+n;-nm+n-n3+n3-ng

Notice that this formula takes account of the orientation of the piecewise geodesic
curve with vertices nj,ny,n3. The orientation is positive if the frame {Onj,
Ony, Ons} is direct.

From (7.54) and (7.55) we get directly that tan % = tan % Butw,ne]—m, [ so
we can conclude that n = w. U

As is expected, the spin-coherent state system provides a “resolution of the iden-
tity” in the Hilbert space V(/):

Proposition 87 We have the formula

2j+1
4

/ dnn)(n|=1 (7.56)
S2

Or using complex coordinates ),

/Cduj(é)lg“)@l:]l (1.57)
where the measure d i j is
a1 (0) = 2j+1  d*¢
(1+121%2
with d?¢ = 14¢5del.
Proof The two formulas are equivalent by the change of variables { = —tan %e_i e,

So it is sufficient to prove the complex version.
Let us recall the analytic expression for |n) and ).

1 0, 6 \%¥
In) = ¥n(z1,22) = Nen) —sine Y21+ cos 5% (7.58)

1£) =V (z1,22) = (Cz1+22)” (7.59)

1 1
VeHI A+ 151Hi
Recall that we have an orthonormal basis of Dicke states {d,{ }_j<k<jin V) where
Jtk_j—k

SRS

VI —)!

d;{ (z1,22) =
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So we get

@) 12 2\, 4k
(Y, di) = <m) (1 +1¢] ) ¢ (7.60)

And using the Parseval formula we get
. » oy
(lg) = (1+1gP) 7 (1+ )~ (1 +nZ)” (7.61)

Equation (7.61) is the complex version for the overlap formula of two coherent
states (7.53).

It is convenient to introduce now the spin Bargmann transform (see Chap. 1 for
the Bargmann transform in the Heisenberg setting).

For every v € V) we define the following polynomial in the complex variable ¢ :

V) = (P o) (1 + 1212

Ifv= ij<k< jCkek a direct computation gives

2
A‘U (§)| (1+|§_|2)2]+2 _2]+1 Z |Ck|

—j<k=<j
d 2
=— 7.62
T llvll (7.62)
Or equivalently
2

2 di¢ T 2
v = v 7.63
/C|<¢r;| )| BT (7.63)
This formula is equivalent to the overcompleteness formula by polarisation. O

Remark 44 From the proof we have found that the spin-Bargmann transform:
Blv(c) = v/E(¢) is an isometry from V) onto the space &, of polynomials
of degree at most 2 j equipped with the scalar product

o d
(L+1g PP+

2j+1

(P, Q) = /Cﬁ(;“)Q(C)

In particular we have
YR = (L+n?) (L + 70
We now extend the computation of the phase @ (n,n’) in the general case by

giving for it a different expression related with the well known geometric phase.
A similar computation was done in [146].
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Proposition 88 For any n,n’ € S? we have

®(n,n) = —i. (Y, din) (7.64)
J Jn,n]

where the integral is computed on the shortest geodesic arc joining n to W of the
one differential form (Vry,, d ).

To explain the formula we recall here the main idea behind the geometric phase
discovered by Berry [24] and Pancharatnam [149] (see also [2]).

Let us consider a closed loop n(z) : [0, 1] — S? which is continuous by part,
n(0) = n(1). We define the time-dependent Hamiltonian as

H@) =n()-S

The solution of the time-dependent Schrodinger equation with this Hamiltonian is
denoted 1 (¢). Let us consider 1(¢) in the Hilbert space and «(¢) € R such that

Y1) =e*Dn(r)

We choose «(t) such that (n(t), 7(¢)) = 0. In other terms 7 (¢) describes a parallel
transport along the curve. Then the geometrical phase «(¢) obeys

i (t) + (¥ (), ¥ (1)) =0
We thus have

a(l):=a(y)=i f (Y. dy)
Y

If ¥ delimitates a portion I" of S? we have by Stokes theorem

a(y) = /F @y dy)

where the product of the differentials is the external product.
Let yn be the coherent state |n) obtained at t = 1 from v/ (0) = vp,. In the ho-
mogeneous polynomial representation we get

" 1 in %92 4 cos? 2
= ———=| sin -¢€ COS —
n 2! B <1 2Z2

Thus

3 j 0 . 0 0 . o \¥!
81/;“ = (éj !<zl cos Ee”p — zpsin 5) <sin Ee"”zl + cos 512)

g

0 __2) .0, 0 2
20 _\/(2_]')!”11126 21 zlsmze +1200s2
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Using the invariance of the scalar product in V/) under SU(2) transformations we
perform the change of variables

Z = cose e~i® s'ne
=z ——z in—
1 =21€08 5 — 2 5

p p (7.65)
Z, = z1€? sin 3 + zo cos 5
One thus have using the orthogonality relations in V/):
Y J o 2j—1 52j
<"”“’ W> =anc Lz 4)=0 (7.66)

One can calculate the scalar product of aa;g., and 2.

dp *

. 2] . 6 . 6 P
i——e '?sin— ZlZ;’ U ( 2y cos =€ + Z, sin — Z? !
2))! 2 2 2

Y OYa\ . 2j°
90 " g |

1
= Eij sin6 (7.67)

since
2j—1 2j—1 .
(21257, 2,2 ) =@2j - 1)

We shall now calculate the phase of the scalar product (Y, ¥y ) by calculating the
geometric phase along the geodesic triangle .7 = [ng, n, n’, ng]. Denote by £2 the
domain on S? delimited by .7. We have

Ol(f):i?{ (¥n, dym) =i[ (dym, dym) (7.68)
T 2
This yields
a(T) = —jf sinf df dp = — jArea($2)
Q
We denote by [ng, n;] the portion of great circle on S? between n; and ny. We now

integrate (7.68) successively along [ng, n], [n, n'] and [n’, ng]. From the fact that
[ng, n], [n’, ng] lie in verticle planes we have

[ =] v =0

Thus for an Euler triangle we get

_jArea(.Q):—jQP(n, n/) =i/ (Y, din)

[n,n']
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In the general case we can subdivide the triangle in several Euler triangles with
vertex at ny by adding vertices between n and n’. Then we get

omn)=—2 [ (Y dym)
J Jn,n]

As a consequence of our study of the geometric phase, let us now compute the
phase in formula (7.46).
We already know that

D) D(np) Yo = D(n3)e’®

and we have to compute «.
We have

(0. D(n)) D(m2) o) = €™ (W0, D(n3) o)
= (D(@1)* Yo, D(m) o) (7.69)
From Lemma 48 we know that (7, D(n3)¥0) > 0. But D(n;)* = D(n}) where nj

is the symmetric of n; on the great circle determined by ng and n;. Applying the
computation of the phase in (7.53) we get

a = arg((nf, my))

With an elementary geometric argument we get the phase in formula (7.46).

As a consequence, we can get the phase <7 (g, n) in formula (7.49). If g = gm
then <7 (g, n) = @ (m, n). For a generic g € SU(2) we have g = ginr3(8) for some
s eR.

So we have ggn = gmr3(8)gn. Let n = (6, ¢) (polar coordinates). We have
r3(8)gn = gur3(8) where n’ = (0, ¢ + §). So using computation of @ in (7.46)
and elementary geometry we find that <7 (g, n) is equal to the area of the spherical
triangle [ng, n, g - n].

Let us close our discussion concerning the geometric phase for coherent states
by the following result:

Lemma 48 Let 1 and yr; be two different states on a great circle of S (unit sphere
on VD). One parametrizes this by the angle 0 in the following way:

Y (0) =x1(0)¥1 + x2(0)y2

where x;(0) € R and ¥ (0) = 1, ¥ (0o) = V.
One assumes that

(w(©),¥©®)=0

Then 1 and > are in phase, namely

(U1,¥2) >0
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Proof One can assume that a = R(y(, Y¥2) > 0. Then by an easy calculus we get

a 1
x1(0) =cosf@ — ——sinb, x2(f) = ——=1sinf, a =cosby
V1 —a? 1 —a?
. 1
(Y O), ¥ (0) = —F—=3(V1, ¥2)
( ) 2+/1 — a?
One deduces that (11, ¥») is real therefore positive. O

Remark 45 For two coherent states |n) and |n’) there are two natural geodesics
joining them: the geodesic on the two sphere S and the geodesic on the sphere S i
(sphere (2 + 1) dimensional). It is a consequence of results proved above that the
geometric phases for these two curves in V) are the same. This was not obvious
before computations.

7.5 Coherent States on the Riemann Sphere

We have seen that it is convenient to compute on the sphere S? using complex coor-
dinates given by the stereographic projection. We shall give here more details about
this. In particular this gives a semi-classical interpretation for the spin-coherent
states and a quantization of the sphere S?. The picture is analogous to the har-
monic oscillator coherent states and the associated Wick quantization of the phase
space R,

The stereographic projection of the sphere S? from its south pole is the transfor-
mation 73 (n) = ¢, defined by

g__nl+inz
n 1+n3

where n = (n1, np, n3). g is an homeomorphism from SE :=S%\{(0, 0, 1)} on the
complex plane C. Moreover 7y can be extended in an homeomorphism from s?
on C :=C U {oo} such that 5(0,0, 1) = 0o. C is a one-dimensional complex and
compact manifold called the Riemann sphere.

g 1 is determined by the formula 7~ 1{ = (n1, ny, n3) where

£+¢ t—¢ . |1
SN ETIE

nl = b n2 = .77

1+ [¢f? i(1+1¢1%
It is known that the group of automorphisms of C (bijective and biholomorphic
transformations) is the Mobius group, the group of homographic transformations

h(z) = ‘C‘zzis where a, b, ¢, d € C such that ad — bc = 1. The conventions are: if

¢ =0 then (c0) = 00; if ¢ # 0 then r(00) = ¢, h(—4) = o0.
Let us denote g = (i z), g € SL(2,C) and f = hg. Then is not difficult to see
that hg = 1 if and only if g = &1,.
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We have seen that if g € SU(2) then R, defines a rotation in S2.In C we see that
R, becomes a Mobius transformation:

Lemma 49 Let Ry, = m,Re; ' and g € SUQ2), g = ( % Z) Then we have

~ al +b -
Ry = _47_, Ve eC (7.70)
—bt +a
Proof We only give a sketch. First it is enough to consider g = g2(0). After some
computations we get the result using that Mobius transformations preserve the cross
4a-=0

ratio =z O

For simplicity we denote Rgg =g-C.

Now our aim is to realize the representation (7/), V/) in a space of holomorphic
functions on the Riemann sphere C. This is achieved easily with the spin-Bargmann
transform %/ introduced above. Recall that 7 v(¢) = (Y, v) (1 + |¢[)/.

We get the images of the Dicke basis and of the coherent states:

j | @nt N7
de(¢) = @j(dk)(§)=<m) &, jrk=¢ (7.71)

Ve (@) = W ¥ (14127 = (1+1cP) 7 (1422)Y, zceC 172

Let us remark that the Hilbert space V/ is transformed in the Hilbert space %%, i
(polynomials of degree < 2j + 1) and that &%,; coincides with the space of holo-
morphic functions P on C such that

[C|P(;)|2(1 +12P) 2% < oo

So the exponential weight of the usual Bargmann space is replaced here by a poly-
nomial weight.

We see now that the action of SU(2) in the Bargmann space &%,; is simple and
has a nice semi-classical interpretation.

Let us denote 77 (g) := B/ T/ (g)A7*.

On the Riemann sphere the representation 7/ has the following expression:

Proposition 89 For every € 9% and g € SU(2) we have

T V() =1;(g. OV(s(©) (7.73)

where g = (“ ). uj(g.0) = (@ +b0)¥ and Ry1(5) = L2,
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Proof Tt is enough to prove the proposition for ¥ (¢) = ¢¢. From definition of %/
we get

(J+i)!
VU =i!

Using that the scalar product in V/ is invariant for the SU(2) action we obtain

(27T (9)di)(§) = (2))! ((Ez21422)" @21 —bz) ™ (b1 4az2) ™),

o ept \'? _ zj(ag—b)f
JTJ =7 >
(#/T!(g)dy)(¢) (E!(2j —~ E)!) (a+bs) T te (7.74)

Hence we get the proposition. 0

Now, following Onofri [148] we shall give a classically mechanical interpretation
of the term w(g, ¢). This interpretation can be extended to any semi-simple Lie
group, as we shall see later.

Let us introduce K (¢, ¢) = 2log(1 + ¢¢) (Kihler potential), d the exterior dif-
ferential, d the exterior differential in ¢, 9 the exterior differential in ;:

We have d =9 + 0 and dd = 99 = —93.

We introduce the one form § = —i0 K and the two form
de ndt
w=db =2i 5752
(I +1¢19

o is clearly a non-degenerate antisymmetric two form. So (C,w) is a symplectic
manifold. Moreover it is a Kédhler one-dimensional complex manifold for the Her-
mitian metric

ds? = 4&
(L+1¢1%)?
It is not difficult to see that w is invariant by the action of SU(2): g, = w. In other
words SU(2) acts in C by canonical transformations.
C is connected and simply connected, so there exists a smooth function S(g, ¢)
such that dS(g,¢) =60 — g.0.

Now let us compute du as follows.
From (7.73) with ¥ = yjo = 1 and using that (¥, ¥o) = (1 + 1217 we get

(Yo, T/ (g7 gc)*¥o)
(Yo, ¥e)

Then we compute du = (ij (0 — g«0))u = (ij dS)u. Hence we get the classically
mechanical interpretation for (g, ¢)

(g, ©) = (g, )l fo =20 (7.75)
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7.6 Application to High Spin Inequalities

One of the first successful use of spin-coherent states was the thermodynamic limit
of spin systems as an application of Berezin—Lieb inequalities. Berezin—Lieb in-
equality holds true for general coherent states.

7.6.1 Berezin—Lieb Inequalities

We shall follow here the notations of Sect. 2.6 concerning Wick quantization. We
assume here that the Hilbert space ¢ is finite dimensional (this is enough for our
application). Let A € £ () with a covariant symbol A, and contravariant symbol
A° defined on some metric space M with a probability Radon measure du(m). It is
not difficult to see that these two symbols satisfy the following duality formulas:

Tr(AB) = /M Ac(m)B (m)dp(m) (1.76)

Ac(m/) = fM |<em|€m’>

2AS(m) dpu(m) (7.77)

In particular we have
Tr(A) = / Ac(m)dp(m) (7.78)
M
Let us remark that if A, is well defined, A€ is not uniquely defined in general.

Theorem 42 Let H be a self-adjoint operator in 7€ and x a convex function on R.
Then we have the inequalities

/M X (He(m)) dpn(m) < Tr(x (H)) < f X (HE(m)) dpu(m) (7.79)

M

Proof Let us recall the Jensen inequality [170], which is the main tool for proving
the Berezin—Lieb inequalities. For any probability measure v on M, any convex
function x on R and any f € L'(M, dv) we have

x( / de(m)>§ / % (£ Gm)) dv(m) (7.80)
M M

We start with the formula

N

(e (7)) = [ em x(f)ea) duim)

Using the spectral decomposition for self-adjoint operators, we have

{em, x (H)em) = fR X () dvy ()
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where vy, is the spectral measure of the state e,,. It is a probability (discrete) mea-
sure. So the Jensen inequality gives

(ems x (H)em) = x (Acm))

Integrating in m we get the first Berezin—Lieb inequality

/M X (Hem)) de(m) < Te( (1))

For the second inequality we introduce an orthonormal basis of 7 {v,}1<n<n Of
eigenfunctions of A. So we have

(v |x () v) = x (va|Hvn)) = (/ HE(m)|(vnlem)| du(m)>

From Jensen inequality applied with the probability measure |(v,|en)|*du(m) we
get

(v | () un) < /Mx(HC<m>)|<vn|em>|2du<m)

Summing in n we get the second Berezin—Lieb inequality. O

7.6.2 High Spin Estimates

We consider a one-dimensional Heisenberg chain of N spin 8" = (S, S5, 85), 1 <
n < N. The Hamiltonian of this system is

H=- > s
I<n<N-1

H is an Hermitian operator in the finite-dimensional Hilbert space #y = Q" .#"
where 2" = V) for every n.

From the coherent states systems in V) we get in a standard way a coherent
system in .7/} parametrized on (S?)V (or CV using the complex parametrisation).
In the sphere representation, if 2 = (n', ..., n") € S¥ we define the coherent state
Yo =vYn @ Y-y, We get, as for N = 1, an overcomplete system with a
resolution of identity. We denote d§2y the probability measure (47) Vdn' ® --- ®
dn® . Wick and anti-Wick quantization are also well defined as explained in Chap. 1.
In particular the Berezin-Lieb inequalities are true in this setting.

As usual the followmg conventlon is used: if A € & (%m) and B € .,2” (Jf’” )
then AB=1Q1--®AQ - ®@B®1---®1 with A at position m, B at posi-
tion m’.
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In particular for the covariant and contravariant symbols of AB we have the
following obvious properties:

(AB)c(2) = Ac(n™)Bc(n™) (7.81)

(AB)(£2) = A°(n™) B¢ (n™) (7.82)

We shall prove the following results concerning the symbols of one spin operators
(S1, 82, 83):

Proposition 90 The covariant symbols are

S1.c(m) = —jsinf cosg (7.83)
S2.c(m) = —j sinfsing (7.84)
S3,.(n) = —jcosb (7.85)

The contravariant symbols are

Sim) = —(j + 1)sinfcosg (7.86)
S5m) = —(j + 1)sinfsing (7.87)
S5m) = —(j + 1)cosO (7.88)

Proof It seems more convenient to compute in the complex representation v, for
the coherent states. In the space V (/) the spin operators are represented by differen-
tial operators

1

S = E(Zlazz +220z;) (7.89)
1

Sy = 2—1_(Z1322 —2207,) (7.90)
1

83 = E(Zlazl —220;,) (7.91)

The coherent state ng has the expression

Vet 22 = e (1416 €21+ 2%
Ja
So a direct computation gives
(¢|811¢) = =2 e = —jsin6 cos (7.92)

In the same way we can compute Sz (n) and S3 -(n).
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Computing contravariant symbols is more difficult because we have no direct
formula.

The trick is to start with a large enough set of functions in complex variables
(¢, ¢) and to compute their anti-Wick quantizations.

Let us denote Ay g.: (¢, O =04+1¢1?)""¢%¢P and Aa,ﬁ’,(k, £) the matrix ele-
ments of the operator Aa, g.v> —J <k, £ < j,in the canonical basis of v (), We shall
use the following formula:

(ve. Ave) = / A°() (v, Mo vg) dit (©)
C (7.93)

(ve, ITrve) = (ve, W) (Ye, vi) = epep I TEL TR

2))!
where ¢ = (%)1/2‘

So we get
A . P— _2_ _2
Aa,p. (k. 0) = cre fc (dPg)g/Hreg P (L4 g?)

Using polar coordinates ¢ = re'” we get
. [e'9) r2j+2ot+2k+l
Aap,r(k, ) = ckcedotk,p+e2(2) + 1)/(; d”m

We compute the one variable integral using beta and gamma functions

/Ood rs Lp(s+1 s+l 1rehre -
re——— == L — =5
o (42 27 2 2 2 ()

Finally we have the formula

F(j+k+a+DIG—a—k+t+1)

Awprlk, £) = 2j + Dexcedurk pre

rQj+t+2)
(7.94)
For exampleif t =1, =0,1, =0, 1,2 we find
~ 1
A1k, k+1) = 2.—\/(1' +k+1D(G =k (7.95)
j+2
~ 1
Agiikk+ D)= ——=V(+b(—k+1) (7.96)
2j+2
Ago1k, k+1) = i —k+1 7.97
0,0,1(k, k+1) 2j+2(] +1) (7.97)
A1k k+1) = i +k+1 7.98
L1k, k+1) 2j+2(]+ +1) (7.98)

Using these results we easily get a contravariant symbol for S as in (7.86). O
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Now we can compute the covariant and contravariant symbols of the Hamilto-
nian H. Applying the above results, translated in the sphere variables, we get

H(2)=j* > wmn"* (7.99)
1<m<N-1
HY@2)=@G+D> > "o (7.100)
1<m<N-1

We are ready now to prove the main result which is a particular case of much more
general results proved in [136, 177]. Let us introduce the quantum partition function

1 A
Z1(B, j =7Tre*’3H, eR
B, ) TR B

The corresponding classical partition function is obtained taking the average of spin
operators on coherent states. So we define

240 = [ D due)
(SHN

Putting together all the necessary results we have proved the following Lieb’s in-

equalities:

Proposition 91 We have the following inequalities:

ZUB, )< Z9(B, ) < ZPB, j+ 1), V], integer or half-integer ~ (7.101)

This result can be used to study the thermodynamic limit of large spin systems
(see [136]).

Corollary 25 With the notations of the previous proposition we have

Z9.j) _

li = 7.102
oo Z<U(B, J) (7.102)

7.7 More on High Spin Limit: From Spin-Coherent States to
Harmonic-Oscillator Coherent States

We want to give here more details concerning the transition between spin-coherent
states and Heisenberg coherent states.

Let us begin by the following easy connection between spin-coherent states and
harmonic oscillator coherent state. We compute on the Bargmann side. We start
from

vt = (1+nl) 7 (14 7ig)
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If we replace 5 and ¢ by % and % and let j — +oo then we get

lim v/} (—é‘ ) — el —IP2 = /o

In the right side ¢,(¢) is the Bargmann transform of the Gaussian coherent state
located in 7. In this sense the spin-coherent states converge, in the high spin limit,
to the “classical” coherent states.

In the same way we shall prove that the Dicke states converge to the Hermite
basis of the harmonic oscillator.

Let us denote now d; x the Dicke basis of V): Hd;x =kd;x, —j <k < j. The
spin-Bargmann transform of d x is easily computed:

T

g —
O = GG — o

Recall that (see Chap. 1) the Bargmann transform of the Hermite function ¥,
(£ eN)is

;e
214!

Vi) =
Then we have

Proposition 92 For every £ € N and every r > 0 we have

a7 ) = V2 1
’ﬁﬁiﬁ—wdf”‘(m) VIS (7.103)

uniformly in |¢| <r.

Proof The result follows from the following approximations. For j, k large enough
such that j — k ~ £ we have

eyt ept et
G+ -k eej—o! ¢ O

A different approach concerning the high spin limit of spin-coherent states is to
consider contractions of the Lie group SU(2) in the Heisenberg Lie group H; (see
[121]). We are not going to consider here the theory of Lie group contractions in
general but to compute on the example of SU(2) and its representations.

Let us consider the irreducible representation of index j of SU(2) in the
Bargmann space %;. & is clearly a finite-dimensional subspace of the Barg-
mann-Fock space .% (C).
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Let us compute in this representation the images LF ,Lg of the generators
K+, K3 of the Lie algebra s[(C). We get easily

0
= ;— —J (7.104)
ile
LY =2j¢—¢? —C (7.105)
4 a
L” = — (7.106)
¢
Let us introduce a small parameter ¢ > 0 and denote
LS =eL” (7.107)
Lt =¢L” (7.108)
=141 (7.109)
3T g2 '
We have the following commutation relations:
(L%, L8] =205 —1,  [L§ Li]==%L% (7.110)

As ¢ — 0 (7.107) define a family of singular transformations of the Lie algebra
su(2) and for ¢ = 0 we get (formally)

[L%,L%]=-1, [L},LY]==+L} (7.111)

These commutation relations are those satisfied by the harmonic oscillator Lie alge-
bra: Lg =af, L0 =g, Lg =N:=dla.

We can give a mathematical proof of this analogy by computing covariant sym-
bols.

Proposition 93 Assume that ¢ — 0 and j — +00 such that lim2 je2 = 1. Then we
have

im(y], [L5|w], ) =16 = (ecla"alg) (7.112)
lim(y/, - |L5 W], ) =¢ = (ecla’le) (7.113)
lim(W;/f|L8 |1ﬁ§/¢—) ¢ = (¢clalge) (7.114)

Proof From the computations of Sect. 7.5 we have

1—|§|
TTer

(w]|L5lw)=-
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So we have

J &) — 2 -
42 )= #1614 0(5)
and we get (7.112).
The other formulas are proved in the same way using the following relations:
2j¢
L+ 1gP? =

2j¢
1+1¢>

(Wi |LA [wl) = (wl|L? |y)=






Chapter 8
Pseudo-Spin-Coherent States

Abstract We have seen before that spin-coherent states are strongly linked with
the algebraic and geometric properties of the Euclidean 2-sphere S?. We shall now
consider analogue setting when the sphere is replace by the 2-pseudo-sphere i.e. the
Euclidean metric in R? is replaced by the Minkowski metric and the group SO(3)
by the symmetry group SO(2, 1). The main big difference with the Euclidean case
is that in the Minkowski case the pseudo-sphere in non compact as well its sym-
metry group SO(2, 1) and that all irreducible unitary representations of SO(2, 1) are
infinite dimensional.

8.1 Introduction to the Geometry of the Pseudo-Sphere, SO(2, 1)
and SU(1, 1)

In this section we shall give a brief introduction to pseudo-Euclidean geometry (of-
ten named hyperbolic geometry). There exists a huge literature on this subject. For
more details we refer to in [11] or to any standard text book on hyperbolic geometry
like [36].

8.1.1 Minkowski Model

On the linear space R3 we consider the Minkowski metric defined by the sym-
metric bilinear form (x,y) , = x 'y = x1y; + x2y2 — Xoyo Where x,y € R3,
x = (x0, X1, x2), ¥y = (Y0, ¥1, y2)-

So we get the three-dimensional Minkowski space (R, (-, -) 37) with its canonical
orthonormal basis {eq, e, e2}.

Let us remark that the Minkowski metric is the restriction of the Lorentz relativis-
tic metric, defined by the quadratic form x% + x% + x% — xg, to the three-dimensional
subspace of R* defined by x3 = 0.

The surface in R? defined by the equation {x € R?, (x, x)y = —1} is a hyper-
boloid with two symmetric sheets. The pseudo-sphere PS? is one of this sheet. So
we can choose the upper sheet:

PS? = {x =(xo,X1,X2),X%+X%—x3=_LXO >0}

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 225
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_8, © Springer Science+Business Media B.V. 2012
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PS? is a surface which can be parametrized with the pseudopolar coordinates (7, ¢):

xog=coshr, x1 = sinh T cos g, Xy = sinh T sin g,

T € [0, +oo[, ¢ € [0,27[

PS? is a Riemann surface for the metric induced on PS? by the Minkowski metric.

In coordinates (xg, x1, x2) PS? is defined by the equation xg =,/1 + x12 + x%. So,
in coordinates {x{, x} on PS?, the metric ds? = —dxg + dx12 + dx22 is given by the
following symmetric matrix:

2

_ X1 X1X2
G— 1+x7+x2 1+x7+x3
X1X2 1— x%
T+x2+x2 I4xf+x3

Hence we see that ds? is positive-definite on PS?. In polar coordinates we have a
simpler expression: ds* = dt? + sinht2d¢?. The curvature of PS? is —1 every-
where (compare with the sphere S? with curvature is +1 everywhere). By analogy
with the Euclidean sphere we shall denote n the generic point on S2.

The Riemannian surface measure in pseudopolar coordinates is given by comput-
ing the density +/det G, where G is the matrix of the metric in coordinates (7, ¢).
So the surface measure on PS? is

d’n=sinhtdr do

We can see that the geodesics on the pseudo-sphere PS? are determined by their
intersection with planes through the origin 0.
We consider now the symmetries of PS?. Let us denote

-1 0 0
L=|10 10
0 0 1
the matrix of the quadratic form (e, ®) ,: (x, y)y = Lx - y (recall that the - denotes
the usual scalar product in R3).

The invariance group of (e, ®) , isdenoted O(2,1).So A € O(2, 1) means Ax[]
Ax = x [ x for every x € R? or equivalently, AT LA = L (A7 is the transposed
matrix of A). In particular if A € O(2, 1) then det A = £1. The direct invariance
group is the subgroup SO(2, 1) defined by A € O(2, 1) and det A = 1. This group
is not connected so we introduce SOy (2, 1) the component of 1 in SO(2, 1), itis a
closed subgroup of SO(2, 1).

The pseudo-sphere PS? is clearly invariant under SO (2, 1).

It is not difficult to see that 1 is always an eigenvalue for every A € SOy (2, 1). Let
v € R? be such that |Jv]| = 1, Av=v and (v, v)y # 0. The orthogonal complement
of Ru for the Minkowski form (., .) s is a two-dimensional plane invariant by A. So
A looks like a rotation in Euclidean geometry.
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Let us give the following examples of transformations in SO (2, 1):

1 0 0
Ry =10 cosp —sing |: rotation in the plane {ey, ez} (8.1)
0 sing cosg

cosht sinht O
Bir=|sinht cosht O]: boostin the direction e; (8.2)
0 0 1

cosht O sinht
By, = 0 1 0 . boost in the direction e» (8.3)
sinht O cosht

These three transformations generate all the group SOy (2, 1). This can be easily
proved using the following remark: if Av = v and if U is a transformation then
Ay(Uv)=Uv where Ay =UAU ™.

SOp(2, 1) is a Lie group. In particular it is a three-dimensional manifold.

8.1.2 Lie Algebra

We can get a basis for the Lie algebra so(2, 1) of SO(2, 1) by computing the gener-
ators of the three one-parameter subgroups defined in (8.1). We get

00 O
Ey:=—Rylp=0=]0 0 -1 (8.4)

d¢ 01 0

d 010
E|:= d—BLrlfzo =|1 0 0 (8.5)

t 000

0 0 1
Ey:= d—Bz,rIr=o =(0 0 (8.6)

t 1 00

The commutation relations of the Lie algebra are the following:

[Eo, E1]= E», [E2, Eol = Ei, [E1, E2] =—Eg (8.7

If we compare with generators of s0(3) we remark the minus sign in the last relation.

Let us consider the exponential map exp : s0(2, 1) — SO2,1). If A = xgEo +
x1E1 4+ xp E» where xg + x12 + x% = 1, we have the one-parameter subgroup of
SO2,1), R(®) =e’2. R(O) is a pseudo-rotation with axis v = (xg, —x32, x1). Its
geometrical properties are classified by the sign of (v, v) .
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e (v,v)py > 0 (“time-like” axis): R(1) has a unique fixed point on PS?, each orbit
is bounded. R(1) is said to be elliptic

e (v,v)y < 0 (“space-like” axis): there exists a unique geodesic on PS? invariant
by U(1), R(1) is said hyperbolic

o (v, v)y =0 (“light-like” axis): the geodesics asymptotically going to Rv are in-
variant by R(1). R(1) is said parabolic

These classification will be more explicit on other models of PS? as we shall see. As
in the Euclidean case we can realize the Lie algebra relations (8.7) in a Lie algebra
of complex 2 x 2 matrices.

We replace the group SU(2) by the group SU(1, 1) of pseudo-unitary unimodular

matrices of the form:
_(a B 2 g2 _
g—(ﬂ &>, > = 181> =1

SU(1,1) is a Lie group of real dimension 3. Let us introduce now a convenient
parametrization of SU(1, 1):

a = cosh Ee"(“’“”)/2 B = sinh ieiw—w)/z
2 ’ 2

where the triple (¢, f, ) runs through the domain 0 < ¢ <27, 0 <t < 00, —27 <
¥ < 2m. In this way one gets the factorization

cosh %ei((ﬂ‘i’v/)/z sinh %ei«p*lp)/z
sinh £e! V=92 cosh Le (¥ FV)/2

glp.t,¢¥) = <

=g(p,0,0)g(0,¢,0)g(0,0, ¥)

In the group SU(1, 1) we choose three one-parameter subgroups consisting of the
matrices

t . !
cosh 5 i sinh 5

w1 (1) = g(0,1,0), wz(t)=( ) wo(r) = g(t,0,0)

A :
—i s1nh§ cosh§

The generators of these one-parameter subgroups are

1/0 1 if0 1 i1 O
n=3(1 o) =30 o) w=3(0 D)
These three matrices form a basis of the Lie algebra su(1, 1) with the commutation
relations:
[b1, b2] = —bo, [b2, bo]l = b1, [bo, b1]=b> (8.8)

We see that the Lie algebras so(2, 1) and su(1, 1) are isomorph and we can iden-
tify the basis {Eg, E1, E2} and {bo, b1, ba}. Now we shall see that SU(1, 1) is for
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SOp(2, 1) what is SU(2) for SO(3). Let us consider the adjoint representation of
SU(1,1). For every g € SU(1, 1) and x = (xg, x1, x2) we have

g( > Xkbk)g] =Y wbh

0<k<2 0<k<2

Let us denote y = p(g)x, where y = (yo, 1, y2). As in the Euclidean case we have
the following result.

Proposition 94 For every g € SU(1, 1) we have:

(1) g+ p(g) is a group morphism from SU(1, 1) onto SO(2, 1).
(i) p(g) =1 if and only if g = 1. In particular the groups SO(2, 1)y and
SU(1, 1)/{1, —1} are isomorph.
(iii) If A = vobo + v1b1 + v2by then for every T € R, p(e”") is a pseudo-rotation
of axis (vo, —v32, v1).

Proof 1t is easy to see that p(g) € SO(2, 1) and p is a group morphism. Let us re-
mark that we have wy (1) = e’ for k =0, 1, 2. Then we find that p(wo (7)) is the ro-
tation R; of axis eq in the Minkowski space, p(w; (¢)) is the boost B; ; and p (w2 (%))
is the boost By ;. Then it results that the range of p is the full group SOy(2, 1).

(ii) is easy to prove, as in the Euclidean case.

We assume v = (vg, v, v2) # (0, 0,0). The kernel of voEg 4+ vi E1 + 12 E> is
clearly generated by the vector (vo, —v2, v1) so we get (iii). U

It will be useful to remark that the group SU(1, 1) is isomorph to the SL(2, R)
group of real 2 x 2 matrices A such that det A = 1. The isomorphism is simply the

conjugation A — A~'AA where A € SL(2,R), A = %(3 ’1)

Let us remark that we have su(1, 1) +isu(l, 1) =sl(2, C) so su(1, 1) and su(2)
have the same complexification as Lie algebras.

We shall see now that this isomorphism has a simple geometry interpretation and

this is very useful to get a better insight of the pseudo-sphere geometry.

8.1.3 The Disc and the Half-Plane Poincaré Representations of the
Pseudo-Sphere

Considering the stereographic projection from the apex (0,0, —1) onto the plane
{e1, ea}, the upper hyperboloid is transformed into the disc D of radius 1. By this
transformation the metric on the pseudo-sphere becomes a metric on . Choosing
in PS? polar coordinates (7, ¢) and in D polar coordinates (r, —¢), we have

. . . T
xo = coshr, x1 = sinht cos g, X2 =sinh T sing, r = tanh 5
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In D the metric and the surface element of the pseudo-sphere have the following
expression:

) _4dr’+r2de?) o= 4rdrde

Y= Ta— =y

So we get another model of the pseudo-sphere named the Poincaré disc model.

It is also convenient to introduce a complex representation of D, ¢ =re™'%. In D
geodesics are the straight lines through the origin and arcs circle orthogonal to the
boundary (see the references).

Let us remark that the metric is conformal so the angles for the metric coincide
with the Euclidean angles. So an isometry of D is a conformal transformation of D.
We know that such direct transformations f are homographic:

O =%TP uchthatja? = B2 =1

BC +a

In other words the direct symmetry group of D is given by a representation of
SU1,1), g = Hg, where Ho(¢) = f(£), g = (%g) Moreover we see easily
that H, = lp if and only if g = £1. So we recover geometrically the fact that
SO22,1)~ SU(1, 1)/{1, £1}.

It is well known that the unit disc can be conformally transformed into the

half complex plane H = {z = u + iv, v > 0} by the homography Hy¢ = %

or H(flz = ;iti, where ¢ € D, z € H. Explicitly, if ¢ = rel? and z =u + iv, we
have
2rsing 1—r?
MZ—, V=——
14724 2rcosg 14+r242rcosg

In H the metric and the surface element of the pseudo-sphere have the following
expression:

P du? —i;dvz’ o dudv

v v
So we get another model of the pseudo-sphere named the Poincaré half-plane model.
In this model the boundary of the disc is transformed into the real axis. In H the
geodesics are vertical lines and half circles orthogonal to the real axis.

As for the disc we can see that the direct symmetry group of H is the group
SL(2,R) with the homographic action H,(z) = ‘;’i—i’g, o B,y,8€eR, a8 —yB=1
and H, = 1y if and only if g = 1. We recover the fact that SU(1, 1) and SL(2, R)
are isomorph groups.

Finally there is another realization of the pseudo-sphere which is important to
define coherent states: PS? can be seen as a quotient of SU(1, 1) by its compact

maximal subgroup U (1).
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Lemma 50 For every n = (cosh t, sinh t sin ¢, sinh t cos ¢) define

_( cosh(t/2) sinh(t/2)e™¢
&0 = \sinh(z/2)e’¢  cosh(r/2)
Then the map n +— {gnwo(1), t € [—2m,2x[} is a bijection from S* in the right
cosets of SU(1, 1) modulo U (1) where U (1) is identified with the diagonal matrices
it)2
(4 o) € (0,47
Proof Let us denote g(a, B) = (‘; 5) o, B €C, |a|?> —|B]*> = 1. The lemma is a

direct consequence of the following decomposition: there exist &’ > 0, 8/ € C, t €
[0, 47 [, unique such that

g, By =g(o', B)o (1)
More precisely we have o’ = ||, t = 2arga, B’ = e/’/? 8. This proves the lemma. (]

So modulo composition by a rotation of axis ep on the right, every g € SU(1, 1)
is equivalent to a unique gn, n € PS?. We can see that g, is a pseudo-rotation with
axis v = (0, sing, cos ¢) (remark a change of sign).

To get that, remark

d 1 , .
gn' 7780 = 5(c0spo1 +singon) = (cosgby —singb)

T(cos b —singby)

SO gn = ¢ this is indeed a pseudo-rotation of axis direction

(0, sing, cos ¢).

8.2 Unitary Representations of SU(1, 1)

Let us begin by introducing a useful and important invariant operator for Lie group
representation: the Casimir operator. We first define the Killing form on a Lie alge-
bra g,

(X, Y= %Tr(ad(X)ad(Y)) (8.9)

where ad is the Lie adjoint representation: ad(X)Y =[X, Y], VY € g.
ad(X) is the infinitesimal generator of the one-parameter group transformation
in g:

Go(Y) =e?Xye 0¥

We have the antisymmetric property:

(ad(X)Y,Z),=—(Y.ad(X)Z),, VX.Y.Zeg
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Consider a basis {X;} of g. The Killing form in this basis has the matrix g; =
tr(ad(X j)ad(Xy)). We denote gj’k the inverse of the matrix g; .

Let us now consider a representation R of a Lie group G in the linear space V
and p = dR the corresponding representation of its Lie algebra g in £ (V). The
Casimir operator C}y; is defined as follows:

Ch=> g p(X))p(X0)

Let us remark that if V is infinite dimensional some care is necessary to check the
domain of C/;. Nevertheless a standard computation gives the following important

property.

Lemma 51 The Casimir operator Cly commutes with the representation p,
P(X)Cis = Casp(X), VX € g.
In particular if the representation is irreducible then C5y = c£,1, cqs € R.

Let us now remark that every irreducible unitary representation of SU(1, 1) is
infinite dimensional, this is a big difference with SU(2).

Proposition 95 Let p be a unitary representation of SU(1, 1) in a finite-dimensional
Hilbert space 7. Then p is trivial, i.e. p(g) =14, Vg € SU(1, 1)

Proof Using the isomorphism from SL(2, R) onto SU(1, 1), it is enough to prove
the proposition for a unitary representation of SL(2, R).
For every x € R, a € R, a # 0, we have

(266 ) =6)

Then we see that ,o((l) )1‘ ) are all conjugate for x > (. By continuity they are conjugate
tol = p( (1) (1)) because the representation is finite dimensional. The same property

holds true for x < 0 and for matrices ( ; (1)) But the group SL(2, R) is generated by

1x
01

AeSL2,R). O

the two matrices ( ) and (; (1)) So we can conclude that p(A) = 1 for every

Unitary irreducible representations of SU(1, 1) have been computed indepen-
dently by Gelfand—Neumark [81] and by Bargmann [15]. We shall follow here the
presentation by Bargmann with some minor modifications.
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8.2.1 Classification of the Possible Representations of SU(1, 1)

Let p be an irreducible unitary representation of SU(1,1) in some Hilbert
space JZ.

It can be proved that 7 is infinite dimensional except if p is trivial (p(g) =1,
Vg e SU(1, 1)).

So 77 will be infinite dimensional.

In the representation space the generators b; define the operators

Bj:= i%p(a)j(l‘)) L j=0,1,2
with the commutation relations
[B1, B2] = —i By, [B2, Bol =iBi, [Bo, Bil=iB> (8.10)
Or with the complex notation B+ = By £ i B, we have

[B—, B4+]=2By, [Bo, B+]=+B+ (8.11)

We have p(wo (1)) = e~*B0 hence e 74780 = 1. So the spectrum of By is a subset of
{£, k € Z}. There exists Y € 7, | Yoll = 1 and Boyro = Aho, A = 22, ko € Z.
Using the commutation relation we have

BoB o = (A + 1) By (8.12)
BoB_yo = (A — 1)B_y (8.13)
Reasoning by induction, we get for every k € N,
Bo(B) o = (. + k) (B+) 0 (8.14)
Bo(B_)40 = (1 — k) (B-) vo (8.15)

Introduce now the Casimir operator C,s of the representation which is supposed to
be irreducible, so C,5 = c,51 Where

1
%=%—;&m+&&)

Hence we have the equations

(B_By + By B_)yo = 2(A* = cas) %0 (8.16)
(B_By — By B_)yro = 2Av0 (8.17)

So we get
B_Bi o= (A(h+ 1) — cas) V0 (8.18)

BBy = (M(h = 1) — cas) Vo (8.19)
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Using now Bi Yo instead of 9 we have proved for every k € N,
B_Biyo= (A +k— DA +k) — cas) Vo (8.20)
By BEyo = ((h =k + 1D — k) = cas) o (8.21)

Let us denote v,:“ =((A+k—1DA+k)—cqs) and v, = (A —k+1)(A —k) — cqs)-
Using that By = B* and B_ = B’ we get from (8.20),

|B5 o l|* = v [ B vo (822)
| B o " = v [ B vo | (823)

From (8.22) we can start the discussion.

(D Suppose that for all k € N, Bil//() # 0 and BX o # 0. Then for every k € N,
A &£ k is an eigenvalue for By.
(I-1) If O1is in this family (i.e. A € Z) then we can suppose that Byirg = 0 so we
can choose A = 0. From (8.22) we find the necessary condition c¢,5 < O.
(I-2) If Ois not in the family A £ k, L = % + ko, ko € Z and using Bi we can
assume that A = 1. From (8.22) we get cgs < 1/4.
In these two cases we get an orthonormal basis {¢;,;},ez for 2, such that
Bogy = (m + %)gom, where ¢ = 0 in the first case and &€ = 1 in the second case.
This is really a basis because the linear space span by the ¢,, is invariant by the
representation which is irreducible.
(II) Suppose now that there exists ko € N such that Biﬁlwo =0 and B_kf Yo # 0.
Using (8.20) we see that for every £ € N, Bty is proportional to BY Bi" Yo, SO

we can replace ¥ by Bi" Y. So we have Boyg = Ao, B1Yo = 0. Hence this
gives vfr =0and ¢ =A(A+1). If A =0 we get B_19 = 0 and the Hilbert
space is unidimensional. So we have A > 0. As above we get an orthonormal
basis of 2 {¢ }men such that Bog,, = (A — m)@y,.

If there exists ko € N such that B! Yo =0 and Bko Yo # 0 we have a similar
result with eigenvalues A + m for By.

In case (I) the Casimir parameter ¢,y varies in an interval and we said the represen-
tation belongs to the continuous series; in case (II) the Casimir parameter varies in
a discrete set and we say that the representation belongs to the discrete series.

8.2.2 Discrete Series Representations of SU(1, 1)

In the last section we have found necessary conditions satisfied by any irreducible
representation of SU(1, 1). Now we have to prove that these conditions can be real-
ized in some concrete Hilbert spaces.
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8.2.2.1 The Hilbert Spaces .77;, (D)

Let n be a real number, n > 2, 7, (D) is the Hilbert space of holomorphic functions
f on the unit disc D of the complex plane C satisfying

n—1 2 -2 .
||f||?%w) :=T/D|f(z)| (1—1z1%)" "dxdy < +oo, z=x+iy (824)

The measure dv,(z) := ”ﬂ;l(l — |z/%)"~2dx dy is a probability measure on ID and
74,(D) is a complete space with the obvious Hilbert norm is a consequence of stan-
dard properties of holomorphic functions.

It is useful to produce the following characterization of 7, (D) using the series
expansion of f:

f@=Y alnH
k>0

which is absolutely convergent inside the disc D.
In (8.24) let us compute the integral in polar coordinates z = re’®. From the
Parseval formula for Fourier series we get

1
1z =200 — D 3 [ex () /0 (22 (825)

k>0
So we have
L 2Pk +1)
||f||,y4(D)—]§|Ck(f)| oo (8.26)

This gives a unitary equivalent definition of .74, (D) as a Hilbert space of functions
on the unit circle. In particular the scalar product in 7, (D) of f; and f> has the
following expression:

(i ) =Y k(e f2)vn (8.27)

k=0

rmre+l
where ¥y = 7(1@(”_?5 )

From formula (8.26) and (8.27) we easily get that e;(z) := {%}gzo is an or-
thonormal basis of .7, (D).

8.2.2.2 Discrete Series Realization of SU(1, 1) in J7;, (D)

These representations can be introduced using Gauss decomposition in the complex

Lie group SL(2, C),
1 0 0 B
EO-COEHEH e
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where «, 8, v, 8 are complex numbers such that o8 — 86 =1, a # 0.
Moreover this decomposition as a product like

D6 D6 )

is unique. So this allows us to define natural actions of SU(1, 1) in the disc D.

Let us denote by ¢_(z) the matrices (i ?), t4(z) the matrices ((1) f) and d(u) =

(:‘) u(zl)'

Let us denote g a generic element of SU(1, 1),

=(; <)

Consider the 7_ matrix in the Gaussian decomposition of gr_(z). We have 1 =
gigi We get easily that
IM_(g)(z)| =1 if |z] =1 and from the maximum principle, |[M_(g)(z)| < 1 if

|z] < 1. So we have defined a right action of SU(1, 1) in . In the same way we

t—(z) where the complex number Z is z = M_(g)(z) =

get a left action considering the 7 matrix in the decomposition of ( é i) g~ L. So we
—B+oaz
a—Bz °

Now we want to define unitary actions of SU(1, 1) in the space 7%, (D) as fol-
lows:

get the action M (g)(z) =

Dy () f @) =my (@) f(M-(g7")2) (8.29)

where the multiplier my (z) is chosen such that &, defines an unitary representation
of SU(1, 1). We prove now that it is true with the choice my (z2) = (a — B

Theorem 43 For every integer n > 2 we have the following unitary representation
of SU(1, 1) in the Hilbert space 7 (D):

D, () f(2) =(@— ﬂz)‘”f(ﬂ) (8.30)
o — Bz

T @) f(2) = (« +Bz)”f<ﬂ +°5Z) 831)
o+ Bz

Proof 1t is not difficult to see that .@f are SU(1, 1) actions in the linear space
(D). Let us prove that &, is unitary. This follows with the holomorphic

change of variables Z = —&3__-;30!;’ Z=X+iY,z=x+iy. We get z = gig%,
% = (BZ + a)~2. We conclude using that for a holomorphic change of variable

in the plane, we have from the Cauchy conditions,

a(x,y) _ dz

det =|—
‘ (X,Y) dZ

2
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So we get for any f € 74,(D),

- _n ,3+01Z
/Dw Bz ( — )

/|f(Z)| (1—1z»)"" 2ax dy

IZI 2 dx dy

which says that &, is unitary. Let us remark here that the above computations show
that the multiplier m , is necessary to prove unitarity. O
The next step is to prove that these representations are irreducible. To do that we
first compute the corresponding Lie algebra representation.
Let us compute the image of this basis by the representation &, . Straightforward
computations give

_ 1 d
E‘@n (20() f (2) Y =% (n + 22@)}‘(1) (8.32)
L (w1t _1 24 8.33
a7 o (01(D) f(2) tzo—i(”ZWL(Z - )d_z>f(z) (8.33)
d 1
~ 7 (02(0)) f(2) Rt (nz +(1+ ) )f(z) (8.34)

So we get the three self-adjoint generators By, B, By, B; =id%, (b;), where d
denotes the differential on the group at 1,

n d
= — 8.35
S +2 (8.35)
( Z+ z —1 z) (8.36)
d
( ) (8.37)
dz
with the commutation relations
[B1, B2] = —iBy, [B2, Byl = —iBy, [Bo, B1]=iB; (8.38)
Using the notation By = B> F i B], we have
d
= — 8.39
dz ( )
2 d
By =nz+z7"— (8.40)

dz
and

[B_, By]1=2By, [Bo, B+]==*B+ (8.41)
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Remark 46 Operators B, fora =0, 1, 2, & are non-bounded operators in the Hilbert
space 7%, (D) so we have to define their domains. Here we know that the represen-
tation &, is unitary. So Stone’s theorem gives that By is essentially self-adjoint and
the linear space &7°° of all polynomials in z is a core for By. Moreover the spectrum
of By is discrete, with simple eigenvalues {n/2 + k, k € N}.

B and B; also have a unique closed extension. Moreover it could be possible to
characterize their domains (left to the reader!). Operators B are closable in J7;, (D).
We keep the same notation B4 for their closures.

We have the following useful property.

Lemma 52 By are adjoint of each other: BY = B=. In particular for every ¢ € C
the operator i ({ B_ — ¢ By) is self-adjoint.

Proof 1t is enough to prove B} = B. This is formally obvious because we know
that Bj, By are self-adjoint. We left to the reader to check that the domains are the
same. U

Let us compute the Casimir operator C;; for the representation &, .
A direct computation of the coefficients g;  of the Killing form shows that
gjk=0if j#£kand goo=—1, g1,1 = g22 = 1. So we get

1
C" =B§ — B} — B3 =B} — 5(B+B-+ B-By) (8.42)

Let us assume for the moment that &, is irreducible. Then by Schur lemma we
know that C”_ is a number; this number can be computed using the monomial z°.
We find easily

cr = %(% - 1) —kk—1), k= % (8.43)

Let us remark that k := 5 is the lowest eigenvalue of By and is called Bargmann

index.

8.2.3 Irreducibility of Discrete Series

Here we prove that for every integer n > 2, the representation %, is irreducible.

Let E be a closed invariant subspace in J#,;(ID). The restriction of &, to the
compact commutative subgroup g (6, 0, 0) is a sum of one-dimensional unitary rep-
resentations. So there exist u € E, v € R such that

Dy (8(6,0,0))u=e""u, VoeR

But u has a series expansion u(z) =) . a jzj . So by identification we have ¢/*?a ;=
e 14210y j. From this we find that there exists jo such that aj, # 0 so we find
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v =n+2jo. Butthis entails a; = 0if j # jo. Hence we conclude that the monomial
779 belongs to E.

Now playing with B+ we conclude easily that E contains all the monomials z/,
j € N. We have proved above that the monomials is a total system in 5%, (D). So
E =74,(D).

The discrete series representations have an important property: they are square
integrable (see Appendices A, B and C).

On the group SU(1, 1) we have a left and right invariant Haar measure p. pu is
positive on each non empty open set and unique up to a positive constant (see [128]).

The following result is proved in [129].

Proposition 96 For every f € 5¢;,(D) we have

_ 2
Dy @f f dp(g) < +o0
/SU(I,I) |< n >,755,(D)|
where dg is the Haar measure on SU(1, 1).

There exist other unitary irreducible representations for SU(1, 1): the principal
series and the complementary series (see also the book of Knapp [127] for more
details). These representations are not square integrable.

Up to equivalence, discrete series, principal series and complementary series are
the only irreducible unitary representations. Let us explain now what principal series
are.

8.2.4 Principal Series

These representations can also be realized in Hilbert spaces of functions on the unit
circle.

They are defined in the following way: take a nonnegative number A and a point
z on the unit circle. Then the homographic transformation

ozz—i—ﬁ
Bz+a

vl and

obviously maps the unit circle into itself. One defines

, _ 1o (@2t B
Pin(@) f(2) =Bz +al f(—ﬂz+6e>

One considers the Hilbert space £2(S!) with the scalar product

1 2 _
(i ) = 5 / 46 710) 0)
7 Jo
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To prove the unitarity of the representation Z;, (g) in the Hilbert space we perform
the change of variable 0 — 0’ where

0 ael’ +p
- Bel? +a
The Jacobian satisfies
do’ . _
‘% = |pe +a|

Thus we have for any real A:

2w ) 2w .
| aol@awn @) = [ avl e
Now we can prove:

Proposition 97 For any ) € R, &, is a unitary irreducible representation of
SU(1, 1) in the Hilbert space £2(SY. Moreover its Casimir operator is Cj) =
—(5+22).

For the generator wg(¢) of the Lie group su(1, 1) one gets
(Zin(@0®) f) () = (")
Thus the corresponding generator of SU(1, 1) is simply

d

Lo= =
0= 46

To find the generator associated to w; we need to calculate

2

t . t
sinh Ee’e + cosh 3 =cosht + cosf sinht

Thus

cosh %eie + sinh § >

, i0y _ - —1/24i0
(Zi3(01(1) f))(e'’) = (cosht + sinht cos 0) f(sinh p—

Thus the generator L1 of SU(1, 1) is given by
L ! +iA 6 —sin6 d
=|—=+iir)cosf —sinf—
! 2 do
Similarly using the third generator w; one finds

L L in)sing 04
=—|——- l SING — COSOU —
2 2 do
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Therefore the usual linear combinations By = +L1 + i L, satisfy

do

1 . o d
B_ = —(—5 —l—i)»)e’e — ie’gﬁ

1 ; o d
By = (—5 +ik>e’9 —ie 10—

We define
B L ; 4
=1 =1—
0 0 40

Using the same method as for discrete series, we can prove that these representations
are irreducible (start with By and use B+).
To calculate the Casimir operator Bg - %(B_ B+ + B4 B_) itis enough to apply

it to the constant function. Thus Byl =0, B+1 = :I:(—% +i2)eF?. One finds

2 1 1 2
C=By—Z(B-By+ByB)=—{7-2")1

8.2.5 Complementary Series

When the parameter A of the principal series is imaginary the representation is not
unitary in the space L>(S"). So, following Bargmann [17] we introduce a different
Hilbert space. Let us introduce the sesquilinear form depending of the real parameter
o €0, 31,

o—1/2———

i, f2)o =c / /m (1= cos@r —09)" R @) oo o oy

(f1, f»)s is well defined if f1, f> are continuous on S'. The constant ¢ is computed
such that (1, 1), =1,
c=2"2"7B(0,1/2)"!

The integral foz (1 — cos@)° 1240 is computed using the change of variable
x = cos(f) so we get c. The following properties are useful to build the Hilbert
space .

Proposition 98
(i) Forevery fi, f» € C(S") we have

/ /[0 > ]2(1 — cos(01 — 62))" 2| f100)]| £2(02)| d61 a6 < | fil] o)
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(ii)
(ex,ep)e =0, ifk#L
where e, (0) = eiko.
(iii)
(e, ex)o = Ak (0)
where
_T(/24+0) (k| +1/2—0)
ra/j2—o)r(k|+1/24o0)
In particular Lo = 1 and ¢ (c) > 0 for every k € Z and o €10, 1/2][.

Ak (o)

(8.44)

Proof

(i) is proved using the change of variable u = 6; — 6, and Cauchy—Schwarz in-
equality.
(ii) Itis a consequence of the following equality, for k # £,

(exset)e = [/ (1 — cos(u))” /26~ k0l €O+ g gy = 0
[0,27]2

(iii)) We have A_j; = X, so it is enough to consider the case k > 0. Hence we have
T Y
(ex,er)e = 2cf (1 —cosw))” /2 cos(ku) du
0

We compute the integral using the change of variable x = cosu, so cos(ku) =
T (x), where T} is the Tchebichev polynomial of order k.

1
(ex, er)o =2€/ A=) "2(1 = x2) T (x) dx
-1

But we have the following expression, known as the Rodrigues formula [56]:

_y (k=D 12 d* k=12
T (x) = (—1)k2k lwu—ﬁ) ﬁ((l—xz) )

Hence we get the result by integrations by parts and well known formulas for
gamma and beta special functions.
O

Soif f1, f> € C(Sl), fi= ZkeZ c,iek is the Fourier decomposition of f;. Then
as a result we have

(1. fade =Y 0)cket

keZ
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This shows that (fi, f2) — (f1, f2)s 1s a positive-definite sesquilinear form
on C(SY).

Now we can define the complementary series %5, 0 < o < 1/2, as follows. It is
realized in the Hilbert space .7, of functions f on S' such that D kezri(0) lex |2 <
400 equipped with the scalar product { f1, f2), (see proposition (iii)).

So we can define, for f € J¢,

az+5>

_ — 1 —14+20
b (8) f(2) =Bz +ql f<ﬂz+&

Proposition 99 For all 0 < o < 1/2, 6, is a unitary irreducible representation of

SU(1, 1) in J;. Moreover its Casimir operator is C, = 02— %.

Proof We use the same methods as for the discrete and continuous series. In partic-
ular the computations are the same as for the continuous series with o in place of i A.
The main difference here is in the definition of the Hilbert space which is necessary
to get a unitary representation. g

8.2.6 Bosons Systems Realizations

Let us start with a one boson system. We consider the usual annihilation and cre-
ation operators a, a’ in L2(R) (see Chap. 1). The following operators satisfy the
commutation relations (8.41) of the Lie algebra su(1, 1):
)2 L
B+:—(a)’ B_:_a

1 .
> By = Z(aaT +a'a) (8.45)

We have seen in Chap. 3 that the metaplectic representation is a projective repre-
sentation of the group Sp(1) = SL(2, R) and it is decomposed into two irreducible
representation in the Hilbert subspaces of L?(R), L »(R) of even states and LO 4 (R)
of odd states. But the group SL(2, R) is isomorphlc to the group SU(1, 1) by the

explicit map g — Fy := MogMy ', g € SU(L, 1), F € SL2,R) with Mo = (; ).

So the metaplectic representation defines a representation of the group SU(1, 1)
in the space L2(R) with two irreducible components Rev od 1n the space L? ev.od (R).

In quantum mechanics it is natural to consider ray-representations (or projective
representations) instead of genuine representations. For example the metaplectic
representation is a ray-representation.

Let us compute the Casimir operators C,y o4 for each components.

We compute C,, using the bound state iy for the harmonic oscillator (Yo €
L2,(R)).

Using that I-AIOSC = %(anr +a'a) =aa" — 1 we get Coyo = —%1//0 and
Coat = —15¥1 (Boo = 3% and By = Zwl).

We see that the commutation relations (8.45) define two irreducible “representa-
tions” of SU(1, 1) which are neither in the discrete series neither in the continuous
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series. The reason is that they are ray-representations corresponding with the even
part and odd part of the metaplectic representation.

More details concerning ray-representations can be found in [16, 197]. In par-
ticular these ray-representations are genuine representations of the covering group
SU (1, 1) (which is simply connected but SU(1, 1) is not). A “double valued repre-
sentation” p in a linear space satisfies

p(gh) =C(g, h)p(g)p(h), with C(g,h)==I1

Let us now consider the two bosons system. We consider two annihilation and
creation operators aj 2, air ,in L%(R?) (see Chap. 1). The following operators satis-
fies the commutation relations (8.41) of the Lie algebra su(1, 1):

it Loy t
B =ajaj, B_ =ajas, By = E(a]al +ajar +1) (8.46)
The Casimir operator is
1 1, . 2
Cus = ~2 + Z(agaz — aIal)

We know from Chap. 1 that we have an orthonormal basis of L*(R?),
{(Pmrma Y my .myyen2> Where @y my = (@)™ (a3)™2¢po,0 such that

my+my+ 1
Bodmym, = ——————bmi.m; (8.47)
B+¢m|,m2 = ¢m1+],m2+] (848)
B—¢m1,m2 = ¢m1—l,m2—l (849)
A direct computation gives
1 2
Cas¢m],m2 = _Z + (my —m2) ¢m1,m2 (8.50)

So if we introduce k = %(1 + |ng|), we get easily (assuming ng > 0) the following
lemma.

Lemma 53 For every positive half integer k, the Hilbert space spanned by
{Pmy+2k—1,m,, m2 € N}, is an irreducible space for the representation of the Lie
algebra with generators (8.45).

‘We know now that this Lie algebra representation defines a unitary representation
of SU(1, 1) but only a projective representation of SU(1, 1).
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8.3 Pseudo-Coherent States for Discrete Series

We can now proceed to the construction of coherent states by analogy with the
harmonic oscillator case (Glauber states) and the spin-coherent states.
We consider here the discrete series representation.

8.3.1 Definition of Coherent States for Discrete Series

Let us consider the representation (7, , 5¢(D)). It could be possible to work with
2} as well. Every g € SU(1, 1) can be decomposed as g = gnh where h € U(1)
and n € PS?. It is convenient to start with ¥y € 5 (D)) such that g = Yy so we

take as a fiducial state ¥(¢) = yn_’é/ 250 and we define ¥n = &, (gn)¥o. Most of
properties of Y, will follow from suitable formula for the operator family D(n) =
2, (gn). There are many similarities with the spin setting. We shall explain now
these similarities in more detail.

Using polar coordinates for n we have

__( cosh(t/2) sinh(t/2)e™¢
"7 \sinh(z/2)e’*  cosh(z/2)

So using the definition of the representation &, we have the straightforward for-
mula for the pseudo-spin-coherent states.

V@ =(1—1¢)"?(1=2z)™", where ¢ =sinh(t/2)e¢ (8.51)
Now we shall give a Lie group interpretation of the coherent states. Let us recall
that B,, = id 7, (1)by,, m =0, 1,2,and By = By +iBy, B_ = By —i B_. Then we
have
D(n) = exp(—ir(cos @B; —sin (sz)) (8.52)
=exp(t/2(B_¢e"Y — Bye™'¥)) (8.53)
The second formula reads

_ T .
D) =D() =exp(EB_£B,), with& = ¢ (8.54)

We can get a simpler formula using a heuristic following from Gauss decomposition:

_( cosh(z/2)  sinh(z/2)e”'¢
"= \sinh(r/2)e’?  cosh(z/2)

- ! 0 (cosh(z/2) 0 I tanh(z/2)e~*
_(tanh(r/2)ei¢ 1)( 0 cosh}—r/2)> (O 1 ) (8.55)
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Recall that Boyo = 5o and |¢| = tanh(t/2). Moreover if b € su(l, 1) then we
have

Dy (e?)=e""B,  with B=id 7, (1)b (8.56)

Suppose that (8.56) can be used for by & by (which are not in the Lie algebra
su(l, 1). Then we get the following representation of pseudo-coherent states in the
Poincaré disc D, where ¢ and n represents the same point on the pseudo-sphere PS?,

Yn=v;=(1- |§|2)"/2653+wo (8.57)

Let us remark that in the spin case this heuristic is rigorous because the represen-
tation 2/ is well defined on SL(2, C) which is not true for &, . Nevertheless it is
possible to give a rigorous meaning to formula (8.57) as we shall see in the next
section.

8.3.2 Some Explicit Formula

We follow more or less the computations done in the spin case. We shall give details
only when the proofs are really different.

It is convenient to compute in the canonical basis {e;}sen Of the representation
space 7%, (D) (analogue of Dicke states or Hermite basis). We easily get the formu-
las

Bieg =+ (n+ O+ Dery (8.58)
B_ey = Etn+4£€—1)ep_q, B_eg=0 (8.59)

Boer = (g 4 e) es. (8.60)

Let us remark that the linear space &; of polynomials of degree < j is stable for
By and B_ but not for B . For every £ € N we have

Bleg=(n(n+1)--(n+€—1)e1) e

Following our heuristic argument we expand the exponent e’ 5+ as a Taylor series
(which is not allowed because B is unbounded) and we recover the formula:

Ve (@) = (1-12P) (1—72) (8.61)

Let us give now a rigorous proof for this. It is enough to explain what is ¢/ 5+e, for
every t € D and every £ € N. For simplicity we assume t €] — 1, 1[.

Proposition 100 For every m € N, the differential equation

¢ = B¢, ¢o(z) =27"
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has a unique solution holomorphic in (t, z) € D x D given by the following formulas.
Form=20

$(z)=(0—1tz)™" (8.62)
form>1,

o@D =0—t2)""—=14+7"(0 —tzx)-n—m (8.63)

Proof We check ¢;(z) =y Xe (t)ze. So we can compute x; () using the induc-
tion formula

t
Xe41() = x¢41(0) + (n + Z)fo xe(s)ds
The result follows easily. O

From our computations we get the expansion of v, in the canonical basis

rQk+e \'/%_
x/f;=(1—|z;|2)kz<—> Te (8.64)
o ¢+ 1)I k)

Proposition 101 For everyni,np € PS? we have
D(n;)D(ny) = D(n3) exp(—i® (ny, ny) By) (8.65)
where @ (n1, ny) is the oriented area of the geodesic triangle on the pseudo-sphere

with vertices at the points [ng, ny, ny].
n3 is determined by

n3 = R(gn,)m (8.66)

where R(g) is the rotation associated to g € SU(1, 1) and
gn= exp(—i %(01 sin ¢ + 03 cos (p)) (8.67)

Proof Computation of n3 is easy using the following lemma. The phase will be
detailed later. O

Lemma 54 Forall g € SU(1, 1) there exist m € PS? and § € R such that

g = &mr3(d)

where r3(8) = exp(i %B()).

The following lemma shows that the pseudo-spin is also independent of the di-
rection.
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Lemma 55 One has

Dm)ByD(n)"' = -nB (8.68)

Proof Let (t,¢) be the pseudopolar coordinates of n, n = n(z, ¢). We have
D(n(t)) =exp(—it(cospB] —singBy)).

Let us use the notation A(z) := D(n(t))AD(n(z))~! where A is any operator in
€ (D). Then we have the equalities

j_rBO(T) = —cos¢By(t) —singpBi (1) (8.69)
i31 (t) = —sin@By(7) (8.70)
dt
iBz(r) = —cos¢By(7) (8.71)
drt

We have the following consequences:

d’ d
——=Bo(t) = By(7), — Bop(0) = —cos@pBy — sing B (8.72)
dt? dt

hence we get Bo(r) = —n(7) I B. O

The following consequence is that [n) is an eigenvector of the operator n [ B:

Proposition 102 One has
n [ B|n) = —k|n) (8.73)
where k = 7.
As in the Heisenberg and spin settings, the pseudo-spin-coherent states family

[n) is not an orthogonal system in .77 (D). One can compute the scalar product of
two coherent states |n), [n'):

Proposition 103 One has

(8.74)

—k
(n'|n) = e ko @) (1 - 5 n’)

where @ (n, ') is the oriented area of the hyperbolic triangle {ng,n, n’}.

Proof We use the complex representation of coherent states, starting from the defi-
nition, we get

ve@=0-1gP) (1= (8.75)
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Next we use the series expansion

2k + € — 1)'
(1-¢2) 2; 2k — Dle! c2)'

to compute the Fourier coefficient of the coherent state |¢) in the basis ey

[ Tek+o \'? N
(eelg) = (m) (1—-121°)"¢ (8.76)

The Parseval identity gives
('[n)= (1 = 1£A) (1 =1’ (1 =¢c) ™ (8.77)

We can translate this equality in pseudopolar coordinates (¢ = tanh(t/2)e™#) and
we get

(n'|n) = (cosh(t/2) cosh(z'/2) — sinh(z/2) sinh(z'/2)e! @ )¢ (8.78)
O
An easy computation now gives the following lemma:

Lemma 56
l—n@n\
i = (<57 (5.79)

The computation of the phase @ in formula (8.74) can be done as for the spin
case using the geometric phase method.

As is expected, the pseudo-spin-coherent state system provides a “resolution of
the identity” in the Hilbert space .7 (D):

Proposition 104 We have the formula

2k — 1
e dnn)(n| =1 (8.80)
4 PS2?
Or using complex coordinates |{),
[ am©iei=1 (8:81)
where the measure dvy, is
n—1 d*c
dvy(§) = ————
! (1= 1¢1»)?

with d*¢ = 44024,
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Proof The two formulas are equivalent by the change of variables { = tanh %e_i L
So it is sufficient to prove the complex version.
We introduce

F© =€ Ao
Decompose f in the basis of 7%, (D), f = _,-(ceer, we have

COPNERIE S B C e kPR A S T
N3] ‘gr(eﬂ)r(zk)(l 1217121 el

After integration in { we have

2k — 1 oo di / 2
_ —_— = d
b4 /Dif © (1—-121%)? 1D>|f(Z)} ‘

So we get the resolution of identity by a polarisation argument. U

8.3.3 Bargmann Transform and Large k Limit

Here we introduce the (pseudo-spin) Bargmann transform and prove that as
k — o0 the representation Z,, contracts to the Harmonic oscillator representa-
tion or Heisenberg—Schrodinger—Weyl representation.

Let us denote

) = Clo) (1= 122) 75, o e Biw), ¢ eD.

In fact this transformation is trivial, here it is identity! But it is convenient to see this
as a Bargmann transform. Using the Parseval formula we easily get

—12
o) = E EZJ/Zk,g/ (ee, ©) ) = E ee (&) ee, 0) 2,m)
£eN £eN

Here we shall note the dependence in the Bargmann index k, so we denote the
pseudo-spin-coherent state t/féC (2).

Proposition 105 The pseudo-coherent states wé‘ converge to the Glauber coherent
state ¢ (see Chap. 1) as k — 400 in the following Bargmann sense and the Dicke
states £ converge to the Hermite function v, for every £ € N:

. kg _ /
Jim oy EN2A) =0 ). Vet eC (8.82)
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Proof 1t is an easy exercise, knowing that

i) =ew(ie - 1)
¢ 2
and that

é—@
2 g!

Yie) = 0

As for the spin case we have analogous results for the generators of the Lie
algebras. Let us introduce a small parameter ¢ > 0 and denote
Bf =¢By (8.83)

1
B =By~ 551 (8.84)

We have the following commutation relations:
[B:.B?]=2e"Bf—1,  [Bi, BL|=+B% (8.85)

As ¢ — 0 equations (8.83) define a family of singular transformations of the Lie
algebra su(1, 1) and for ¢ = 0 we get (formally)

[BY,B°]=-1, [B.BY]=+B% (8.86)
These commutation relations are those satisfied by the harmonic oscillator Lie alge-

bra: B?r = aT, BY =a, Bg =N:=a'a.
We can give a mathematical proof of this analogy by computing the averages.

Proposition 106 Assume that ¢ — 0 and k — 400 such that lim2ke? = 1. Then
we have

lim g, gl BG Vo) = 12 = (gclaalge) (8.:87)
lim(yf, 2| BE|WE, ) =€ = (ocla’lo) (8.88)
im (Y el BE W ) = ¢ = (eclalec) (8.89)

Proof From the proof of Lemma 55 we can compute the following averages:
(Vn. Big)=kn

Using the ¢ parametrization we get the result as in the spin case. U
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8.4 Coherent States for the Principal Series

As for discrete series we can consider coherent states for the principal and com-
plementary series. The principal series is realized in the Hilbert space L>(S')
with the Haar probability measure on the circle S' and with its orthonormal basis
e(0)=¢eY e

ep being invariant by the rotations subgroup of S(1, 1) we define the coherent
states Wﬁ,g(z)’ zeSh as

(2) = | cosh(t/2) + sinh(z /2)e "¢z [ (8.90)

%—ik| 2i2—1

YirO) = [1— g7 |1 - 2] (8.91)
In the first formula coherent states are parametrized by the pseudo-sphere and in the
second formula they are parametrized by the complex plane.

Properties of these coherent states are analyzed in the book [156] (pp. 77-83).

8.5 Generator of Squeezed States. Application

We shall prove here that the SU(1, 1) generalized coherent states considered above
(introduced by Perelomov [156]) are nothing but the one-dimensional squeezed
states introduced in Chap. 3.

We consider the realization of the Lie algebra su(1, 1) defined by the generators

By = l(aa+ +a'a)

4
1, .2

By =(a')

B,_%a2

These generators are defined as closed operators in the Hilbert space L?(R). They
obey the commutation rules (8.41). Furthermore for the Casimir operator we have
Cas = —Z1.

We have already remarked in Sect. 8.2.6 that this representation of the Lie al-
gebra su(l1, 1) gives a projective representation of SU(1, 1) (not a genuine group
representation).
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8.5.1 The Generator of Squeezed States

Consider now one-dimensional squeezed states. Recall the following definition.
Take a complex number w such that |w| < 1. We define

B(w) = 2 ar tanh(|o|)
Tl ®

D(B) = exp(BB+ — fB-)
D(pB) is also known as the “Bogoliubov transformation” and generates squeez-
ing.
For |0) = ¢ being the ground state of By, let the generalized coherent state ¥4
be defined as

Ve = D(B)|0)

Remark 47 Tt is not difficult to show that in terms of the operators Q, P of quantum
mechanics one has

D(B) = exp(%i‘sﬁ(@z — P - lzfﬂﬂ(éf’ + ﬁQ))

We first recall the fundamental property of D(B) proved in Chap. 3 in any di-
mension.

Lemma 57 On 2(Q) N D(P) the following identities holds true:
() D(B) is unitary and satisfies
D)~ =D(~B)
(i)
D(BaD(—p) = (1 - |w?) " (a — wa)
(iii)
sinh(2r)

D(B)ByD(—p) = cosh(2r) By — (Bye'” + B_e™?)

with B = re'? being the polar decomposition of B into modulus and phase.
The following results are direct consequences of Chap. 3:
Proposition 107
(i) Define § = %jr—z One has

N6 >0
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RN/ 14+ \V? x2
== s
vp) (n) (|1+w|> exp( 2)

(i) More generally if ¢y is the kth normalized eigenstate of By (Hermite function)
one has

k—m - 1+ ol k(xA/¢ exp >

where Hy is the normalized kth Hermite polynomial.

and

Now we address the following question: what is the Wigner function of a
squeezed state? It will appear that it is a Gaussian in ¢, p but with squeezing in
some direction and dilatation in the other direction. One has the following result:

Proposition 108 The Wigner function Wy, (q, p) is given by

— —(p+43%)

RS 1 5
ho WS

Remark 48

(i) For B =0, § =1, and thus we recover the Wigner function of ¢y.
(>i1) It is clear that

1
—— | dgdpWy,(q, p) =1
727 | dadp vs(q, P)

The proof is an easy computation of Gaussian integrals.

8.5.2 Application to Quantum Dynamics

Consider the time dependent quadratic Hamiltonian
Hy(1) = A(t) By + A(t) B_ 4+ (1) By (8.92)

where A and j are C! functions of 7, A is complex and 1 is real. Its propagator is
denoted Ux (¢, s). This is a particular case of general quadratic Hamiltonian studied
in Chap. 1 and in Chap. 4.

We revisit here the computation of Uj(#, s) using the su(l, 1) Lie algebra rela-
tions satisfied by {By, B+, B_}.

It is convenient to formulate the result in an abstract setting.
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Proposition 109 Assume that By, B+ are closed operators with a dense domain in
a Hilbert space 7 such that B = By, B} = B_ and satisfying the commutation
relations:

[B-, B+]=2By, [Bo, B+] = *Bx.
Then H» (t) defined by (8.92) has a propagator given by
Ua(t,s) = D(By) exp(i(vi — v5) Bo) D(—py) (8.93)

where the complex function ; and the real function y; satisfy the differential equa-
tions

iy = rw? + oy + 1, wy=0 (8.94)
y=—Ad—Aw—pn, Yo=0 (8.95)

Proof The first step is to compute the following derivatives:

. d i,
lED(ﬁz) = (B4 +a:B—+ p:Bo)D(B;) (8.96)
where
.

Wi — Wy

=i (8.98)

Using (8.96) we can compute

. d - .
IEUZ(t’ §) = (OltB+ +a B+ p:Bo — J/D(,B;)B())D(—,B,)
and we directly get (8.94).

Let us prove now (8.96). B
The method is the following. Denote L(t) = 8; B+ — B B—. We have

L(t+6t)y=L(t)+86L(@)~L() —I—S%L(t)

Applying the Duhamel formula we get

1

eL(t+ISf) _ eL(T) — / ds eSL(t+5I)8L(t)e(17S)L(t)
0

Then as §t — 0 we have

1
ieL(t) :/ dseSL(I)L(t)e(lfs)L(l‘)
d A
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Now we have L(t) = B, By — ;B_ and

iesL(t)B_‘_est(t) — _zgesL(t) Boest(t)

ds
and
d
%esuz) B_eSLO) — _pgesL() g e—sL®)
Using Lemma 57 we get formula (8.96). O

Remark 49 The differential equation satisfied by w; is a Ricatti equation. We have
seen in Chap. 4 that this equation comes from a classical flow. In particular wy is
defined for every time ¢ and satisfied |w;| < 1 (wp = 0).

Let us now consider the time dependent Hamiltonian

2

2 1 50 A2 8
H,(t)==(P°+ f(¢ + —=
(0 =3P+ 100+
where g is a coupling constant and f a function of time ¢. Properties of this Hamilto-
nian have been considered by [156] and used in [48] to study the quantum dynamics
for ions in a Paul trap.
The su(1, 1) Lie algebra relations are satisfied by

P2y 02 2 A2 _ p2 2 P+P
30:7Q+g_A7 Bi:L_L¢u (8.99)
4 402

So we get

. 1 1
Ho(t) = E(f(t) —1)B; + E(f(t) —1)B_+(1+ f())Bo

8
20?2
singularity and we have to take care of the domain of definition for operators By, B+.
Let us consider the Hilbert space L?(R. ). Recall the Hardy inequality

+o00 2 +o00
/ dx )] 54/ dx|u' ()2, Vue HL(R)
0 |x|? 0

The algebra is the same as above but here the potential has a non integrable

Recall that Hy (R;) is the Sobolev space H!(Ry) with the condition u(0) = 0.
Denote by L? (R ) the space {u € L>(R,), xu € L>(R,)}. The sesquilinear form
(u, v) — (u, Bov) is well defined on V := HO1 RN L%(RQ and is Hermitian, non
negative. So By has a self-adjoint extension as a unbounded operator in L?(R).
Furthermore we see that B4 are also defined as forms on V and have closed ex-
tensions in L2(R+) such that B¥ = B_. These extensions also satisfy the su(1, 1)
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Lie algebra relations. Hence the unitary operators D(8), e'?50 are well defined in
L3(R;) with B complex and y real.
So we can apply Proposition 109 to the propagator Uy (¢, s) of H ().

Corollary 26 The Hamiltonian Hg(t) has time dependent propagator Ug(t,s)
given by (8.93)

Ug(t.s) = D(B;) exp(i(vi — ¥5) Bo) D(—f1) (8.100)

where By, B+ are defined by (8.99) and B;, y: are determined by (8.94). Moreover
they are related to complex solutions of the Newton equation

E=f&  E=ig,
B .’E—i—ié 1 (8.101)

5—157 Vt:_iarg(g_lg)

Wy

Remark 50 Note that the solution of the classical equation of motion for Hy(?)
solves the quantum evolution problem for H, for every g € R.

The su(l, 1) Lie algebra can also be used to solve the stationary Schrodinger
equations for the hydrogen atom. It is nothing else than a group theoretic approach
of a method already used by Schrodinger himself [176].

Let us consider the radial Hamiltonian for the hydrogen atom with mass 1, h =1,
charge e, energy E > 0.

a? Tty T TR

2 2 2
(d 24 ,e E<£+1)+2E>R(r)=0 (8.102)

We transform this equation by the change of variable r = x> and of function R(r) =
x_3/2f(x). Then we get

+8Ex?

d? 406 +1)+3/4
dx? x?2

+ 8e2> f=0
Another change of variable x = Au with A = (— 8%)1/ 4 gives

d? 40(L+1)+3/4

I B VT P YL JE P (8.103)
du? u?

This equation is the eigenvalue equation for the generator By with g2 = 4£(¢ +

1) 4+ 3/4. So the negative energies of the radial Schrodinger equation (8.102) are

determined by the eigenvalues of By.
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Lemma 58 The self-adjoint operator By has a compact resolvent. Its spectrum is a
discrete set of simple eigenvalues given by

_2s+1
T4

1 1 1/2
g +k, keN, wheres = 3 + <— +g2) (8.104)

4

Proof The domain of By is included in H(} RN L%(R+) so we deduce that its
resolvent is compact.

The computation of the spectrum is standard, using B_ and By as annihilation
and creation operators on the ground state 9. Using the results of Sect. 8.2.1.

We compute the ground state by solving equation B_1y = 0. This a singular
differential equation. We put ¥o(x) = x*¢(x). We can eliminate the singularity by
choosing s = % + (% + g)!/2. Then the equation is satisfied if ¢(x) = exp(‘sz). So
we have ¥o(x) = Cox* exp(‘T"z) where s is like in (8.104) and By = %wo.
Then we get all the spectrum of By and all the bounded states ¥, = Ci Bi Yo where
the constants Cg are chosen to have an orthonormal basis in L2 Ry). O

Applying this lemma and formula (8.103) we see that (8.102) has non trivial

solutions for E = E, = — n > 1, the well known energy levels of the hydrogen

£
212>
atom. More properties will be given in the next chapter.

Remark 51 The Casimir operator is here Cys = c451. ¢45 s computed by
1
Cas¥o= <B§ - §(B+B— + B+B—))1//0 =k(k — D

with k = 2S4—+1. This is not compatible with a discrete representation of SU(1, 1)
except if s is half an integer. What we have considered here is an irreducible repre-
sentation of the universal cover SU (1, 1).

It could be possible to study coherent states ¢g = D(8)v in this representation
too as we have done for the discrete representations.

8.6 Wavelets and Pseudo-Spin-Coherent States

As is well known wavelets are associated with the affine group of transformations
of the real axis R: t — at + b where a > 0 and b € R. We denote g(a, b) this affine
transformation and A r the group of all affine transformations.

Wavelets are real functions defined by the action of the group Ar on a given
function i so we have

) = 1 t—b)
l[’a,b —ﬁw<7
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If 4.5 is the Fourier transform of v, 5, and ¢ the Fourier transform of ¥/, we have

Pa.b(s) = ae P p(as)

Now we shall see, following ideas taken from the paper [25], that wavelets and
pseudo-spin-coherent states are closely related.

This is not surprising using the following facts: the affine group is isomorph to
a subgroup of the SL(2,R) group! which is isomorph to SL(2, R)/SO(2) and this
one is isomorph to SU(1, 1)/U(1).? Recall that the groups SU(1, 1) and SL(2, R)
are conjugate

_ L /1 i
I _ —
csu(1,1)C™" =SL(2,R), where C = 7 <i 1)

Considering consequences of these facts, we shall find that the discrete series rep-
resentations of SU(1, 1) have realizations with strong connections with the affine
group hence relationship between pseudo-coherent states and generalized wavelets
will follow.

Remark that the affine group can be identify to RY x R with the group law:
(a,b) x (@',b") = (ad’,ab’ + b). Let us consider the mapping

Ja b
///:(a,b)!—)(oa {)

It is easy to see that .# is a group isomorphism from A ¢ into SL(2, R). Its image is
denoted Ay;.

SU(2) is a compact subgroup of SL(2, R) and it is not difficult to prove that the
quotient space SL(2, R)/SO(2) can be identified to Ag:

Lemma 59 For every A € SL(2, R) there exits a rotation R(9) = ( cosd Sina) and

—sin6 cosé
. . %
a unique affine transformation (a, b) € R} x R such that

A=.#(a,b)R(9)
In particular the left cosets set SL(2,R)/SO(2) is isomorph to Ag;.

Let us consider the discrete series @,j’ which will be now denoted &, (n > 2
is an integer, n = 2k where k is the Bargmann index). Using the isomorphism ¢ +—

72(0) = f:iig from the unit disc D onto the Poincaré half-plane H, &, can be realized
in the Hilbert space .7, (H). 5%, (H) is the space of holomorphic functions f in H

IRecall that SL(2, R) is the group of 2 x 2 real matrices of determinant one.

2Recall that U (1) is identified here with the group of matrices (e;e e?() ), 0 €R.
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such that
2 _n- 1 . 2on—2
1156 =—— [_[fX+iD[¥Y""2dXdY < +o0
H

with the natural norm. So we have a unitary map f — F from J%;,(H) onto 7, (D)
where F(¢) =2(14i¢)7" f(2(¢)). In 54, (H) the discrete series &, gives naturally
a unitary representation of SL(2, R)

a b _ n az—c
(@n <C d) f) (z)=(d —bz) f(—bz—i—d) (8.105)
To establish a connection with the affine group it is convenient to realize the rep-
resentation &, in the space ¢, (H) of anti-holomorphic functions on H, so that

fe %” (]HI) means that f (z) = f(2) with f € J,(H). f — f is a umtary map. We
denote .7, F = f. Then Z, is unitary equivalent to the representation D

§ b
(% (‘c’ b)f)(z) (a—cz)” f<m) (8.106)

Note that the unitary equivalence between D and D, is implemented by the group,

isomorphism in SL(2, R),
a b . d c
c d b a

The restriction of , to the affine group has the following expression:

(@n(///(a,b))f)(z)za”/Zf(z_b> (8.107)

a

Wavelets are functions of a real variable, so the last step is to find a realization of
9, in the space

2 oo 1-n 2
L,,(Rg:{(p‘fo (0| dt<+oo}

with the natural norm.
Let us introduce the (anti-holomorphic) Fourier—Laplace transform:

+00 .
(Zhe)(2) = Cn/ p)e "dt, zeC, I(z)>0
0

¢, is a normalization constant.
Using the Fourier inverse formula and the Plancherel formula we have

400 .
e Zhox —iy)e™dx, y>0,t>0 (8.108)

n —00

1
1) =
@(1) e
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1

21wy

2 +o0 ”
/|.$n<p(x—iy)| y”—2dxdy=r(n—1)21—"/ )| dr
H 0
(8.109)

So we get isometries between the spaces L,zl R4), 2 (H) and A (H) choosing
= 71(2:—:22), We have obtained the following irreducible unitary representation of

the affine group in the space L,zz Ry):

Wnla,b) == L7 Dy (M (a, b)) 2,
Pab(t) = (Wn(a,b)p) (1) =a' e " p(at)

which represent wavelets on the Fourier side. Coherent states for SU(1, 1) where
defined in the Hilbert space .77, (D) by an action of SU(1, 1), starting from a fiducial
states 1 invariant by the action of the unit circle U (1) (isomorph to SO(2)). Then
SU(1, 1) coherent states are parametrized by the quotient SU(1, 1)/U (1)

But from Lemma 59 and the isomorphism between SU(1, 1) and SL(2, R) we
see that SU(1, 1)/ U (1) can also be parametrized by the affine group: (a, b) — gu.»
where we choose one element g, 5 in each left coset. We have seen above in the
construction of coherent states that SU(1, 1)/U(1) can be parametrized by C (or
by pseudo-sphere): & — gg. If g4 and g¢ are in the same coset then we have
8a,b = 8ch where h € U(1). We have chosen 1 rotation invariant so the actions
of g4,» and g¢ define the same coherent state.

Let us move this construction in %, (H) and in L,% (R4). We get, respectively,
fiducial states fo(z) = d,(1 —iz)" and @o(1) = e t" ‘e~ where d, and e, are suit-
able constants.

Then using properties of the representation &, we get a bijective correspon-
dence between SU(1, 1) coherent states defined in 7%, (D) for 2, and wavelets in
L% (R4). More precisely we have obtained

@ab(t) = (Wn(a, b)po)(t) = a' " ?e P p(ar)

which represent wavelets on the Fourier side. Their relationship with the SU(1, 1)
coherent states is given by

L7 I = Gae)pe). VEEC (8.110)
I L 0us = Vepy, Vla,b) eRE xR 8.111)

where & — (a(§), b(£)) is a bijection from C onto R} x R and (a, b) — &(a, b) is
a bijection from R* x R onto C.

In particular we also have a resolution of identity for wavelets which can be
obtained from (8.81) or by a direct computation.

n—1

dadb )
/= 4 // —5—(@ab, [Ypap. VfeL,Ry) (8.112)
T RixR @
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The reader can find in [25] several explicit formulas concerning the three realiza-
tions of 2 in 4, (D), 5, (H) and L2 (R.).

Finally remark that %, is a representation in L%(RJr) of a subgroup of S(1, 1)
conjugated to the restriction of Z,". But all the representations %, are equivalent
contrary to the representations &, which are non-equivalent.

If M, is the unitary map M, ¢(t) = t172¢(t) from L% (R4) onto L2(R+) then
we have clearly M, #;, = #>M,, so #, and #5 are conjugate for every n > 2.



Chapter 9
The Coherent States of the Hydrogen Atom

Abstract The aim of this chapter is to present a construction of a set of coherent
states for the hydrogen atom proposed by C. Villegas-Blas (Thomas and Villegas-
Blas in Commun. Math. Phys. 187:623-645, 1997; Villegas-Blas in Ph.D. thesis,
1996). We show that in a semiclassical sense they concentrate essentially around
the Kepler orbits (in configuration space) of the classical motion. A suitable unitary
transformation (the Fock operator) maps the pure-point subspace of the hydrogen
atom Hamiltonian onto the Hilbert space for the S3 sphere. We study the coherent
states for the S® sphere (as introduced by A. Uribe (J. Funct. Anal. 59:535-556,
1984)) and show that the action of the group SO(4) is irreducible in the space gen-
erated by the spherical harmonics of a given degree. Note that coherent states for
the hydrogen atom have been extensively studied by J. Klauder and his school. We
have chosen not to present them here and refer the interested reader to Klauder and
Skagerstam (Coherent States, 1985).

9.1 The S? Sphere and the Group SO(4)

9.1.1 Introduction

It is well known that the non-relativistic quantum model for the hydrogen atom is
the quantization H of the Kepler Hamiltonian H (x, p) = % — ﬁ, p,x eR3.

The natural symmetry group for H seems to be the rotation group SO(3). We
shall see in Sect. 9.2 that the hydrogen atom has “hidden symmetries” and its sym-
metry group is the larger group SO(4) which explain the large degeneracies of the
energy levels of H. This is why we start by studying the group SO(4), its irreducible
representations and hyperspherical harmonics.

Recall that SO(4) is the group of direct isometries of the Euclidean space R* or

its unit sphere S3,
S = {x: (x1,...,x4) |x12+x%+x§+x2= 1}
Let us introduce the Laplacian Ag3 for the sphere S3, as the restriction to the unit

sphere S* of the Laplace operator Ags := Di< <4 ;x_zz More explicitly computing
J

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 263
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_9, © Springer Science+Business Media B.V. 2012
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Aps4 in hyperspherical coordinates:

X1 =rsin x sin6 cos ¢

X2 =rsin x sinfsing

. ©.1)
X3 = rsin x cos6
x4 =rcosy, wherey,0el0,m[,¢¢€l0,2r]
we get
1 d/40 1
AR4 _38_ a— + ASS (92)
where
A o2 + 2 9 + A h (9.3)
s= —— — ,  Where .
s dx? tany dx  sin?y s
1 8 9 1 92
9.4)

A= ——— 4 2 4~ 7
§? tan989+392+sin203902

Equation (9.2) defines the operator Ags. It is a self adjoint operator in the Hilbert
space L2(S?) for the Euclidean measure dju3(6, ¢, x) = sin® x sin6 d0 dpd x. The
measure d 3 and the operator Ags are invariant by the group SO(4). The spectrum
of Ags can be described has follows: there exists an explicit constant ¢ € R such
that if A3 := —Ags + ¢ then Aj3 has the discrete spectrum

{M = (k+1)? [k eN]}

Each Ay is known to have multiplicity (k + )2 (see [147] or what follows), which
coincides with multiplicities of bound states of hydrogen atom as we shall see later.

9.1.2 Irreducible Representations of SO(4)

SO(4) is a compact Lie group so we know that all its irreducible representations are
finite dimensional.

The Lie algebra so(4) of SO(4) is the algebra of antisymmetric 4 x 4 real matri-
ces; 50(4) has dimension 6 so the Lie group SO(4) has dimension 6.

We shall see that its irreducible representations can be deduced from irreducible
representations of SU(2) (computed in the chapter “Spin Coherent States” which
will be denoted (SCS)).

It is convenient to use the quaternion field H and its generators {1,Z, 7, KC}.
H is a 4-dimensional real linear space which can be represented as the space of
2 x 2 matrices g = (fE 6_{) where a, b € C. The basis is related with Pauli matrices:
1=0¢,Z=io03,J =ior, K=ioj.

The following properties are easy to prove.
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1. {1,Z, 7, K} is an orthonormal basis for the scalar product (g, ¢') := 1 tr(g*-q’).
So H can be identified with the Euclidean space R*.

2. g gq=q-q* = (la)*> + |p|»)1. In particular if g # 0, ¢ is invertible and ¢! =
“# where |¢]> = |a|> + |b|?.

3. SU@2)={q €H, |g|=1}.

4. su(2)={¢ €H, g*+4q=0}.
A quaternion ¢ is said pure (or imaginary) if ¢* + ¢ = 0 and real if g* = g.

geSUR) — g= e?4 =cos6 + (sinf)A, HeR, Aa pure quaternion.

Now we can identify SO(4) with the direct isometries group of the Euclidean
space H. In particular if for any g1, g» € SU(2) we define t(g1, 82)9g =81 ¢ - g{l
then (g1, g2) € SO(4). Furthermore we have

Proposition 110 t is a group morphism from SU(2) x SU(2) in SO(4). The kernel
of tiskert ={(1,1), (—1, —1)} and t is surjective.

In particular the group SO(4) is isomorphic to the quotient group SU(2) x
SU2)/{(, 1), (-1, —1)} and its Lie algebra so(4) is isomorphic to the Lie algebra
su(2) @ su(2).

Proof 1t is clear that T is a group morphism. (g1, g2) € kert means that g; - g =
q - 82,Yq € H. So we get successively:g| = g2, g1 = A1, A € C, A = £1 because
g1 €SU(2).

To prove that 7 is surjective, we use that t(SU(2) x SU(2)) is a subgroup of
SO(4), its action on H is transitive and that we have a surjective group homomor-
phism g = R, from SU(2) in SO(3) (acting in pure quaternions). Let A € SO(4). If
A1 =1 then there exists g € SU(2) such that A = 7(g, g). If A1 = g then there exist
g1, 82 € SU(2) such that ¢ = t(g1, g2)1 so we can write A =71(g1-¢g,82-8). U

Now we use the following classical result to deduce irreducible representations
of SO(4) (for a proof see [34]).

Proposition 111 Let G, G2 be two compact Lie groups, (p1, V1) and (p2, V2) two
irreducible representations of G| and G, respectively. Then (p1 ® p2, VI® V) is an
irreducible representation of G| X Gy. Conversely every irreducible representation
of G1 x G is like this.

Corollary 27 Let (p, V) be an irreducible unitary representation of SO(4). Then
there exist ji, jo» € % such that j1 + j» € N and such that (p, V) is unitarily equiv-
alent to (TUD @ TU2 v @ vy,

Proof Using Proposition 110 we can assume that (o, V) is an irreducible repre-
sentation of SU(2) x SU(2)/{(1, 1), (-1, —1)}. So (p, V) is an irreducible repre-
sentation of SU(2) x SU(2) and from Proposition 111 we have (p, V) = (T @
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TU) vU) @ vy, To get a representation of SU(2) x SU(2)/{(1, 1), (—1, —1)}
it is necessary and sufficient that

TU(-1) ® TV (1) = Ly gye

So we find the condition j; 4 j» € N. ]

9.1.3 Hyperspherical Harmonics and Spectral Decomposition
Of ASS

As we have already seen in Chap. 7 for SO(3) we shall see now that irreducible
representations of SO(4) are closely related with the hyperspherical harmonics and
spectral decomposition of Ags.

Let us introduce the space Pik) of homogeneous polynomials f(x1, x2, X3, x4)

in the four variables (x1, x2, x3, x4) of total degree k € N and 7:14((()

fe Pik) such that Ags f =0.

flik) is determined by its restriction Hf‘k) to the sphere S* which is by definition
the space of hyperspherical harmonics of degree k.

Let f e Pik). For x € R* we have x = rw, r > 0, w € S* and f(x) = r*y (w).
So, using (9.2) we have

the space of

Ay = —k(k+2)¥, Yy e HY 9.5)

Let us introduce the modified Laplacian A3 = —Ags + 1. Then Hftk) is an eigen-
space for A3 with eigenvalue A; = (k + 1)2.

The group SO(4) has a natural unitary representation in L>(S?) defined by the
formula

pe¥ (@) =¥ (g 'w), geS0M), weSs?

p commutes with Ags and each ”Hf‘k) is invariant by p.
The main goal of this sub-section is to prove the following results.

Theorem 44
(i) The Hilbert space L*(S?) is the direct Hilbertian sum of hyperspherical sub-
spaces:
L) =PH. (1 =0) 9.6)
keN

Moreover we have

dim(H) = (k +1)? 9.7)
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(ii) For every k € N the representation (p, Hftk) ) is irreducible and equivalent to
the representation (T®/D @ T*/D v &/D) & V&/DY ywhere (TW, VDY is the
irreducible representation of SU(2) defined in Chap. 7.

Proof We shall follow more or less the proof of Proposition 83 of Chap. 7. We first
get the following decomposition for homogeneous polynomial spaces in R*:

PP =AL @ 2Pt 9.8)
PP =AP oA Ve o rH T 9.9)

where k — 1 <20 <k and r2 is multiplication by rli= x% + x% + x32 + xf.
Using the Stone—Weierstrass theorem it follows that |, oy ’Hf‘k) is dense in

L2(S?) hence we get the decomposition formula (9.6).
Furthermore we have

dim(Py) = dim () + dim(P{ ). ana - aim(P) = (“ 1)

so we get formula (9.7) by the binomial Newton formula.
Let us prove now that Hik) is irreducible for the representation p.

Denote by Z‘ik) the restriction to S3 of ’Pik). Let us consider a fixed point on S?,
for example ng = (0, 0, 0, 1). We can identify with SO(3) the subgroup of SO(4)
fixing ng. Let Z‘ikg be the subspace of ¢ € Zik) such that pg¢ = v, Vg € SO(3).

Trreducibility of 1. will follow from the

Lemma 60

(1) The dimension of Eﬁ; is [%] + 1 ([M] is the greatest integer n such that n < ).
(ii) Let E # {0} be a finite-dimensional SO(4)-invariant subspace of the space
C(S?). Then there exists Yo # 0, Yo € E such that pgiro = Yo Vg € SO(3).

Admitting this lemma for a moment let us finish the proof of the theorem.

Proof For every k we have the following decomposition of Ejk) into irreducible

factors:
(k)
X, = @ E,
1<e<L

where each E; is equivalent to some V) @ VU ). Let us apply the lemma (ii) to
each E,. We get

k
L <dim(2{9)) = [ﬂ +1 (9.10)
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But from (9.8) we get

“ _ (k=2)
5 =DH
2j<k

Soif one of the Hf‘k_zj ) is reducible then Ejk) would have at least [%] + 2 irreducible

factors which is not possible because of (9.10). So all the spaces Hf‘k) are irreducible
for p. O

Let us prove now that (p, ’Hflk)) is equivalent to the representation (T*/? ®
T%/2) vy */2) & v*/2)) This is a consequence of the Peter—Weyl theorem whose
statement is

Theorem 45 [34] Let G be a compact Lie group with Haar measure di and let
(o5, V;?A) be the set of all its irreducible unitary representations (up to unitary

equivalence). For each A € A consider an orthonormal basis of V*: {e,(f)}lfkgkA
and the matrix elements a,(:”z (g) =k, (e,(c)”), pl(g)(eé)‘))), geG.
Then {a,%, 1 <k,l <k, A€ A} is an orthonormal basis osz(G).

In the quaternion model we can see that S3 is isomorphic to the Lie group SU(2)
and up to a normalization constant the Hilbert spaces L2(S3) and L*(SU(2)) coin-
cide.

In V) consider the orthonormal basis vg, 0 <k <2 Jj and define the linear map

by v ® vg > a,ﬁ{e) from V) @ V) in L2(SU(2)). We get a unitary map U
from V) ® V) on a subspace E) of L2(SU(2)). Now applying the Peter—Weyl
theorem we have the following unitary equivalences:

L)~ L (su@)~ @ EV~ B vV e v
jeN/2 jeN/2

Using uniqueness for the decomposition into irreducible representations we can con-
clude that Hy ~ V*/2 @ y&/2), -

9.1.4 The Coherent States for S°

We want to introduce coherent states defined on S°. Following Uribe [189] we con-
sider a pair of unit vectors a, b in S such that

a-b=0

(- denotes the usual bilinear form in (C4).
Let

a=a+ibeC*
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T2

N\

Ty

Fig. 9.1 Coherent states on the sphere

The geometrical interpretation is that o represents a tangent vector b at the point
acS’ Sotheset A={a=a+ib|a-b=0, |a] = |b| = 1} can be identified with
the unit tangent bundle S (S?) over S3. Moreover the intersection of S* and the real
plane containing the vectors a, b is a geodesic on S* which will be denoted &. We
have clearly & = {w € S?, |w-a| =1}.

Foreverya € A, w € S3 and k € N we define

Wy r(@) = (@ - 0)f =(@-0+ib- o)

Uribe [189] has defined these coherent states for sphere S” in any dimension n. We
shall call them spherical coherent states.

Using definition of A we see that ¥,k is a spherical harmonics of degree k
namely it is an eigenfunction of A3 with eigenvalue (k + 1)2.

Let us remark that if w is not on the geodesic & then we have |« - w| < 1 hence
Yy .k (w) is exponentially small as k — 4-00, so ¥, x(w) lives close to the geodesic
& when £ is large.

The L2-norm of Yy i In L3(S%) is given by

il = [ o 0P )

Using hyperspherical coordinates we get

4 b4
Wil = 271/ sin?*t2 y dy f sin2*+1 0 4o
0 0

Using well known expression for the Wallis integrals w,, = fon/ 2 sin” (0)do, we get

2

2
Wi lI> =

9.11
k+1 ©-11)

Let us check now the completeness of the coherent states ¥y .
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Proposition 112 The coherent states ¥, . form a complete set on the irreducible
eigenspace Hflk) of the modified Laplacian Az associated with the eigenvalue ,:

Pr= C(k)[ - |Wo k) (Wo k| d (&) 9.12)

where Py is the projector onto Hgk) of Az belonging to the eigenvalue Ay, C (k) is
a constant of normalization, I is the space of geodesics &, and d (&) is the SO(4)
invariant probability measure on I". Moreover we can compute C(k):

k+1)3
Ck) =
*) 272
Proof Let g € SO(4). One defines
ga=ga+igh

It is not difficult to see that SO(4) acts on A transitively so that
A={ga g €50(4)}

where o € A is fixed. Then the Haar probability measure d gy on SO(4) induces a
pushed forward measure (or image measure) d () on A.

The integral operator in the right hand side of (9.12) commutes with any rotation
operator p, given by arotation g in SO(4). Therefore by Schur’s lemma this integral
operator must be a multiple of the identity on each irreducible subspace ’Hf‘k).

The computation of C (k) is straightforward taking the trace in (9.12) and using
(9.11). O

As we have already remarked for spin coherent states in Chap. 7, the ¥, x are not
mutually orthogonal. Here it is more difficult to compute (Wy i, ¥y &) for o # o’
but it is possible to compute this overlap asymptotically for k — +o00 as is shown
in [191] and [185]. Here we only state the result.

Proposition 113 For any § > 0 we have for k — +00

272 fo* o
(Wa,k» "I/a’,k) = T )

k
> (14 0(kK2)) + 0 (k™) (9.13)
Remark 52 « and o’ define the same geodesic if and only if |o* - &' = 1. So (9.13)
shows that the overlap is exponentially small if and only if & # &'.
Notice that on A the geodesic flow is multiplication by e/, f € R.
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9.2 The Hydrogen Atom

9.2.1 Generalities

We consider the hydrogen atom Hamiltonian

H P21 lA ! (9.14)
= =—= 3 — — .
2 O] 2R |x]

H is the quantization of the Kepler Hamiltonian H(q, p) = % — % (q,p) €
R3\{0} x R3.

The notations are the same as in Chap. 1. The first expression is more often used
in physics the second in mathematics. Hisa self-adjoint operator in L?(R3) with
domain

D(H):D(ﬁ2)ﬂD<|él

For simplicity we have takenm =e=h=1.

It is easy to prove that H commutes with the angular momentum operator L=
Q A P which is a consequence of its SO(3) symmetry property: H commutes with
the three generators L= (Ll Lz, L3) of SO(3).

Other symmetries were discovered a long time ago for the Kepler problem
(Laplace, Runge, Lenz) and give, after quantization, symmetries for the hydro-
gen atom. Let us consider first the classical Hamiltonian setting and introduce the
Laplace—-Runge-Lenz vector:

> =H? (R3) (Sobolev space, Kato’s result)

_p/\L—ﬁ_(Ml My, M3) 9.15)

where the classical angular momentum is L=q A p = (L1, Ly, L3). We have the
following properties.

1. {M,H}=0,k=1,2,3
2.L-M=0

3. {Mj,Lk}Zgj’k,gMg

4. {M;, My} =—2Hej My

where ¢ « ¢ is the usual antisymmetric tensor.

In particular we can deduce form these properties that if the energy of H is
fixed and negative (H = E < 0) then the six integrals L, M span a Lie algebra (for
the Poisson bracket) isomorphic to the Lie algebra so(4) (see Sect. 9.1.2 of this
chapter). In these sense the Kepler problem has “hidden symmetries” contained in
the Laplace—-Runge-Lenz vector M. For an historical point of view about M we
refer to [94].
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After quantization we get a Laplace-Runge—Lenz operator:

~ 1 A A X
M=-(PAL-LAP)——
2 1X1
One has the following commutation rules, corresponding to the above classical one
(see [182] for detailed computations).
1. [I:j, LAk] = i8jk1L£
2. [Lj, My]=icjuM,;
3. [Mj, Mk] = —2i8jk1M11:1
4. L-M=M-L=0
5. M*—1=2H(L*+1)

It is known that H has a purely absolutely spectrum on [0, +00) and a negative
point spectrum of the form

E,=——, neN*

The degeneracy of the eigenvalue E, is n”>. We shall see that this is due to the
“hidden symmetries” contained in the Laplace—Runge—Lenz operator M commuting
with H (L is also commuting with H but it generates apparent spherical symmetries
of H). Let us now recall the usual proof for the following result.

Lemma 61 The eigenvalue E,, = —2’%2 of H has degeneracy n®.

Proof We give here a sketch of proof, for the details we refer to any text book in
quantum mechanics.
In spherical coordinates we have

92 1 1

r—r— —Ax — —
ar? P28 r

H=-—

Recall that the spherical harmonics Y;" satisfy LY =L+ 1)Y;" (see Chap. 7).
Eigenvalues are obtained by solving the radial equation

92 Le+1) 1
oAl t T~ ;f(r) =Ef(r)

So we get the eigenvalues E,, for n > 1 and a basis of the eigenspace:
En ={¥ntm, —£<m=<t 0=<€=<n}

The degeneracy of E, equals to the dimension of &;:

n—1

dim(H,) =Y _2p+1)
p=0
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To this sum of odd numbers up to 2n — 1 we add and subtracts the sum of even
numbers up to 2n — 2. This yields

dim(H,) =n(2n—1) —n(n — 1) =n? O

In the following section we shall recover this result using the SO(4) symmetry in
a transparent way.

9.2.2 The Fock Transformation: A Map from L*(S?) to the
Pure-Point Subspace of H

We follow a presentation of Bander—Itzykson [14]. Consider the eigenvalue problem

of the hydrogen atom:
v =2 L)y=sy
=7 i =

In Fourier variable p one gets

2 )
p @
(7 - E)w(p) =5 /R T dg 9.16)

where we have set 71 = 1 for simplicity and v/ (p) = (27) /> Jr3dq e 1Py (q) dq.
Since the bound states of the hydrogen atom have negative eigenenergies E we
define pg > 0 such that

Then we define the stereographic projection from the momentum space R onto Sg
(the sphere S3 with the north pole (0, 0, 0, 1) removed): consider S3 divided into two
hemispheres by the momentum space R>. Given a vector p/pg € R? (homogeneous
coordinates), take the line from the north pole to this point. It will intersect the
sphere S3 at a point w € 8(3). We have:

w = (wy, w2, w3, wW4) 9.17)
2

wi= = =123 (9.18)
pP° + pg
2 2
P’ —p

ws = ———3 (9.19)
pP° + pg

w := F(p) defines a new parametrization of the sphere Sg. The inverse transforma-
tion is simply

F~H(w) = pi(w) = 1’)0—“’ i=1,2,3

— W4
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In this parametrization the Euclidean measure d 3 of S* can be computed using the

formula
oF oF
dus(w) = det<<—, —>> d’p
opr dpe

So we get

2 p2 3
dps(w) =28(w? — 1) d*w = ( 5 0 2) d’p
pP° + pg
When pg = k we denote by wi (p) the corresponding stereographic transformation
(9.17).
To the change of variables F is associated the following unitary transform Up
from L*(R3) into L%(S?):

~ 1 2+ 2
Ur(§) (W) := B (W) = <P(W> P

\/ﬁo 2po

Now we can show that the L? norms of 1//} and @ are the same:

2
) ¥ (p(w)) (9.20)

P’ + p}

~ 2
27 |V ()| dp

2 2
|02 = [l o0 Paisn = [
Due to the virial theorem! one has

~ 2 ~
E/ |w(p>|2dp=—/p—|w<p>|2dp 9.21)
R3 2

Thus
H (W) H L2S3) = I ¥ (p) I L2(R3)

One has the following remarkable property (just compute).

Lemma 62 Given q € R3 we define the point v € Sg by the stereographic equations
(9.17) with q instead of p and the same py. One has
i ®*+ P (@* + p}) W v

(2po)?

P—q

Therefore from (9.16) one finds that the equation obeyed by @ is simply

1 D(v)
DW) = 5— 3 dus(v) 9.22)
2w po J3 v —w|
TRecall that the virial theorem says: if ¥ is a bound state of H and A = % then

(LH, A1y, ¥) = 0. For the hydrogen atom we have i “'[H, A] = —A — a7 So we have (9.21).
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Consider the operator 7 in L2(S?) defined by

P (v)
(Te)(w)= | ——=dus()
s3 lw—v|
Note that 7 commutes with rotations pg defined by
(PR®)(V) =P (R™V)

with R € SO(4). For n € N*, 7—[‘(‘"71) is the finite-dimensional space generated by
the harmonic polynomials of degree n — 1 in the variables (vy, va, v3, v4) restricted
to S3. We have shown that the operators pg restricted to the space Hf‘"_l) give an

irreducible representation of SO(4). Thus due to Schur’s lemma, the operator T acts

as a multiple of the identity in 7—[‘(‘”71):

T|Hf{1—l) =A,1
We shall now calculate A,,.

Proposition 114 One has

It is enough to take a particular function in 7—[4(1"_1) say
G(v) = (v3 +ivg)""!
solution of
G(v)
G(w) =/ Y 43 ¥) = 3G W)
S3 |W — V|
We introduce the spherical coordinates (x, 6, ¢) in S*:

v1 = sin x sinf cos ¢
vy = sin x sinf sin ¢
v3 = sin y cos 6

V4 = COS X

and choose w = (0, 0, 0, 1). We get the following equation:

/znd /ndQ/ndqs(Sinxcose+iC°SX)n_1 sin? x sin6 = A,i""!
0 X 0 0 2(1 —cos x) X -
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Doing the integration with respect to 8, ¢ we get

27 [
Z | ax—Esinux) =
n Jo 11— X
which finally yields
272
Ap = —
n

Comparing with (9.22) we obtain py = % and thus

1

En= 5

Thus we recover the point spectrum of the hydrogen atom with its degeneracy: n> =
dim(#H ™).

We shall now use (9.20) to show that the eigenfunctions of H map onto the
spherical harmonics defined on S3.

Recall that L is the quantum angular momentum operator, and

i2=i24 02412

Consider the normalized eigenfunctions of the hydrogen atom ¥, ¢ ,, satisfying:

. 1
Hwn,ﬁ,m = _n_zlljn,i,m (923)
L2 pm =L+ D)W, £=0,1,...,n—1 (9.24)
L3V om=mWnpm, m=—,—L4+1,...,—1,¢ (9.25)

Recall that &, is the n?-dimensional vector space spanned by the functions
{lpn,é,m |0<l<n-—1, -I<m<l}.

Let H pp be the subspace of L?(R?) spanned by the eigenfunctions of H. We define
the operator U : H ), — L% (S?) using (9.20):

1 (pz(W) + p}
«/ﬁo 2po

and extend U linearly to all the space H . Since U IIA/,,,g,m satisfies (9.22) U lfln, tm
must belong to the space 7—[5‘"—1) , thus one has

2
(Uli/n’g’m)(w) = ) 'f/n,f,m (P(W))

AUy 0.m) = 02U, 0.

where A3 is the modified Laplacian on S with eigenvalue 1.
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Since U preserves the L? norm and the spaces &, and ’Hf{l_l) have the same
finite dimension U is an unitary operator from &, onto ’Hin_]). Furthermore it is a
unitary operator from H , = D, e &r onto L2(S%) = P, cny 7—[‘(‘"_1).

Let I}, be the orthogonal projector onto the pure-point spectrum space of H.
One has

1 o
-1 2
—3 7 = > n*m,
n=1
where [T, is the projector onto &,. One has
Proposition 115
U(H'M,,) U™ =24,

Proof Let IT), be the projector onto Hi"il). One has

X
Ay=> n’I,.
n=1

Since
urm,u-'=rm
this yields the result. g

9.3 The Coherent States of the Hydrogen Atom

Using the unitary operator introduced in Sect. 9.2, U : L2(R3) — L*(S?), we define
the coherent states of the hydrogen atom as

Ui =U" "Wy (9.26)

From now on we define ¥, (W) = ci (o - w)k where the constant ¢ is chosen so
that [|¥y k|l 2(s3) = 1. It was computed in Sect. 9.1: c,% =kl

5.
Equation (9.26) reads using (9.20): i

A 2po 2 2po 2 k
Vo k(P) = \/%[pszé} o k(Wi (p)) = Ckm[psz%} (- Wi (p))

(we recall that wi(p) is the stereographic projection (9.17) for pg = k).
Let us define the dilation operator Dy in L2(R?) as

(DrW)(x) = kK2 W (kx)
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or in momentum space

(Ded) (p) = k32 (%)

Defining J to be the multiplication operator by (pzi 1 )2 we get
N 2 2 k
Wy ik (P) = (D JWa)(P) =k D | | ) (- Wi1(p)) 9.27)
p-+1

Taking the Fourier transform we see that the coherent state for the hydrogen atom
in configuration space equals

Ck ip-x 2 2 k
Wa,k(x)=m/we"p< A )<p2+1) (- wi(p) dp

Now we shall consider the state ¥, ;(x) dilated by k%

Dy i (X) := (D2 1) (X)

k 3/2 2 2
= Ck<—> / (2—) exp(ikp - x + klog(a - wi(p))) dp
2 R3I\P +1

Note that log(c - wi (p)) is well defined: if ¢4 = 0 then | - wi(p)| — 0 as |p| = o0
and one thus gets a decrease outside a compact K of R3. On K the logarithm is
defined locally. If a4 # O then

a~w]<p)=a4+o<i)
Ipl

where a4 € C. Then there exists R > 0 such that for |p| > R the logarithm is well
defined.

The aim is now to show that @, x (X) concentrates in the neighborhood of a Ke-
pler orbit when k becomes large. This is a semiclassical result since k plays the
role of % For doing this we use complex stationary phase estimates applied to the
integral:

£ \32 ’ \2
Dk (X) = Ck(g) '/1%3 dp (ﬁ) exp(kf (x,p))

with
fx,p)=ix-p+log(e wi(p)) (9-28)
The stationary phase condition reads
Nfx-p)=0 (9.29)
Vpf(x,p) =0 (9.30)
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But

RNf(x,p) =log(|a - wi(p)])

We have |« - wi (p)| < 1 with equality only when wy (p) is in the plane generated by
a =NRa, b= Ja. Take for simplicity

a=¢)+i(ércosy + eéqsiny)
We assume y # 7, %’T The vectors ¢; are unit vectors in the direction of the compo-
nents w;. Thus the first stationary phase condition (9.29) imposes that wy (p) must
satisfy a parametric equation of the form:

wi(p) =é1cos B+ sinB(eysiny + é4cosy)

The corresponding conditions for the momentum components are

cos B
pr= 1 —sinBsiny
sin B cosy
p2= 1 —sinBsiny
r3=0

1
' cos?y”
One sees easily that o - wi(p) = ef which is a complex number of modulus 1 as
required. Now we consider condition (9.30): it reads

So p describes the circle C,, in the plane p3 = 0: pf + (py —tany)* =

2
T T D@ - wi)

ixj [0+ (as —a-wi(@)p;]=0  (931)

Thus x must satisfy the parametric equations:
x1(B) =sinB —siny
x2(B) = —cos Bcosy
x3=0

Thus x must belong to the ellipse £(y) of equation

2
(x1 +siny) + (C(%/) =1 (9.32)

of energy —1/2:

p> 1 1
2 x| 2
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Fig. 9.2 Kepler ellipse X2,P2

Pr/2

Xr/2

X3m/2 [0
X1,P1

Pr/a

3mw/2
X71/4 /

To apply the saddle point method (see Sect. A.4) one needs to show that the
Hessian matrix is non singular at the critical point (x(8), p(x(8))). One calculates
the Hessian matrix Hg

Hp =23, ,f (x(B), p(x(8)))
First of all we easily see that if x is not on the ellipse £(y) then we have
D 1 (x) = O (k™)
A tedious calculation sketched in Sect. A.3 shows that on £(y) we have

| det Hg|

= (1 —sing siny)4\/(sin2y + 2sinBsiny + 1)(sin2 y —2sinfsiny + l)
(9.33)

So we have det Hg # 0.

From now on it is enough to consider a neighborhood V of a fixed point X¢ :=
x(B) on E(y). f(x, p) being holomorphic in a complex neighborhood of (xq, p(Xo))
in C3 x C3, the saddle point method (see Sect. A.4) can be applied and gives for
every x € V,

2

‘@a,k(x)} = Cstk!/? exp(kf(x,p(x)))

(1+0(k™'/?))

1
JTdet Hg|
(9.34)

Let us remark that the exponent in (9.34) is fast decreasing in k for x ¢ E(y).

1+ p%(x)
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To analyze more carefully the behavior of |®@, ;(x)| nearby xg we choose con-
venient coordinates. Let X(8, t, s) =X(B) + tvg + sé3 where B € [0, 27 [, vg is the
normal vector to £(y) at x(8): vg =sinfcosyé; — cosBéy. (f,s) are such that
t? + s < 8% with 8 > 0 small enough.

We use the shorter notations xo = x(8), X; s =X(f, ¢, s), po = p(X0)-

Using the Taylor expansion we get

f(Xr,s, P(X1,5)) — f (X0, Po)

1
= dx f (X0, Po) - (X¢,s — X0) + 533’ X f (X0, P0) (X¢,s — X0) * (X¢,5 — X0)
1

32

32, p f (X0, Po) (Xe.s — X0) - (P(X.5) — Po)

1
+ 509+ B (%0, P0) (P(x1,5) = P0) - (P(xr.0) = Po) + O(Ixe,s —x0l?) (9.35)

and
3/2
P(x1,5) = Po = (X0) (xr,s = X0) + O((1? +57)™"%) (9.36)
But we have Hg = —idpX s0 dxp(Xp) = iHﬁ_l and we get, taking the real part in the
Taylor expansion,

1
N1 (% P(X1.)) = EmH/;l(tu,g +583) - (tvg +583) + O((2 +2)%) (937)

Here we have used that 9, f is imaginary and Bf’x(xo, po) =0, Bf, p(xo, po) =1i.

The matrix R H ! (real part of H~!) has the following form (see computations
in Sect. A.3):

1 sin® B cos? y —sin B cos B cosy 0
-1 _ —sin B cos B cos y cos? 8 0
h(B,v) 0 0 h(B.y)

where
h(B,y)=(1 —sinp siny)z(sin2 y +2sinfsiny + 1)
The eigenvectors of WH ! are
v1 = (cos B, sin cos y, 0)

vg = (sinBcosy, —cos B, 0) (9.38)
v3=¢e3=1(0,0,1)

v2
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with corresponding eigenvalues:

A =0
s = sin? B cos? y 4 cos? B
2= hB,7) (9.39)
1
A3 =

_sinzy —2sinBsiny + 1

Since 12, A3 <0 we see that for k large |Py  (X) | behaves like a Gaussian highly
concentrated around the ellipse at the point x(. Furthermore it decreases in the di-
rection of the eigenvectors v2, v3 namely in the direction perpendicular to the plane
of the ellipse and in the plane of the ellipse in the direction normal to the ellipse
(note that p(xg) - v2 = 0). More precisely we have

4
g ! kQ(1,s) -1
Pok (X1,5) | = Cst ke 1 0 (k 9.40
[P 50 P(X:5)2+ 1| |detHg sl (k) 040
where
1 ) .
of(t,s)= EmHE] (tvg +s€3) - (tvp +5é3) + 0((2‘2 +52)3/2)

The quadratic form Qg (z, s) := %SﬁHﬂ_l (tvg +sé3) - (tvg +sé3) is definite-negative
in the plane (z, s).

Now we shall see that as k — +o0 the density probability |®, x|* converges to a
probability measure supported in the ellipse £(y). The following statement is close
to [191] (Thesis, Proposition 4.1).

Proposition 116 For every continuous and bounded function v in R we have

lim / |cpa,k(x)|2w(x)dx=c“/ V(e)d(e, O)di(e) (9.41)
R3 Ew)

k— 00

where dl(e) is the length measure on the ellipse E(y), d(e, O) is the distance of
e € E(y) to its focus O, Cst is a normalization constant.

Proof From computations already done we have

‘ 2

p(x0)>+ 1| |det Hg|
=(sinzy+251nysin/3+1)71/2(sin2y—2sinysin,3+l)71/2

and

det Q¢ = ApA3

_ 1 —sin® y sin? B
B (1 —siny sin B)2(sin® y + 2siny sin B + 1)(sin® y — 2siny sin B + 1)
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So we can apply the stationary phase theorem in variables (¢, s) to get

lim / | Bk (%) (%) dx
R3

k—400
2
= Cst/ (1 —siny sin B)(1 — sin>y sin® B) />y (x(8)) dp
0

But for ¢ = x(8) we have (1 — sin’y sin? )2y (x(B))dB = dl(e) and
(1 — sin y sin B) is the distance between x(8) and O.
Let us remark that the speed v(8) of a classical particle travelling on £(y) is

1 —sin?ysin® B

1 —sinysinf g

v(p) =






Chapter 10
Bosonic Coherent States

Abstract In a first part we give a brief presentation of general Fock space setting
to describe quantum field theory. Bosons are quantum particle with integer spin and
have symmetric wave functions; fermions are quantum particle with half-integer
spin and are represented with anti-symmetric wave functions. The functional set-
ting is given by symmetric or anti-symmetric tensor product of Hilbert spaces. We
describe these spaces and transformations between these spaces. We shall follow
the references (Berezin in The Method of Second Quantization, 1966; Bratteli and
Robinson in Operator Algebra and Quantum Statistical Mechanics II, 1981). Coher-
ent states are defined by translating the vacuum states with the Weyl operators. This
is easily done here for bosons. We shall see in the next chapter how to deal with
fermions.

In a second part we give an interesting application of bosonic coherent states to
the study of the classical limit as 4\ 0 of non-relativistic boson systems with two
body interaction in the neighborhood of a solution of the classical system (here the
Hartree equation). The classical limit corresponds here to the mean-field limit as the
number of particles goes to infinity.

As we have done for finite systems, we here use Hepp’s method, which is a
linearization procedure of the quantum Hamiltonian around the classical field. The
fluctuations around this solution are controlled by a purely quadratic Hamiltonian.
In a series of several important papers (Ginibre and Velo in Commun. Math. Phys.
68:45-68, 1979; Ann. Phys. 128(2):243-285, 1980; Ann. Inst. Henri Poincaré, Phys.
Théor. 33:363-394, 1980) Ginibre and Velo have proven an asymptotic expansion
and remainder estimates for these quantum fluctuations.

Finally, following the paper (Rodnianski and Schlein in Commun. Math. Phys.
291:31-61, 2009) one can show that, in the limit /& \ 0, the marginal distribution
of the time-evolved coherent states tends in trace-norm to the projector onto the
solution of the classical field equation (Hartree equation) with a uniform remainder
estimates in time.

10.1 Introduction

This chapter is very different from the others in this book. Until now we have con-
sidered coherent states depending on a parameter living in a finite dimensional space

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 285
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_10, © Springer Science+Business Media B.V. 2012
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(typically a phase space for a classical mechanical system or more generally a Lie
group). But coherent states may also be a useful tool to analyze quantum systems
with an infinite number of particles (this was the main motivation for the founder
of coherent states, R.J. Glauber). Large number of particles systems are studied in
many domains of physics: statistical mechanics, quantum field theory, quantum op-
tics for example. There are many books and papers in the physical literature (Wein-
berg [194]). There exist also books more rigorous from the mathematical point of
view [33] and for a discussion concerning physical and mathematical aspects see
the book [78].

10.2 Fock Spaces

10.2.1 Bosons and Fermions

Let us start with a quantum system of identical particles. Each particle has its states
in the Hilbert space . The states of systems of k particles are in the Hilbert space
h®* =h ® --- ® b and if the number of particles is not fixed (like in quantum field
theory) the total Hilbert space is the Fock space

F () =P p* (10.1)

k>0

where h®% = C (“no-particle” space).
Let us recall here that if {e;};cs is an orthonormal basis of b then {¢;; ®

ei, ® --- ® e, li1,...,ix € J} is an orthonormal basis of h®k. So if we denote
1//}22 ,,,, i = (e, ®ei, ® -+ ®ej, ¥ V) then we have
2 _ (k) 2
[ R D A (10.2)
k>0,iy,...,ix€J

Recall that the differences between bosons and fermions are determined by their

behavior under permutations (Pauli exclusion principle for fermions). Let us denote

G the group of permutations of {1, 2, ..., k} and by & the signature of 7 € &;.
The following equalities can be extended in two projections in .% (h):

1
M @ @Y =77 ) ¥m ®Vm®: 8 Y

| e (10.3)
MrWn @ - @Yi) =17 D ex¥m1 @ Ym2 @+ @ Yk
‘e
where ¥, ..., Y € h. The following notations will be used:

VIAVIA - A =TTF(Y1 ® -+ @ Yx)
YV Vi =Mp( @+ Q ¥y)
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Definition 20 The subspace % (h) := [1p.% (h) is the Fock space of bosons and
the subspace .ZF (h) := ITg.% (h) is the Fock space of fermions.
h%’fF =1Ip, F(h®k) are the k-particles subspaces for bosons (B) or fermions(F).

The number operator N is defined as follows:
Ny® =ky®, 3 ® ep® (10.4)

N can be extended as a self-adjoint operator in .% () with domain

D(N) = {1//69(b),2k2||1/f(k)||2<+oo} (10.5)

k>0

Moreover N commutes with [Tp r so N is a self-adjoint operator in the spaces
Fr.g).

We can define operators in % () starting from an Hamiltonian H in h by a
method known as second quantization as follows.

Define H® =0 and fork > 1,

HO(Mp r1 ® - @ Y1)

:HB,F< > xm@---wj_l®Hw,,~®w,-+1®---®w) (10.6)

l<j=<k

By linearity the direct sum of H®) defines an operator H := &b, H ® in .7 B.F(h).
H is the second quantization of H. It is convenient to introduce the dense subspace
defined as

Foh) = {v € Z)|ly® =0 if k large enough}

@, H® is well defined in .Z(h). More precisely we have the following easy to
prove lemma.

Lemma 63 If H is a self-adjoint operator in § then H can be extended as a unique
self-adjoint operator (with dense domain) in F g (). This operator is also denoted
dI'(H) or H.

If U is a unitary operator then @, U™ can be extended in a unique unitary
operator in Fpg_r(h). This operator is denoted I'(U) or U.

Remark 53 If H = 1 then we see that dI" (1) = N, the number operator.

If U; = e """ with H self-adjoint in b then we have I"(U;) = e~ *4I"(#1) i other
words the infinitesimal generator of I"(U;) is the second quantization of the gener-
ator of U;.

In quantum field theory the number of particles of the system is not constant
so we have to define two kinds of observable: annihilation operators and creation
operators (other names are absorption and emission operators).
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Definition 21 For every f € h we define the operators a(f) and a*(f) by the fol-
lowing conditions:

a(fHiy@ =0,  a*(HyvO=¢
a(fHP ® - @Yyp) = (k+ l)l/z(f, YU Q- @ Yk
(W ® @Y=k fRYI®Yr® - ® Y

Remark that f +— a(f) is antilinear and f +— a*(f) is linear on b.
Lemma 64 For every y® e h® f e by, we have

la(Hy®| <& f11|w®

S LA (S VR V| T2l W UN))
a(f) and a*(f) are defined on the linear space D(N'/?) and satisfy,

la(H¥ | < IAI]N+ DYy (10.8)
la*(Hv| <IN+ D2y, vy e D(N'?) (10.9)

a(f) and a*(f) leave the subspaces Fp r(Y) invariant. So the annihilation and
creation operators for bosons (B) and fermions (F) are defined as follows:

ap,r(f)=a(f)pr=1Ip ra(f)

(10.10)
ag p(f) =a* () r =Ip ra*(f)

Remark 54 Starting from the vacuum state: 2 = (1,0, ...,0,...) we create a parti-
cle with state az,F(f).Q = (0, £,0,...). More generally if h1,..., hx € h we get k
particles in the state a*(h1)a*(hy) - --a™(hi)$2. It is not difficult to prove that £2 is
cyclic, which means that the family {a*(h1)a*(h2)---a*(h¢)$2,|,hj € b,k € N} is
dense in .% (h) and the same property holds true for bosons and fermions.

In the Fock spaces %5 r () we have the canonical commutation relations (CCR)
for bosons and anticommutation relations (CAR) for fermions. More explicitly, if
H, K are two operators, we denote the commutator [H, K]:= HK — K H and the
anticommutator [H, K] := HK + K H. In what follows operators are defined on
Fp.r(h) N Fo(h), h1, ho € h. We have for bosons

(CCR)  [ap(h1), aj(hy)] = (h1, ho)1
[ag(h1), ap(hy)] = [a} (1), a}(h)] =0
and for fermions
(CAR)  [ar(h),a}(h)], = (h1, ha)1
[ar(h1), ar ()], = [a}(h1), a}(h2)], =0
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Remark 55 1f an orthonormal basis {¢;};cs of ) is given the annihilation/creation

operators are determined by ai(*) i=a® (i) (the subscript F, B is erased when the
context is clear). In particular the number operator can be written as

N=> afa (10.11)

iel

We shall now detail some consequences of relations (CCR) and (CAR).

10.2.2 Bosons

First of all we remark that the Bargmann—Fock realization of quantum mechanics
for n particles is isomorphic to the bosonic Fock realization with h = C”.
Recall that we have seen in Chap. 1 that in the Bargmann space .% (C") we have

9
[s‘w —} =08k
¢k

i) = @uh) ()2

and an orthonormal basis

If {e;}1<j<n is the canonical basis of C", we get a unitary map ®p from .% (C")
onto % (C") by the property

¢B(¢z) = ¢B(eol1 ®eoc2 ® tee ®e(xk)

Note that @p(ey; ® ey, @ - -+ ® ey, ) is the symmetric tensor product of the €a;- We
have easily
L d -1 ¥ _ g 2 =]
aj=Pp—P5, a; =PpLjPy (10.12)
0¢;
which proved that bosonic Fock realization and Bargmann—Fock realization of
quantum mechanics are equivalent.

In quantum field theory the one particle space is usually the infinite dimensional
Hilbert space b = L?(R"). In physical applications it is convenient to consider field
operators depending on a point x € R” (each particle has n degree of freedom). They
are operator valued distributions on L>(R"). Let .%, be the bosonic Fock space:

7 @®brE)
k>0
with
0 k k
VL*([R")=C,  VL*(R")=@Q)L*(R")

N
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The subscript s indicates the symmetric tensor product. ®f L%(R") is the subspace
k
of ®k L?>(R"™) of symmetric functions on R” x R"---R". So VL*(R") is the k-
[N

k times
particles space for bosons.

Recall that a vector ¢ € %, is a sequence

v={v“},

k
of k-particle wavefunctions ¥ ® € v L?(R™). The scalar product in .%, of two func-
tions v, ¥p is given by

<w057 Wﬂ) = Z< (ik)7 wék)>L2(Rnk)

k=0

Recall that the state £2 ={1,0,...,0,...} is called the vacuum.
The creation and annihilation operators a*(x), a(x) are defined as operator-
distribution by

k
1
(@) PG = —= Y 8 —x v E DR (10.13)
Vi

(a(x)l//)(k)(xl, e X)) =Nk + ll/f(k'H)(x,xl, e, XE) (10.14)

where X  means that x; is absent.
The canonical commutation relations assume the form

[a(), a* ()] =8(x - y), [a(x),a(n)]=[a"(x),a* ()] =0

For f € L2(R") we recover the definitions:
a’(f)= /dx fx)a*(x) (10.15)

a(f) =/dx fx)a(x) (10.16)

The number operator N has the form

N:/dxa*(x)a(x) (10.17)

Later we shall consider the Hamiltonian of a bosons system with pairwise inter-
actions described by a potential V = V(x — y). V is supposed to be an even, real
function on R”. This Hamiltonian can be written as follows in the Fock space .%,
where we assume here that h = 1:

H= %/dx Va*(x) - Va(x) + %/dx dyV(x —y)a*(x)a*(y)a(y)a(x) (10.18)
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Formula (10.18) needs to be interpreted in the distribution sense. A direct computa-
tion shows that restriction H® of H to the k-particles space is, as expected:

1
H(k>=_E Z Aj+ Z V(x; —xj) (10.19)
1<j<k I<i<j<k
where

Aj=10 - ®18AR®1---®1
-1 k—j

and A; is the Laplace operator in variables x; € R".

Let us explain why representations (10.18) and (10.19) formally coincide. We
have to understand the meaning of the r.h.s. in (10.18). We have two terms, the first
is the kinetic energy the second is the potential energy. If Aisan operator in the one
particle space L>(R") its second quantization A can be written as

A= )" ej. Aer)a*(ej)aler) (10.20)
jokel

Iptroduce the distributions a*(x) and a(y) and the Schwartz integral kernel K 4 of
A, we have

Kalx,y) =) (ej, Aex)e;(x)er(y)
J.k

so we get

A :fdx dy Ks(x, y)a*(x)a(y)

In particular if K 4 is null outside the diagonal we can write

A =/dx A(x)a*(x)a(x)

where A(x) is some function or distribution depending in one particle variable.
In particular this is true if Aisa multiplication operator in LZ(R™). Its kernel is
Ka(x,y)=Ax)s(x —y). If A is a convolution operator (like Laplace operator) we
have the same interpretation using Fourier transform in variable x.

For the potential energy term we have the same interpretation with L2(R") re-
placed by L?(R" x R") = L2(R") v L2(R") and using that {e; V ex}; res is an or-
thonormal basis. V = V (x — y) acting as a multiplication operator in L%(R” x R™).
So we have the formal equality

/dx dya*(y)a*(x)V(x — y)a*(x)a* (y)a(x)a(y)

= Z (ej Ve, Viejr v ek/))a*(ej)a*(ek)a(ek/)a(ej/) (10.21)
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So we get a rigorous interpretation for (10.18) for H acting in the finite number
dense subspace Zo(L2(R™)). More assumptions will be needed later on V.

10.3 The Bosons Coherent States

As above, here we forget the subscript B, considering only bosons.

We want to extend for infinite number of bosons the coherent states already de-
fined for finite systems (Chap. 1).

The idea is the same: translate by Weyl operators the vacuum (the ground state
for coherent states of harmonic oscillator).

We first define the field operator (or Segal operator):

a(f)+a*(f)
(o] = — " 10.22
() NG feh ( )
Notice that if we define IT(f) = @ (i f) then we have
@ [ I1 o — il
o= 20 :;zl Dy (f)i\/% )

Lemma 65

(1) Forevery f €b, ®(f) is symmetric on the subspace Fy(h) and is essentially
self-adjoint.
(i) D(N'/2) is in the domain of ®(f) and for every y € DINY/?), f — @ (f)¥
is continuous on fy.
@iii) If ¥ € D(N) and f, g € b then we have for commutators:

[2(H), @@]v =i3(f.0)v

Proof The only non trivial statement is that @ (f) is essentially self-adjoint. Using
the Nelson criterium [162] it is enough to prove that each ¥ € .%((bh) is an analytic
vector for @ (f). This a consequence of the estimate

It follows that for every r > 0 we have

>SS e w® < oo
n!

n>0

O

The Weyl operators and their companion coherent states are defined as follows:
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Definition 22 For f < b we define the Weyl translation operators:

T(f)=exp(a*(f) —a(f)) = exp( / dx (f (x)a*(x) — f(x)a(x))) (10.23)

The coherent state ¥ () for every f € is then defined as

v (H=T(H22|

The bosonic coherent states have the following expression (analogue of an ex-
pression already given in Chap. 1 for finite systems of bosons):

Proposition 117 For every f € i we have

In particular the probability to have k particles in () is equal to eI/ I £/ k!,
where we recognize the Poisson law with mean || f I12.

Proof We give formal argument from which it is not difficult to supply rigorous
proofs.
One has the useful formula:

T(f)= e xp(a*(f))exp(—a(f)) (10.24)

since the commutator [a(f), a*(f)] = || f|I*> commutes with a(f), a*(f). We de-
duce

@, f®"
W (f)= Z 2= Z

k>0 k>()
where f®* is the Fock-vector {0, 0, ..., f®%,0,...}.

Let ;. be the orthogonal projector onto the k-particle space ®’S‘ bh. We have found

_L fok
(W (f))=e 2 —
W= 7
so the probability to have k particles in ¥ (f) is equal to | (¥ (f)]? =
2
P11kt =

The main properties of Weyl operators and coherent states are given in the fol-
lowing proposition.

Proposition 118 Ler f, g€ b.
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() T(f) is a unitary operator and one has
T =T '=T(f)
(ii) The Weyl operator satisfies the commutation relations:
T(f)T() =TT (f)exp(—2i3(f, 8)) =T (f + &) exp(~i3(f. g))
In particular we have
T(¥(f)=e & w(g+f)
(iii) We have
T*(Ha@T(f)=a(@ + (g /)L,  T*NHa*@T(f)=a*(e)+(f. &)1

(iv) The coherent states are eigenfunctions of the annihilation operators:

a(@¥(f)=(g. NHY(f)

(v) The expectation of the number operator N in the coherent state W (f) is

(). NE(H) =11

also we have for the variance:

(@ (), N2w () — (@ (), N () =11 fI?

(vi) The coherent states are normalized but not orthogonal to each other:

1
(W (), w()= exp<—5(||f —gl? =i, g>))

which implies that

1 2
(@ (). w(®) =eXP(—§||f —gll
(vil) The set of operators {T (f), f € b} is irreducible on F (h): the only bounded

operators B in F () commuting with T (f) for all f € F(§) are the scalar
B=A1,1eC.

In particular the set of coherent states {¥ (f), f € b} is total in F (h).
Proof Properties (i) to (ii) are left to the reader. For (iii) we compute
d
ET*(tf)a(g)T(tf) =T*@f)a(@).a*(N]|Tf) =T*f)[(g. T f)

and we get (iii) integrating in ¢ between 0 and 1. (iv) are (v) are consequences of (iii).
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For (vi) we write, using (10.24): T(f)$2 = e_%”f”e“*(f).Q. So we get

(T(HR.TR)=(2.T*(NHT()RN)
=(2,T(g— [HR)e38

— e 3le—fIPaiS(f8) (10.25)

Let us now prove (vii). Remark first that B commutes with @ (f) for every f € §
hence with a(f) and a*(f). In particular B commutes with the number opera-
tor N. Let {e;};e; be an orthonormal basis for b and a; = a(e;). Denote ¥y, .. =
(k! k)™ 172 (a*)kl (a*)k §2. This is an orthonormal basis for the Fock space
Q’B(h) with the obvious index set. Compute (Y, ..k, B¥j, ... j,). This is O if the

sets {k1, ..., kn}, {J1, ..., jm}are not equal. Finally we have, using CCR,
(l//il ,,,,, l,,’BWIl ..... > (.Q,a,-ln-a,'naf]-~a;';.Q)=(.Q,B.Q)

hence B = (2, B£2)1. O

The two following lemmas will be useful later. Let us introduce the operator
family (N)" = (1 + N?)"/2 for r € R.

Lemma 66 Foreveryr € Randevery f € b, (N)Y' T(f)(N)™" extends in a bounded
operator in the Fock space JB (h). In other words for every r > 0, T (f) is bounded
on the Hilbert space D({N)") for the norm ||/ ||, := |IN)" ¥ || .z, (p)-

Proof From the previous proposition (iii) we have
T*(/INT(f) =N+a(f) +a*(f) + /1’1 (10.26)

We prove the lemma for r = % It is not difficult by iteration and interpolation to
prove the result for every r.
We have

[N 2T (N2 | = (0, NPT DN T (N2

We can replace (N) by N, use (10.26) and Cauchy—Schwarz inequality to get
|27 ()2 < el O

Lemma 67 Leta € €' (R, h), t — a(t). Then T (a(1)) is strongly differentiable in
t from D(NY/?) to . (h). The derivative is given by

ZT(oz(r))=T(oz(t))[ @) —a(@) +id@-a)) (10.27)

d

where & = L
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Proof 1t is enough to compute the derivative for = 0. Using Lemma 10.3 the com-
putations can be done for ¥ € D({N) 1/2) In what follows ¥ will be omitted.
We have T («x(t)) — T («¢(0)) = T («¢(0))T*(x(0))(T (x(z)) — 1) and

T*(a(0)) T (a(t)) = T (ce(t) — a(0))e! M@
Using Duhamel formula on D(N'/2) we get

T(a(t) — @(0)) = 1+ 1(a*(¢(0)) — a(&(0))) + O(?)

hence
d
ET*(O{(O))T(O{([)) =a*(a(0)) — a(&(0)) + i (0), &(0))
t=0
The formula (10.27) follows. O

In the following section we shall study the mean-field behavior of large systems
of bosons with weak two particles interactions. For that purpose we introduce one

particle density operator I, 11(,1) for every ¥ € #(h), as follows. It is defined as a
sesquilinear form in §:

1
(f.8) W(lﬁ,a*(f)a(g)‘lf) =(f.T"g), fgeh

If h = L2(R3) the Schwartz kernel of Fq(,l) satisfies

1
riPex,y) = W(w, a*(0a(y)¥) (10.28)

Moreover if ¥ is a k-particle state then I, ll(,l) is the relative trace in h = L*(R") of
the projector |¥)(¥| and we have

(D) _ I / T~/
Iy (x,y)= /Rn(kil)xw(ki” dx'dy lI/(x ,x)lP(y ,y)

We shall be interested to considering the one particle density for ¥ (¢) being a time
evolution of a coherent state ¥ (¢p(t)), where pp(t) = s 2go(t), depending on a
small (semi-classical) parameter /. We call it F;.Elt). We shall see that, under some

conditions, Fé}t) converges in trace-norm operator to |¢(¢)){¢(t)| when i\ 0 where
¢(t) follows a classical evolution.

10.4 The Classical Limit for Large Systems of Bosons
10.4.1 Introduction

We have already considered the classical limit problem for systems with a finite
number of bosons in Chap. 1. It has been a natural question since the early days of
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quantum mechanics to compare the classical and quantum mechanical descriptions
of physical systems. One of the oldest and by now best known relation between the
two theories goes back to Ehrenfest [74]. This has been put on a firm mathemat-
ical bases by Hepp [113]. He proved that in the limit where the Planck constant
h! tends to zero, the matrix elements of quantum observables between suitable A-
dependent coherent states tend to the classical values evolving according to the ap-
propriate equation. Moreover he proved that the quantum mechanical fluctuations
evolve according to the equation obtained by linearizing the quantum mechanical
evolution around the classical solution. Hepp approach covers the case of quantum
mechanics (that we have studied in detail in Chap. 4) of boson field theories, both
relativistic and nonrelativistic, and more generally of all quantum theories which
can be expressed in terms of observables satisfying the Canonical Commutation
Relations (CCR). One is led to study a perturbation problem for the evolution of
a set of operators satisfying the CCR in a suitable representation. The small pa-
rameter which characterizes the perturbation theory is !/2. In the most favorable
cases this evolution is implemented by a unitary group of operators W (z,s). The
solution of the unperturbed problem is given by a unitary group Us(t, s), the in-
finitesimal generator of which is quadratic in the field operators and depends on
the classical solution around which one is considering the classical limit. The op-
erator Us(t, s) describes the evolution of the quantum fluctuations. Hepp’s result
consists of proving strong convergence of W(z,s) towards Ux(¢,s) when 7 goes
to zero. We shall explain the results obtained by Ginibre—Velo [86-88] to estimate
the error term in Hepp’s results. We also explain results obtained more recently by
Rodnianski—Schlein [168] using Hepp’s approach to get the convergence of the one
particle marginal for evolved coherent states towards a classical field. Note that this
result is somehow an extension to the quantum field context of the semi-classical ex-
pansion considered before in Chap. 4 for time evolution of Gaussian coherent states
for a fixed number of bosons.

10.4.2 Hepp’s Method

We follow here the presentation given in [87]. We start with the abstract setting of a
general Fock space .% (h) and an orthonormal basis {e¢;}ic; in b. I ={1,2,...,v},
v < 400. Recall that a; := a(e;).

So the system is described by the family of quantum operators a = (a;);c; satis-
fying the canonical commutation rules:

lai,a;1=0, [ai,a;f]z&;j

'In physics 7 is a constant equal to 1.055 x 1073* Js. As is usual in quantum mechanics we

consider here £ as an effective Planck constant obtained by scaling, for example 7 — J% where

m is the mass and i\ 0 means m /' 4-00.
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The variables ap, expected to have a classical limit are related to a by
ap=h"%a or arp(f) = hl/za(f), f€eh or aih =h'%q;.

Consider a self-adjoint Hamiltonian H in .% 5 (), suitably regular (for instance poly-
nomial in a*, a), with no explicit i-dependence:

H:ZC(nl,...,nk|m1,...,mg)(a;‘)”1 ...(aT)nka’lnl -d)t, C(ele)eC

In the Heisenberg picture the time evolution aj (¢) of ay, is given by the following
equation:

d
ihaah(t) =[an(t), H(ap)], an(0)=ap (10.29)

We want to relate the time dependent operators ap (¢) with a family of ~-independent
c-number variables:?

e ={ei (0},
which will appear to be the classical limits. ¢ (#) can be identified with a classical
trajectory in the Hilbert space b writing (1) = >, c; @i (t)e;.
We thus expand H in power series of aih - i, (aih)* — ¢; in a neighborhood of

¢, ¢
H(ap) = H(p) + Hi(ap — ¢) + Hy(ap — @) + H>3(ap — ) (10.30)

where the functions H;, H>, H>3 are polynomials in ap — ¢, a’g — ¢ with total
degree 1, 2 and >3, respectively, with time dependent coefficients. Defining

Hi(a) = [a, Hk(a)], k=1,2,>3
we see that H; are h-independent, that H{(a) is a c-number and that H} is linear in

a, a*. Equation (10.29) can be rewritten as

d .d
ih—-@ +ih—(an — @) = H{@p) + Hy@n — @) + H 3@n—¢)  (103D)

But we have Hl/ (ap) = hHl’ (a). So we choose ¢ to be a solution of the classical
evolution equation associated with Hamiltonian H, namely

d
iago = Hl/(a) (10.32)
We define
orn=h"2%

2 A c-number here is a family of time dependent complex numbers indexed by 7. It be can identified

with a vector in h. In the language of quantum mechanics c-numbers are the opposite of 1}51,),
operators in an Hilbert space.
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Then (10.31) becomes

d _
i~ (a—gn) = Hi@—gn) +h 2 HL (1@~ on))

Let us now introduce the Weyl operator for any («;);ers

T(a) = exp[z:(oz,-a;k — oz?‘a,-)} =exp(a*(@) —a(a)), wherea = Zaiei
iel iel
(10.33)
where we have chosen initial time s = 0 for solving equation (10.29). Recall that

T (o) are unitary and obey
T@)*aT () =a+«

Note that here we have chosen coordinates in h. If f = Zie ;oie; wehave T(f) =
T(x).
We define a new variable b(z) as

b(t) =T (pr(s))" (at) — @r()) T (¢n(s))

The initial value problem for (10.29) then reduces to finding a family b(z) of oper-
ators satisfying the (CCR) and the relations

b(0) =a
.d (10.34)
ib = Hj(b)+ h='/2H.(n'/*b)

Note that the second term in the right hand side of (10.34) is O (h'/?) since H;3 has
degree at least two. Therefore b(#) is expected to converge towards the solution of
the linearized equation

d
iab’ = Hj(b), b (O)=a (10.35)

which governs the quantum fluctuations around the classical equation. We introduce
the propagator U (¢, s) defined by the quadratic Hamiltonian H(¢):

d o
iEUZ(t,S)ZHZ(I)U2(t,S), U(Sﬂs):]l
So we have

b'(t) = Uy (t,0)*al,(t,0)

In the same way, the time evolution of operators b(¢) will be implemented by a
unitary group W (¢, s) such that

b(t) = W(t, 0)*aW (¢, 0)
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where W (¢, s) obeys the differential equation

Z%W(tvs) = {HZ(a)+h_l/2Hz3(hl/2a)}W(t7s)’ W(S,S) =1 (1036)

One has the following result, which is easily proved using Lemma 67.

Proposition 119 One has

W(t,s) = exp(ion(t, )) T (pr®))U — )T (¢r(5))
with
Ut —s) =exp|{—ili ' (t —s)H (ap)}

and

t
ontt.5) =7 [ de [ H(p(m) - Moo, Hi(ow)]

Therefore we have proven at least formally the following result:
Proposition 120

T (pn()) Ut — 5)*(als) — gn(D)U (¢ — )T (pr(s)) = W(t, 5)*a(s) Wz, s)

with U (t) and W (t, s) given by Proposition 119.

The difficult mathematical problem is to analyze the unitary propagators Ux(t, 5)
and W(t, s).

One has the following result (see [113]):

Let ¢(¢, x) be a solution of the classical equation (10.32) with initial data ¢ at
t =s.For f € L2(R") let us define

G0 = [ ax feod )
Similarly consider the solutions b’(¢) of the linearized problem (10.35). Let

BV =Y fibj@). iff=) fie

iel iel

As usual define the operator valued distributions (b")?(z, x) such that

W)t )= / dx F ) (V) (1, )

Here # denotes either nothing or .
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It is possible to apply the strategy described above to prove semi-classical limit
results for boson systems when £ \ 0. The Hamiltonian H is defined as

2
H= g/dx Va*(x)~Va(x)+%/dx dy V(x—y)a*(x)a*(y)a(y)a(x) (10.37)

Note that the limit /& \ 0 is equivalent to the mean-field limit N / +o0o considered
in [168] (N = A1) for the Hamiltonian

1 1
Hy =7 / dx Va*(x) - Va() + 3 f dxdyV(x = y)a*(x)a*(y)a(y)a(x)

(10.38)
Here we have

1
H{:—5A¢<x)+<o(x>/dy V= »lem)|’ (10.39)

so that one requires that the classical evolution ¢;(x) = ¢(¢, x) is a solution of the
Hartree equation:

d 1 )
i~ =—540 + 9 (V *ler]”) (10.40)

To state rigorous results some technical assumptions are needed for the potential V.
Recall the following definition (see [115] for more details). For simplicity we only
consider the case h = L2(RY).

Definition 23 A potential V (x), x € R? is called a Hardy potential if V is real and
there exists C > 0 such that

Vel 2@y < Cllollgigs. YoeH'(R) (10.41)

It is well known that if V(x) = ﬁ, ¢ € R then V is a Hardy potential (by the
usual Hardy inequality). Hardy class potentials included the Kato class potentials.
(see [115] for details).

The following proposition is a particular case of more general ones concerning
Hartree equation [88]. The following proposition is sketched in [168], Remark 1.3.
In [86—88] more refined results are given concerning solutions for Hartree equation
with singular potentials.

Proposition 121 Let V (x) be a Hardy potential. Let ¢y € H'(R?). Then equation
(10.40) has a unique solution ¢ € € (R, H'(R?)). Furthermore one has the property
of conservation of the L®-norm and of the energy:

ol = llwoll, VieR
E(p) =&E(po), VteR
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where
1 1
E(p) = 5||V<o||2 + z/dx dy V(x — »)|e@) [ lem ]

Proposition 122 Let V (x) be an even Hardy potential. Assume that the initial data
for the Hartree equation satisfy ¢; € H'(R?). Then one has for |t —s| < T:

(i) The Hamiltonian H is essentially self-adjoint on the dense subspace % o of the
finite particle states with compact supported Fourier transform. In particular
the time evolutions U (t), Ua(t, s) and W (¢, s) are well defined and are unitary
operators in the Fock space Fp (LZ(R3)).

(i) We have the following limit result for the fluctuation operator around the clas-
sical solution ¢(t):

s— lim W(t,5) =Ua(t,5) (10.42)
(ili) One also has
s — lim T(pn)*U(t — )" exp[(a*(f) = Pr(f. 1)) —h.c.]JUt = )T (pp)
=exp[(¥')"(f.r) = b/ (f*.1)] (10.43)
where pp =12 .

Proof This proposition is essentially due to Hepp [113].

It is well known that for every k € N, H is essentially self-adjoint in f/LZ(R3) SO
we find that H is essentially self-adjoint.

(ii) is proved with Duhamel formula and the following weight estimate for
U»(t, s) proved in [87]. In this case the generator H, of U (z, s) is given by

1 1
H = E/dx Va*(x) - Va(x) + Efdxdy Vix —y)|90t(y)|za*(X)a(X)

1
+ 3 / dxdy ¢;(x)V(x — y)|@ (y)|2a*(X)a(y) +L*+L (10.44)
where

1
L=3 / dxdy @ (x)V (x = )@ (y)a(x)a(y) (10.45)

Lemma 68 For every § > 0 and every T > 0 there exists C(8, T) such that
[(NY U2, )(N) 2| <C(8,T), forlt—s|<T (10.46)

The Duhamel formula gives

t
W(t,s):Uz(t,s)—i/ W(t,7)(h'/? Hs(z, a) + hHa(a))Ua(t, s)dT  (10.47)
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where H3(t,a) = A3(t) + A3(¢)* and

Az(t) = /dy dx V(x — y)@ (x)a* (y)a(y)a(x) (10.48)
and
Hy = /dy dx V(x — y)a*(x)a* (y)a(y)a(x) (10.49)

Using that .% ¢ is dense in .% (L?(R?)) and that W(t, s) is unitary in .% (L*(R?)),
it is enough to prove that

%im0 W(t, s)¥ =Us(t,s)¥, forevery ¥ € .%o (10.50)

This result is proved using (10.47), (10.48), (10.49), assumptions on V and ¢ and
standard estimates.
(iii) is proven using Proposition 120 and (i). O

Corollary 28 Let A be a smooth and bounded function of a and a (see [19]). Then
we have the following semi-classical limit evolution for quantum expectations in
coherent states:

%ig})(U(t)lIf(rpn), U)A(a— ¢n,a* — @r)U ()W (0p))
=(2, A(b'(1),b'(1)*)£2) (10.51)

where b'(t) = Us(t, 0)*aUx (¢, 0) is the linear evolution at the classical evolution
@().

Remark 56 In [88] the authors proved a full asymptotic expansion in /!/? for a
dense subset of states 1. We shall see later that we have a better result if V is
bounded.

10.4.3 Remainder Estimates in the Hepp Method

Hepp method was revisited by Ginibre—Velo [88, 89] to extend it to singular poten-
tial and to get quantum correction in / at any order. The spirit of the works of [88,
89] is to exploit the differential equation (10.36) (and the formula (10.47)) to write
a Dyson series expansion for W (z, s). The authors obtain a power series in /!/? and
study its analyticity properties in « := !/2. For bounded potentials V this series can
be shown to be Borel summable in vector norm when applied to fixed h-independent
vectors taken from a suitable dense set including coherent states. The potential V is
also assumed to be stable, which means that there exists a constant B > 0 such that

Hi+BN>0 (10.52)
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(N is the number operator (10.17)).

Roughly speaking it means that the potential is sufficiently repulsive near the
origin if attractive somewhere else. More explicitly we can find in [171] a sufficient
condition of stability for a potential V. Hy has the following expression:

H) Oty o) =) Vi —xp O
i<j
Let V be such that
Vix) > gol(lxl), for |x| <r
(10.53)
Vix) > —<p2(|x|), for |x| >rp

where @1, ¢ are positive decreasing on 0, r{[, [r2, +00[, respectively, and for some
v > 3 we have

/m(t)t”‘ldr = 400, /(pz(t)t”_ldt < 400

Then V is stable ([171], Proposition 3.2.8).
Remark that the stability condition is a restriction on the negative part of V.
Before to state the summability result let us recall some definitions concerning
asymptotic series.
Consider a formal power complex series (k) =Y jeN@ K.
Definition 24

(i) f*is a Gevrey series of order 1/s, s > 0, if there exist C > 0, p > 0 such that
ol <Cp/ (Y, VjeN (10.54)

(ii) The s-Borel transform of the Gevrey series f is defined as

Bfm)=)_

jeN

_ Y i (10.55)
ra+1)

where the series converges for t € C, |t < p~ L.

(iii) The Gevrey series f is said Borel s-summable if

(iii); its s-Borel transform Z; f has an analytic extension to a neighborhood
of the positive real axis,
(iii), the following integral:

o0 unNs
/ du B f(wyu' e~
0

converges for 0 < k < k.
If this holds then we say that f* has a s-Borel sum f(«) defined by

s

f)y=sk"* / du By f (wyu® e (10.56)
0
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Remark 57

(1) For s =1 the above definition corresponds to the usual Borel summability.
(i1) At the formal level, formula (10.56) is easy to check using definition of I”
function and changes of variables.
(i) (jNI/* and I'(1 + %) have the same order as j — as a consequence of the
Stirling formula

ra +u)=¢2nu<g) (140(1)) asu— +oo.

We state now a sufficient condition for Borel summability due to Watson, Nevan-
linna and Sokal (see [161, 180] and references with extension to any s > 0).

Theorem 46 Let f be an holomorphic function in the complex domain Dg g :=
{k € C, Nk~ > R~} for some s > 0. Assume that there exist C > 0, p > 0 such
that in this domain we have

‘f(/c) - Y ajk

0<j<N

<cpN NS |V (10.57)

Then the power series Y jeN® j/cj is s-Borel summable and its s-Borel sum is equal
to f (k) in Dy g.

In particular on the interval 10, ko], f(x) is uniquely determined by its asymp-
totic expansion.

Remark 58 Estimate (10.57) on the interval ]0, k] entails that f (k) is determined
by its asymptotic expansion up to an exponentially small error like e~ " ¢ > 0.
This is easily seen by stopping the series at the order N ~ KS—S with § small enough.
Adding an analytic condition in a suitable domain as in the above theorem erase this
error term so that f(«) is uniquely determined.

The following result gives an accurate asymptotic description for the quantum
fluctuation operator W (¢, s), improving Proposition 122.

Theorem 47 Let V be stable and bounded potential. Let ¢ € C(R, L2(R3)) be a
solution of Hartree equation (10.40). Let B > 0 and @ € 2(exp(BN)). Then there
exists 0 > 0 such that forall s,t e R, t > s such thatt —s <6, W(t, s)® is analytic
in K in the sector —% < Argik <0, |z| small and has an asymptotic expansion at
k = 0 which is 2-Borel summable to W (¢t, s)® itself. The constant 6 depends on 'V,
B, ¢ but can be taken independent of B and uniformin 'V for ||V || and B bounded,

and uniform in ¢ for ||¢|| bounded.

Proof We only give here the main steps for the proof. We refer to the paper [88] for
a detailed proof.
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A first step is to consider the Duhamel formula (10.47). By iterating it we get
a Dyson series. Then by reordering the Dyson series we get a formal power series
in h!/%;

Wt s) =Y hIPWi(t,s) (10.58)
jeN

where the coefficient W; (¢, s) are operators. Wy (z, s) = Ux(t, s).

In a second step, 2-Gevrey type estimates® are obtained for W;(t,s)® where
@ € 2(efN), £ > 0 (Proposition 3.1 in [88]).

In a third step it is proved that W (z, s)® has an analytic expansion in « := h!/2
in a domain like D, . Here the stability condition is used.

The last step consists of estimating the remainder term of the asymptotic expan-
sion of W (t, s)¥ in « small. To do that the Dyson series expansion is performed in
two steps, introducing an auxiliary evolution operator Uy (¢, s) obeying

d
i Ut s) = (Ha(1) + hHa)Ua(t, s)
Then if U;(¢, s) is the propagator for H>(¢) (which describes the evolution of the
quantum fluctuations), one has

t
U4(t,S)=U2(t,S)—i/ dt Ux(t, T1)hH4U4(7, 5)
t
W(t,s)=U4(t,s)—i/ dt Us(t, DR >HyW (2, 5)
N

Then it can be proved that the series ) h//2W(t, s)® is 2-Borel summable and
its 2-Borel sum is W (¢, s)®. O

Using similar methods the case of unbounded potentials has been considered in
[89]. The authors obtain the same analyticity domain as in [88] of W (¢, s) with
respect to x = /i!/? and see that the series is still asymptotic (in the Poincaré sense)
and Gevrey of order 2. It is not known that the series is still 2-Borel summable
for singular potentials. Note that Z(exp(8N)) contains the coherent states ¥ ( f),
f e L?>(R3).

10.4.4 Time Evolution of Coherent States

We have seen that Hepp’s method concerns the quantum fluctuations in a neighbor-
hood of a classical trajectory. It does not give information on the quantum motion

3Notions of Borel summability have been defined before for complex valued series, extension to
vector valued series is straightforward.
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itself, in particular when the initial state is a coherent state. In Chap. 4 this problem
was considered for finite boson systems. Our goal here is to explain an extension of
this result for large systems of bosons, following the paper [168].

According to the previous section one has to study the evolution operator U(¢) =
e~"Hn! ggsociated with the Hamiltonian

1 h
H= 3 / dx Va*(x)-Va(x) + 3 / dxdyV(x —y)a*(x)a*(y)a(y)a(x)
by the evolution equation
4 U@) =HU®)
11— =
dt

and apply it to the coherent state ¥ (fi~'/2¢) where ¢ = i™'/%¢, ¢ is a solution
of the Hartree equation (10.40). By definition the Hamiltonian H leaves sectors

k
v L%(R?) with fixed number of particles invariant. One thus have

U®*NU(t)=N (10.59)

’lt) (defined at the end of Sect. 10.3) is the marginal

operator in the one particle space L*(R?) deduced from the quantum evolution
U(@)¥ (pr) of the coherent state ¥ (¢p). Recall that in an Hilbert space b the trace-
norm of an operator A is defined as || A|r = +/Tr(A*A) (see Chap. 1).

One has the following result. 1}2

Theorem 48 Suppose that V is a Hardy potential (see (10.41). Then there exist
constants C, K > 0 (only depending on the H'(R>) norm of ¢ and on C) such that

|5 =l @ |4, < CheX’, 1eR (10.60)

@y is the solution of Hartree equation (10.40) at time t with || ¢o|| = 1.

Proof We shall give here the main ideas of the proof. The details are in the paper
[168].

We now write the function FFE,II) (x,y) using (10.28). One has to calculate the
denominator:

(U@ (9n) 2, NU (1) (91) 2)
Using (10.59) we are left with

(¥ (or) 2, Ny (91)£2)

We now use the translation property of the Weyl operator:

T (pn)*NT (pn) = / dx (a*(x) = gn(x)) (a(x) — pn(x)) (10.61)
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But using that a(x) 2 = 0 we see that the expectation value of (10.61) in the vacuum
simply equals

M lg)> = h!

Therefore Félt) (x, y) has the following decomposition:

e, y)
=h(2, T(h )" U®)*a* »ax)UMT (h?p)2)
=@ (Mo (x) + W 2G(0)(2. T(or)* U (1)* (a(x) — 01 1(0)) U (O T (91)$2)
+ 120, ()2, T (9r) U (0)* (a*(x) — 0.5 (1)) T (91) £2)
+1{2, T (er)* U0 *(a* ) — @.s(M) (a(x) — @1, ) U T (¢p)$2)

Now we use the fact demonstrated in the previous section that

T (s, 1) U0 (a(x) = @ n(0))U DT (p5,0) = W (2, ) a(x)W(t, 5)

Thus we get the equality between the two kernels:

Iy 6, ) = 0@ () = h{2, W(t,00*a* (1a(x) W (t, 0)2)
+ W2 (x)(2, W(t, 0)*a* ()W (t,0)2)
+ R, (R, W, 0 a(x)W (1, 002)  (10.62)

It is remarked in [168] that here it is enough to estimate the Hilbert—Schmidt norm
of Fh(lt) — |¢z) (¢ instead of its trace-norm. So the main technical part of the paper

[168] is to show that the L? norm in (x, y) of the right hand side of (10.62) is
bounded above by CheX’, using suitable approximation of the dynamics W (z, s).
Asin [88, 89] W (, s) is compared with the dynamics Uy (¢, s) generated by H (t) +
hHy (without the H3(f) term), namely

i%U4([,S) = (Hz(t) + hH4)U4(Z, s)

In [168] the following lemmas are proven.
Lemma 69 One has

[(W(t,0) — Us(t,0)) 2| < CH'/2eX!

Lemma 70

(W(t,002,NW(r,0)2) < CeX!
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Now, introducing Uy (¢, s), the right hand side of (10.62) is rewritten as
I, y) = e(0)@ ()
=n{2, W(t, 0" a*(y)a(x)W(t, 0)2)
+ 120, (x) ({2, W(t,0)*a* (») (W (2, 0) — Ua(t, 0))£2)
+(2, (W(t,00* — Us(r,0)*)a* (»)Us(t, 0)*$2))

+ 0 2@ ((2. W, ) a(x)(W(t, 5) — Us(t, ) 2)
+ (2, (W, )" — Us(t, $)*)a(x)Us(t, 5)82)) (10.63)

where we use that Uy (¢, s) preserves the parity of the number of particles:
(2. Ua(t, ) a* (1) Us(t, $)2) = (2. Us(t. )" a(x)Us (1,5)2) =0

Then we get from Lemmas 69 and 70 the Hilbert—Schmidt estimate
_ 2
[, avay e — e wamP <crtet, vizo
R3xR3 ’

Remark 59 In [43] the authors have extended the previous result to the case of
arbitrary factorized initial data.






Chapter 11
Fermionic Coherent States

Abstract This chapter is an introduction to some computation techniques for
fermionic states. After defining Grassmann algebras it is possible to get a classi-
cal analogue for the fermionic degrees of freedom in a quantum system. Following
the basic work of Berezin (The Method of Second Quantization, 1966; Introduction
to Superanalysis, 1987), we show that we can compute with Grassmann numbers as
we do with complex numbers: derivation, integration, Fourier transform. After that
we show that we have quantization formula for fermionic observables. In particular
there exists a Moyal product formula. As an application we consider explicit com-
putations for propagators with quadratic Hamiltonians in annihilation and creation
operators.

11.1 Introduction

We have seen in the Chapter on Bosons that relations (CCR) can be realized with
real or complex numbers. We see here that anti-commutation relations (CAR) need
to introduce a new kind of number, nilpotent, called a Grassmann number. In some
sense, nilpotence is classically equivalent to the Pauli exclusion principle which
characterize fermions. This appears to be strange from a physicist point of view be-
cause Pauli exclusion principle is a purely quantum property, without classical ana-
logue. Nevertheless such a mathematical model exists. Even if “classical fermions”
do not exist in Nature, they are a convenient mathematical tool for computations and
allow to put on the same footing bosons and fermions. This is important to elabo-
rate supersymmetric models which will be considered in more details in the next
Chapter.

Our main goal here is to introduce fermionic coherent states and to describe their
properties. The main difference from the bosonic case considered in Chap. 1 is that
we have to replace complex numbers by Grassmann numbers. So the constructions
have to be revisited with some care. So we shall study in more details Grassmann al-
gebras and we shall see that many properties and constructions well known for usual
numbers can be extended to Grassmann algebras. Our construction of fermionic co-
herent states mainly follows the paper [37]. We also consider in more details the
propagation of Fermions for quadratic evolutions.

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 311
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_11, © Springer Science+Business Media B.V. 2012
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In [21] (see the book [156], Chap. 9) the author introduced Fermionic coherent
states from another point of view, without Grassmann algebras. He have considered
an irreducible representation of the rotation group SO(2n, R) (for a system of n
fermions) called the spin representation. We shall see that the two point of views are
mathematically equivalent.

11.2 From Fermionic Fock Spaces to Grassmann Algebras

It follows from the Chapter on bosons that the fermionic Fock space is the Hilbert
space Fr(h) = Py AKp, where b is the one fermion space and Al is the anti-
symmetric tensor spanned by the states

1
E ExPnl @ Vn2 ® -+ X Vg, %EU
‘reSy;

The annihilation and creation operators a(f), a*(f) are bounded operators in
Zr(h). This is a consequence of the Canonical Anti-commutation Relation

a(fa*(f2) +a*(foa(f) = (fi, f2)1. (1L.1)

Let us begin with an explicit model to realize CAR relations (11.1) which is called
the spin model.
We start with 5% = C2? and the matrices

o — 0 1 {0 0
+=\o 0o)0 227\ o)
So we have (CAR) fora =0_ and a* = o

2 2
[o4,0_]+ =1>, oy =0-=0.

This is a model for one state spin. We have the number operator N = a*a = ((1) g)

and the ground state is eg = (?)
We get a model for n spin states in the Hilbert space .#% = (C?)®" = C?". The
annihilation and creation operators are
a4 =03Q 03041, ®---Q1y,
k—1 n—k
a=03Q@ - 03@1*xQL,® - ®1,.
——— ———

o ———’

n—k

The ground state is here 20 =ep ® - - - ® eg.
—————
n
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This model is unitary equivalent to the fermionic Fock model with h = C". We
have

Hr=CoC" @ (A’C") @& (A"C").

Notice that dim(7%) = 2".
Let us give now some specific properties for the general fermionic Fock model
(for detailed proofs see [33]).

Proposition 123
(1) Forevery f €b,a(f) and a*(f) are bounded operators in Fr(h):

la(H)| = a“H|=1fI. Yfeb. (11.2)

(2) Let {g;}jecj be an orthonormal basis for by. The family of states defined as

Vit jr s =@ (@j)--a*(9;)2, jreld, n=0,

is an orthonormal basis for Fr(h).
(3) If T is a bounded operator in Fr () commuting with all the operators a(f)
and a*(g), f, g € b, then T = A1 for some A € C.

Property (3) of the proposition means that the Fock representation for Fermion is
irreducible.

When the system has n identical particles the creation/annihilation operators are
denoted a;*) =a®(p;), 1<j<n.

A natural problem is to represent the commutation relations (CAR) with deriva-
tive and multiplication operators as can be done for (CCR) with ¢ and dd—q or in
the Fock—Bargmann representation (see Chap. 1). In other words we would like to
represent anti-commutation relations like

0 0
—04+0—=1. 11.3
a0 + a6 (1.3

This is not possible in the naive sense. This problem is equivalent to build a classical
analogue for Fermionic observables. In order to satisfy (11.3) it is necessary to re-
place the usual real or complex numbers by Grassmann variables as was discovered
by Berezin [22]. Let us define the Grassmann algebras.

Definition 25 The Grassmann algebra ¢, with n generators {61, ..., 6,} is an alge-
bra, with unit 1, a product and a K-linear space (K =R or K = C) such that

0,0 +60:0, =0, Vjk=1,...,n

and every g € ¢, can be written as

g=co(®)+ Y Chrone (@0 O (11.4)

where co(g) and ¢},

,,,,,
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This definition has some direct algebraic consequences given below and easy to
prove

1. In equality (11.4) the decomposition is not unique. We get a unique decomposi-
tion if we add in the sum the condition j; < jp < --- < ji. So we get a basis of
G, {0, ---0ji, J1 < jo <--- jk; 1 = k > n} and its dimension is 2".

It is sometimes convenient to introduce &[n] = {0, 1}*, ¢ = (e1,...,&,)
where & = 0,1, and 6° = 6" ---6,". So the above basis can be written as
{6°,¢ € &[nl}. |e| := €1 + - - + &, is the number of fermionic states occupied.
In particular (11.4) can be written as

g= D cl®)f’ (11.5)
e€én)

2. g €%, is invertible if and only if cy(g) # 0.

3. Equality (11.4) can be interpreted as a generating function for fermionic states
where cj, . ;. (g) are the coefficients of a states in the basis {y}, j,
Proposition 123.

4. Derivatives are defined as follows. If g € ¢, we have g = g9 + 6, g1 where g

and g; are independent on 6;. So we define the (left derivative)

,,,,,

8g_

20 =81

We also a right derivative denoted ga%j and defined by writing g = go + £20;,

where go and g, are 0;-independent, so g =: g%.
J
5. We have (CAR) relations

0 4
—. 0 =6k, 11.6
I:aej k:|+ j.k ( )

where ék is left multiplication by 6y in &, and [e] is the anti-commutator in ¥, :

[f.gl+=fg+gf.

Let us remark that (11.6) are analogue for fermions of the commutation rela-
tion for bosons in the holomorphic representation (see Chap. 1).

It is possible to write the relations (CAR) in a real form. For a finite system we
introduce the self-adjoint operators:

~ R ~
sz\/;(ap)j—i—a;’j), Pj:i_l E(ap)j—a;’j). 11.7)
So (11.6) is transformed in
[0). O], =[Pj. P], =h8;41[Q). B], =0, 1<j k=n. (11.8)

Equation (11.8) can be compared to the relations (CCR): anti-commutators replace
commutator. We have seen in Chap. 1 that (CCR) is a representation of the Weyl—



11.3 Integration on Grassmann Algebra 315

Heisenberg Lie algebra. (CAR) (11.8) is a representation of the Clifford algebra
CI1(R"™) which is defined below.

Definition 26 Let @ be a symmetric bilinear form on a linear space V (over K =R
or C). The Clifford algebra is the associative algebra with unit 1 denoted, C1(V, @),
generated by V and such that for every u, v in V we have

u-v+v-u=ow,v)-1. (11.9)

Taking V = R" with the canonical basis {ex}1<k<, and @ the usual scalar product
the Clifford algebra CI(R") is the algebra defined by the relations

ej-ep+e-ej=38j. (11.10)

Hence we see that the anti-commutation relations (11.8) for 2 = 1 define a repre-
sentations of the Clifford algebra CI(R*") as the commutation relations (CAR) are
a representation of the Weyl—Heisenberg algebra. We shall see later that CI(R??) is
not a Lie algebra but a graded Lie algebra or super-Lie algebra.

On the other side the representation (11.6) of (CAR) is equivalent to the repre-
sentation given in Proposition 123.

Proposition 124 Let us consider a system of n identical fermions (h = C"). The
linear map @ from Fr(C") onto 9, is defined by

SWji,...ji) =0j 0.

We have

A 9
aj=®"'0;®, and a,:qr‘ﬁqb. (11.11)
J

11.3 Integration on Grassmann Algebra

The construction follows the bosonic construction with the important difference that
complex numbers are replaced by Grassmann variables, which are anti-commuting.
In particular the classical-quantum correspondence has many differences from the
bosonic case. The main tool is derivation-integration over Grassmann variables in-
troduced by Berezin and which can appear to be sometimes strange. But it is the
right algebra to preserve similarities with Bosons and to have a classical analogue
of Fermions.

11.3.1 More Properties on Grassmann Algebras

A Grassmann algebra can be defined on a field K = R or K = C. The Grassmann
algebra with n generators {61, ..., 6,} will be denoted ¥, or K[0y, ..., 6,].
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In applications, we have to replace K itself by a Grassmann algebra ¥, :=
K[¢1, ..., ¢m] where [¢;, &kl+ = 0. In this case we shall consider the right ¢,-
module: 4,,[01,...,6,] with generators {01, ...,6,}. It will be sometimes de-
noted ¢

More explicitly a generic element g of " can be written as

8= Z 6[1"'0ik'ci1~~~ikv

Iy <-ig
where ¢;,...;; € K[, ..., ¢ ]. Multiplication of a vector v in ¥ :=%,(01, ..., 6,]
by a Grassmann number A € ¥, is v - A where - is multiplication in K[6y, ..., 6,,
{1, .-+, &m]. We also have a left multiplication A - v which may be different from

VA

Recall here that this rule is important because Grassmann algebras are not com-
mutative.

Because of properties of Grassmann variables, it is suitable to introduce the index
set &[n] ={0,1}". So if ¢ € &[n] then & = (¢1,...,&,) where &; =0, 1. Let us
denote 6¢ = 6;" ---6,". So the (right)-module ¢ has a basis {6°}.cs[n]-

The parity operator is also very useful; it is the linear operator defined by P(6°) =
(—1)19¢ where |¢| = &1 + - - - £,. So we have the direct sum decomposition

G =G 0G
whereP=1o0n%", andP=—-1on¥" .

Elements in ¢;", are said even and elements in &," _ are said odd.

Let A be a linear operator in ¢ :=¢". A is said even if A and P commute:
[A,P] = 0. In other words that means that A has the following matrix representa-

tion:
_(Ay O
=( 1)

where A4 : ¥, + — ¥, +. The following lemmas are useful in computations.
Lemma 71 Even elements commute with every element: if € 4", and ¢ € 4"
then Yo = .

Odd elements anti-commute: if Yy € 4" and ¢ € 9,"_ then we have [/, 94 =
vo+oey=0

Proof Exercise. O

The Leibnitz rule for derivative of products depends on parity:

9 9 9
a_ek(W) = (Pw)(a—@f) + <%w>¢. (11.12)
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If f is a smooth function around 0 and ¢ a Grassmann algebra we can define
f () for every ¥ € ¢ by the Taylor formula

0
f(w)=2fk( Ly,

|
keN ’

We remark that the sum is finite because ¥* = 0 if k > n. In particular if § =
@1,...,60), v =1, ..., ¥n) are 2n Grassmann generators then e is well defined

where 0 -y = 1 <, Ok Vk-
Lemma 72 Ifk > 2 we have

01676 = (=D OG0 -6y, (11.13)
where

{1 ifk=2,3 mod(4)
u(k) = (11.14)
0 ifk=0,1mod4)

STV =140-y+ Y (=16 (11.15)
e€&nl,le|>2

where the integer v(¢) is defined as follows:

1 ifle|=2 4
v(s):! ¥ le] =2, 3 mod(4) (11.16)

0 ifle|=0,1mod(4)

Proof Equation (11.13) is true for k = 1, 2. We get the general case by induction on
k using Lemma 71.
(11.15) is proved by induction on n using the identity

7= ] =[] a+aw.

1<k<n I<k<n t

11.3.2 Calculus with Grassmann Numbers

We have already defined derivatives in Grassmann algebras in the previous section.
To preserve analogy with bosons it is useful to define integration in Grassmann
variables.

Definition 27 Consider a Grassmann algebra ¢, with generators {6y, ..., 6,}.
Lety €%, and 1 < ji,..., jx <n.
[ dbj, ---db;, €9, is defined by the following properties.
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@) Y [¥dbj ---dbj €%, is linear

(i) [dO;=0,¥j=1,....n.

(i) [0;d6) =54, V] k.

(iv) [d6;d6 =0, V], k.

V) [ S @)pOr) db;dor = [V(0;)db; [ ¢6k)dox, V), k

We see that for fermions integration coincides with differentiation; we easily find
/wdé" do;, = 0 0 AC On) 11.17)
i i = 39jk 39]', 1s---56n). .

This formula will be used to compute integrals.

Lemma 73 (Change of variables) Let A be a real invertible n x n matrix (A may
have its coefficient in a Grassmann algebra such that A is even and invertible). Then
we have

/w(AG)dézdet(A)/lp(G)dO. (11.18)

Proof If ' = 0 A we have
=Y 0jAjx
1<j<n

Using definition of determinant we get

6 -0 =6,---6,(det A).

n
But we have f Y dO =q,...1) where Y1, .. 1) is the component of ¥ in its expan-
sion Y (0) = Zaeg[n] 0¢y.. Hence we deduce (11.18). O

From the Leibnitz rule we deduce an integration by parts the formula:

oY . g\
/<@> de dG_/P¢<89k)d9 do. (11.19)

Remark on notation: here d0* d means [, ;, df7 d6 . Sometimes it will be de-
noted d%6.

11.3.3 Gaussian Integrals

In order to preserve analogy with the Bargmann—Fock realization with holomorphic
states (see Chap.1) we need to have a complex structure on our Grassmann algebra.
So we consider the Grassmann algebra %, with generators {01, ..., 6;; 9{‘, .05
In %, we can define a complex anti- linear involution such that 6 > ;. We impose
that ¢ — ¢* is R-linear and satisfies
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(1) (za)* =za™*if z € C and « is a generator
(i) (aB)* = B*a* for every a, B € %,

Let us denote 6* = (07, ..., 6). The Grassmann algebra %, with its complex struc-
ture will be denoted ¥
Integration on ¢ is defined as follows:

/wdé’d@* = f Y dodoy ---d6, do;.
We have the following property.

Lemma 74 The integral [ d9 d6* is invariant under unitary change of variable:
0=Uc¢,U e SU(n). So we have

/wwe*:/w(ﬁg, Ug)dede™.

Proof From the proof of the change of variable lemma we have 6, ---6; =
(detU)¢&, - - - ¢1. Then we get

0700701 = (5L £ 81 )detUdetU = ¢, ¢, - 100
The lemma follows. O

Proposition 125 Let B be a n x n Hermitian matrix. Then we have
/e*‘)*“” do* - do = det B. (11.20)

Proof There exists a unitary matrix U such that U BU* = D where D is the diago-
nal matrix D = (by, ..., b,). Using the change of variables n = U8 we get

/6—9*-30 do* - do = / e Dn dn* -dn= 1_[ /efbjnj'n-" dnjf dnj =detB.
1<j<n 0

We can extend the above proposition to more general Gaussian integrals.

Proposition 126 Let C[y, y*] be an other copy of the complex Grassmann algebra
9¢ and B a n x n Hermitian matrix. Then we have

/e“)*‘B"eV*‘“G*'V do* - do = (det Bye? "BV (11.21)

Proof As in the proof of Proposition 125 we begin by a unitary change of variable
to diagonalize B. Then we get the result after some computations (reduction to the
case n = 1) left to the reader. O

Another useful Gaussian integral computation is
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Proposition 127 Let us consider a quadratic form in (y, y™*):

1
@(y,y*): 5()/.K)/—}-y*.L)/*—}—Zy*.M)/),

where K, L are anti-symmetric matrices. So the following matrix A of ® is anti-

symmetric:
K -MT
a=(3 ).

Assume A is non-degenerate. Then we have the Fourier transform result
/eq’(y*y*)ey*f—f*‘y dy*dy =Pf Ae® V¢, (11.22)

where Pf A is the Pfaffian of A and @~V is the quadratic form with the matrix A™'.

Proof For £ =0 it is well known that the integral is equal to Pf A which is the
Pfaffian of A (see [207]). Recall that Pf A% = det A.

Then by a usual trick we can eliminate the linear terms in the integral. We do that
by performing a change of Grassmann variables y =6 — ag, y* =¢ — . 6 and
¢ are new Grassmann integration variables (not necessarily conjugated) and o, B¢
are computed such that the linear terms are eliminated. So we find

()= ()

The formula (11.22) follows. U

11.4 Super-Hilbert Spaces and Operators

As in the bosonic case we want to find a space to represent fermionic states as
functions in some L>-space.

11.4.1 A Space for Fermionic States

Let us define 7™ the subspace of %, of holomorphic functions in 6 =
O@1,...,6,). ¢ € ™ means %wzoforlgkfn.
k

™ is a complex vector space of dimension n with the basis {6¢, & € &[n]}.
Moreover ™ is a Hilbert space for the scalar product

(Y, 0) = / e 0y (0)*(0) dO do*
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and {0%, e € &[n]} is an orthonormal basis. We shall denote e.(0) = 6° for ¢ €
&[n]. The space ™ has dimension 2" over C and is isomorphic to the Fock

space %én).

Remark 60 The notation * for the complex involution is sometimes replaced by
the more suggestive notation ¥ which may be sometimes confusing.

The creation/annihilation operators in .72 are
9
(@) ©) =0;v(6), a,/lﬂ(9)=£1/f(9).
J

They satisfy anti-commutation rules (CAR) and a;; is the hermitian adjoint of a; for
every 1 <k <n.

The Hilbert space .™ is not large enough to represent Fermionic states and to
compute with them. As usual in Grassmann calculus we need to add new Grassmann
generators (y, ¥*), ¥ = (¥1, ..., va). Let us denote Iy :=C[y, y*].

As above we introduce 7™ the sub-Grassmann algebra of 4¢ ® IS of holo-
morphic elements in 6.

2™ will be seen as a module! over the algebra I < with basis {6°, ¢ € &[n]}.
™ is a kind of linear space where the complex field number is replaced by the
Grassmann algebra numbers: I . The following operations make sense because
they are well defined in ¢¢ @ I';¢, with usual properties easy to state: if {r, ¢ € AW,
rely,theny +¢e ™ and AP, A e ™ In particular every ¥ € S™ can
be decomposed as

Y=Y 0cy),
ceén)
where ¢, (V) € I'Y.

The scalar product in .77 can be extended as a sesquilinear form to A by
the formula

(¥, @) I=/1/f(6’)*<p(9)ee*‘9 do do*

but now (¥, @) is a Grassmann number in I,y and not always a complex number. The
map (¥, ¢) — (¥, ) has usual properties: it is sesquilinear and non negative. But
it is degenerate and only its restriction to the Hilbert space .7#" is non-degenerate.
Here we do not use the general theory of super-space, on our examples direct com-
putations can be done (see the book [62] for more details concerning super-Hilbert
spaces).

Let us remark that every linear operator in .77 can be extended as a linear
operator in ™ In particular the parity operator P in variables 6 is well defined.

'A module over some ring or algebra is like a linear space where the field number R or C is
replaced by a ring or an algebra (see any textbook in advanced algebra).
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As a first application let us consider the Fermionic Dirac distribution at 6. It is
not difficult to establish the following identity for every y € 2 ™:

Ve = / Y()e O ay* dy. (11.23)
In other words the identity is an integral operator with a kernel
E@©.y)=e 7 =TT (1= —rn) (11.24)
1<k<n

It is usual to denote E (@, y) = 6(6 — y). We have also the more symmetric form

sO@—y)= l_[ O — v (6% — ).

1<k<n

This could be used to prove that every linear operator in .7 has a kernel.

11.4.2 Integral Kernels

Proposition 128 For every linear operator H: ™ — #MW2 there exists Ky €
Cl6, y*] such that

ﬁl//(e)szH(e,y*)l/f(y)eV*‘V dy dy*, Yy en™. (11.25)

Moreover K g € C[0, y*] can be computed as follows:

Ku(0.v*)= D (e, Hec)ew @)ec(y)*. (11.26)

& ,e€&n]

Proof Using that {e.} is an orthonormal system it is not difficult to prove that
(11.25) is satisfied for ¢ = e, with Ky given by (11.26). So we get the result for
every y. U

Corollary 29 Every linear operator H:#" > M has a unique decomposi-
tion like

A= Y H.a*a, (11.27)
&', e€én)

where H, o € C.

2 As for bosons, when we consider quantization of observables, it is convenient to denote operators
with a hat accent to make a difference between classical and quantum observables. Sometimes this
rule is not applied when the context is clear.
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These results can be easily extended to linear operators in the super-Hilbert
space ™.

Proposition 129 For every linear operator H: W = 20 there exists Ky €
Cl6, y, y*] such that

1-71//(9)=/KH(Q,)/*)I/f(y)eV*‘dedy*, vy e AW, (11.28)

Moreover K € C[0, y, y*] can be computed as follows:

K@.7)= Y es®ler. Heeleo(y)", (11.29)

&, e€én]
and every linear operator H in ™ has a unique decomposition

A= Y H.oa*d (11.30)

& ,e€én)

where H, o € I'C. This representation, with annihilation operators, first is called
the normal representation of H.

We denote by End(#™) the space of linear operators in AW,
Corollary 30 Every linear operator H in 7™ has an hermitian conjugate H*:
(v, Ho) = (H* ¥, 0), V¥, € 4. (11.31)

Moreover H +— H* is a linear complex involution in End(JZ™), satisfying for
every linear operator H, F in M and ). € ry,

o (HF)*=F*H*.
o (MH)*=H*\* (HM)*=A"H*.
e ajf is the hermitian conjugate of ay for 1 <k <n.

It is convenient to define a fermionic Fourier transform which is a kind of Fourier-
symplectic transform. This will be used for fermionic quantization.

11.4.3 A Fourier Transform

Definition 28 For any v € /" the Fourier transform is defined as

v (@) = / oy () dE* d.
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The following properties are easy to prove:

1. ¥(&)= f e@™§ ’5*"")1%?2 (o) do* da (inverse formula). The Fourier transform is
1dempotent e )/ Y.

2. 17 @ =ao* o, 7 () =a, £ (a) =

3. fwy(a)((py(oz))*da da —fl//(é)(go(é))* dé*ds (Parseval’s relation 1).

4. [y 7 (@97 (—a)da*da = [§(€)(&)dE* d& (Parseval’s relation 2).

5. o) (@) = [v7 (@ — B)p7 (B) dB* dB (Fourier-convolution).

6. (t;w)y (@) = ¥ (@)t **"¢ (translation-modulation), where Y (€) =
Y& —90).

Let us remark that these properties are also satisfied if ¥, ¢ are replaced by linear
operators in End(.7#™)) depending on Grassmann variables.

11.5 Coherent States for Fermions

As in the previous section we consider two complex Grassmann algebras ¥¢ =
C[o,0*] and I;{ = C[y, y*1. ™ (and 57™) are spaces of holomorphic states in
variables 6.

11.5.1 Weyl Translations

The Weyl translations are defined as usual:
T =e"77" 0y =1 ). (11.32)

Remark that T(y) depends on the 2n independent Grassmann variables (y, y ).
Nevertheless we simply note T(y) and sometimes T(y y*) if necessary. They are
translations in the phase space and in particular we have

7O,y )@ =v0—y*), T 0p®) ="7y@®).

Recall thaty -a =) |-, vkax and a* - y = 3 |, a vk (beware of the order!).
Using anti-commutations relations (CAR) we have the commutation relations:

ajaj=—aja; fora;=vyj, v},
alyp, viar| =vivisjx,
[ Vi ] 7Yk 9j (1133)
[aj. aivk] = vidjk
laj, axyr] =0.



11.5 Coherent States for Fermions 325

We have a similar relation inverting a and a* and using [A, B]* = —[A*, B*]. From
these relations we get

ey * * 1
Ty)y= ] e ma=]] <1+aZJ/k—V;§‘ak+<a,fak—E)V;?Vk).

1<k<n 1<k=<n
(11.34)

The following properties are easily obtained with little algebraic computations sim-
ilar to the bosonic case (see Chap. 1). In particular we also have a Baker—Campbell—-
Hausdorff formula:

Lemma 75 Let A, B, be I'(-linear operators in M such that [A, B] commutes
with A, B. Then

1
eAeBe— 7[A.B] _ eA+B.

Proof Let us remark first that e? is well defined by the Taylor series because
dim[57™] < 400 and e is a I'‘-linear operator. Hence the result follows as in
Lemma 1 of Chap. 1. 0

Now we state mains properties of the translation operators f"(y).

1. f(y) is I, -linear in VAL (on right and left).

2 Ta+y)=T@T ) exp(z@* -y +a-y).

3. (T(y)™' = T(—y) = T(y)*. In particular 7(y) is a unitary operator in the
super-Hilbert space, which means that the super-inner product is preserved:

(). T)e)= (¥ 0).
4. Translation property:

T aT(y)=a+y, (11.35)
T 'a*T(y)=a* +y* (11.36)

11.5.2 Fermionic Coherent States

Now we can give a definition for Fermionic coherent states.

Definition 29 For every Grassmann generator  we associate a state in the super-
Hilbert space .7# " denoted Yy =|y) by the formula

vy =T )P, (11.37)

where 3(0) = ep,....0(0) is the vacuum state, usually denoted |0).

,,,,,
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First properties of coherent states v, are easily deduced from properties of the
translation 7' (y).

1. ¥, are eigenvectors of annihilation operators a: ay, = yv, where a =

(ay,...,ap)and y = (y1,..., ¥n)-
2. The inner product of two coherent states satisfies

1
<1ﬁy,1ﬂa>=exp<y*-a—5(y*-y+a*-a)>. (11.38)
3.
. 1
T()’)lﬁa=exp<§(a*-y—y*oa)>1/fa+y. (11.39)

We can give a more explicit formula for v, which is very similar to that obtained
in the Bargmann representation for bosons (Chap. 1).
From the above computations we have

Yy 0) =772 [T (1+aivi) v

1<k<n

—y* /2 * *
—eVY/ Z ag, Vi 4 v Yo
ky<kp<--k;

—e VY2 Z (_1)V(8)98y8
gedn]

*

—eO-1)y

where v(e) was defined in (11.15). In particular we have proved that
(ee, ¥y) = (=)' Oy 7/2, (11.40)

Then for every ¥ € 7™ we have

(Yy )=V V2N ey (11.41)
e€&n]

Remark 61 Let us remark that the chirality operator® x on coherent state Y, gives

XYy = w—y-
One of the most useful property of coherent states is their completeness:

Proposition 130 For every € '™ we have

() :/wy,wwy(e)dy*dy. (11.42)

3 A definition of the chirality operator is given in the next section.
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Proof 1t is enough to prove (11.42) for ¢ = e, for every ¢ € &[n]. Computing the
integrand in the right hand side of (11.42) using (11.40) and (11.41) we get

(Uy ee)Py ()= Y (=)' EOFEer v gy e (ye)", (11.43)
g'eén]

Then using orthogonality relations in Grassmann variables y we get
/(Wy’ea)Wy(e)dV*dyzes- (11.44)
0

Remark 62 Coherent states are obtained by translations from a fixed state. Instead
of the vacuum ¥4 we could start from the state {1 (0) = 6; --- 6, (all modes are
occupied). So we define another family of coherent states:

v, =T (). (11.45)
Any property of v, can be translated in a property of w]’/:

o a;y, =y ¥, (), is an eigenstate of the creation operators).
e Expansion in the orthonormal basis:

VO =T 3 0 e 0 ()

e€én]
—e' 7" > (=1 @0 (%), (11.46)
e€én]
where e =(1 —¢1,...,1 —¢,) and v'(¢)isOor 1.

e Completeness: for every ¢ € jzg(n)’

We shall see in the next section that fermionic coherent states are related with a
fermionic harmonic oscillator.

11.6 Representations of Operators

Besides their integral kernels, operators can be represented by several other func-
tions or (Schwartz distributions) often called “symbols” as it is for finite bosons
systems Weyl (covariant, contravariant), Wick, anti-Wick, Wigner functions (see
Chap. 2). We shall see now that this can be also defined for finite systems of
fermions.

A useful tool to compute with operators (quantum observables) is the trace which
is an important spectral invariant.
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11.6.1 Trace

The trace of any linear operator H in 7™ is defined as usual by the sum of diag-
onal elements

TrH= ) (e, He). (11.48)
e€én]

The parity operator P defined a I, linear operator in the super-space ™ and
another useful invariant is the super-trace defined as follows. Let us denote P the
orthogonal projection on even/odd states in .7 . So every operator H can be de-
composed as

H=P_HP, +P_HP_+P_HP, +P_HP,.

In matrix form this is written as
A= (1‘:1++ f:1+—> .
H_ H__
So we have Tr H = Tr(PLJr) + Tr(ﬁ,,).
Definition 30 (Super-trace) The super-trace of H is defined as
StrH = Tr(ﬁ++) - Tr(I:I__).

10

0 _1) we have

Or if we introduce the chirality operator y = (
StrH = Tr(I:Ix).

Remark 63 1f A is a linear invertible operator in ™ and if A is even: AP =PA
then

Str(A*II-AIA) —StrH.

In particular the super-trace is invariant under even unitary transformations of M.
More generally we have

Str(AB) = (~1)*Str(BA),
where ¢ = 1 if A and B are odd, € = 1 otherwise.

Recall that the trace and determinant are related through the usual trace-
determinant relation: e™# = det(e”’). To the super-trace is associated a super-
determinant Ber(H) (found by Berezin [20]) such that

exp(Str I:I) = Ber(exp I:I)
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Assume for simplicity that H has complex coefficients.

Definition 31 Let A = (++ +-) be such that H__ is invertible.
H ., H _

The Berezian Ber(I:I ) of H is defined by
Ber(H) =det(Hyy — Hy_H-'H_.) det(I:I__)_l.

The following property is an easy consequence of the definition: if H and L are
super-operators then

Ber(H L) = Ber(H)Ber(L).
Proposition 131 Let H be as above. Then we have
exp(Str H) = Ber(exp H). (11.49)

Proof If Igbr, = I-ALJr =0 (11.49) is a consequence of the trace-determinant rela-
tion. The general case can be deduced from this case. d

Proposition 132 Let H be a linear operator in A and K g 0, y*) its integral
kernel. We assume that the element of matrix of H are even in Iy . Then we have

Tr[-}=fKH(9,—9*)e9*'9d9de*, (11.50)

StrI:I:/KH(Q,G*)eH*'G do do*. (11.51)

A

Proof By assumption (e./, He,) are even Grassmann numbers, so we have

/ Ku(0,6%)e? % a0 do* = Z(es, Heg)es (0)es(0)*e” 0 do do*.

&

Splitting the sum according to the parity of & we get

/KH(Q,Q*)ef’*"’ d9do* = > (ec. Hee)— > (ee. He:)  (11.52)

leleven |e]odd
=StrA. (11.53)
The same computation gives the expression for the trace formula. (|

The integral kernel of operators are closely related with the matrix elements on
coherent states (see Chap. 1 concerning Bargmann representation):
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Proposition 133 Under the same assumption on H asin Proposition 132 we have
(‘(pa’I:I'(pﬁ):e%(ﬂl'a*-i-ﬁ-ﬁ*)KH(a*’ﬂ)’ (1154)
where a, B are independent Grassmann generators with their complex conjugate
(a*, B%).
In particular the integral kernel of the identity operator is the following expres-
sion of the delta function:

50 —y*)=e"". (11.55)
Proof Using the Parseval relation we have

(1/’01» ﬁWﬂ> = Z(Es’ 1//ot>*<eaa I:II//ﬁ)

&

— e%(a'a*‘Fﬂ'ﬂ*) (Z(_l)U(!?)*FU(E/)(E’ ﬁeg/)a*€ﬂ8/> . (1 156)

&e

Putting « = 6*, 8 = y* we recognize the integral kernel of H.

Formula (11.55) is easily obtained using properties of coherent states. Note that
this expression for the Dirac function is different from that found before because the
measure on the space is different. g

H:(a, B) := (Yq, H Y¥g) plays the role of a covariant-Wick symbol for H. We
shall see later that we also have contravariant Wick symbols.

Corollary 31 We have

TrFI:/HC(G,—G)dQ*dG, (11.57)

Strﬁ:/HC(O,Q)dO*dQ. (11.58)

In particular for rank one operators Iy o\ =n{e, ¥) we have
Str(ITy.4) = (¢, 1), (11.59)
Tr(ITy,0) = (xe. n) = (¢, xN), (11.60)

where x is the chirality operator.

Proof Let us prove (11.59). The super-trace formula follows from completeness
relation for coherent states and (11.57). So we have

Str 1Ty, =f<wa,n><¢,wa> = (g, ).

We get the trace formula using the Tr(/7T,, ) = Str(x IT;,p). O
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Remark 64 As usual we have the following relation between the trace and matrix-
elements:

Tr(HTpy) = (V- HVg),
where I1g ,, () = Y¥g(Y,, ¥). Furthermore if H is even, we have
Te(ATy.) =y ),
Concerning the super-trace we have

St (HIIpy) = (Vry. Hp).

Now we define Weyl symbols for fermionic operators.

11.6.2 Representation by Translations and Weyl Quantization

Definition 32 The operator H has a covariant Weyl symbol H,, if we have the
operator equality:

19=/Hw<5)f(—s)ds*ds, (11.61)
where the symbol H,, € I',’, complex Grassmann algebra with generators (£, £*).

Let us remark that H,, depends on the 2n independent Grassmann variables
(&1,..., &0 &%, ..., E)). Nevertheless for simplicity we note H,, (£).

Proposition 134 Every linear operator H in #™ has a covariant Weyl symbol.
This symbol is unique and given by the formula

Hy (&) =Str(HT (§)). (11.62)

Proof The proof is done in three steps.
First we remark that identity operator 1 and creation operators have Weyl sym-
bols. Direct computations give

1,()=§-§", ag,w(§) = &, agw (&) ==&

We remark that if A, L have Weyl symbols, Hy,, L, then HL and H* have Weyl
symbols (it is possible to give a formula, this is left to the reader).

It results that every operator H has a Weyl symbol because H is a sum of product
of &;: s a j-
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To compute the symbol of H we first compute the diagonal matrix element of
translation operators. We easily get

N 1
(%,T(y)%)zeXp(a*~y—y*-a—Ey*ﬁ/)- (11.63)
Remark that we have an analogous formula for anti-diagonal element
N 1
(Wa, T()/)w_a) = exp(a* y+y ra—20" o — Ey* . 7/). (11.64)

Using formula (11.61) we get after straightforward computations
Ste(HT (@)

= / Hu,(s)exp((ﬁ* + %) (e —&) — (" —&%)- (ﬁ + %)) d* d*p.

(11.65)
Computing first integral in 8 we have

Str(HT ()

= [ Ho(®)¢E —a) - (£ —a*)GXp<% (e —&) — (= &%) %) d’¢.

(11.66)

Hence a computation using Grassmann algebra rules gives that
St[AT ()] = Hy (). (11.67)
O

Remark 65 A direct consequence of our computations is that
su(T ()T () =3(y —&).
As usual we have the following relation between the trace and matrix-elements:
Tr(ﬁnﬂ,y) =(vy. I:I‘%”—ﬁ)’
where T1g o, (V) = ¥g(¥y, ¥).

Now we get the contravariant Weyl symbol as Fourier transform of the covariant
symbol

Proposition 135 For every linear operator H we have

F]:/Hw(a)fﬁ“(a)dza, (11.68)
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where HY (o) = H{U’Oz(a) and
f«fé‘(a) — / @ —a")y+a—a)y” d2y.
In particular we have the following formula:
=1, a¥ (o) =a, a* (o) = a*. (11.69)

Proof Formula (11.68) is a direct application of the Parseval relation 2 for Fourier
transform. O

Corollary 32 The super-trace of H is equal to the integral of the contravariant
Weyl symbol H":

StrI:I:/Hw(oz)d2a. (11.70)
More generally we have the following super-trace product formula:
Su(HG) = / H" (a)G" (o) d’ar. (11.71)
Proof Using the Fourier transform we get
Str H = H,,(0) = / H" (a)d«,

so we have (11.70).
We have for the product

ﬁé:/Hw(a)f"y(a)édza = Str(ﬁé)=/Hw(a)5tr(f9(a)é)d2a.

But Str(f"y (oz)é) is the Fourier transform of Str(f”(a)é) which is the Weyl symbol
G".So we get (11.71). O

Weyl symbols and integral kernel are closely related.

Proposition 136 For every operator H its integral kernel Ky and its covariant
Weyl symbol H,, satisfy

Ku(0,v") =" f Hy(§)e' S o8 7" ~0% de* d., (11.72)

Hy()=e 7 fe“'“*KH(a*, @)e” 7 do* dar. (11.73)
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Proof Remark that the two formulas are clearly equivalent using Fourier and inverse
Fourier transform. To prove the first formula we compute the integral kernel of any
translation operator f"({).

From the relation

Y (0) = / Y Y (y)e” T dy dy*

we get

Krio(6.7") =& <0607 405,
Using that Hisa superposition of translations with density H,, (¢) we get the first
formula (11.72). g

One of the more useful tool to analyze mean value of observables for a n-bosons
system are Wigner—Weyl functions because of the following well known formula:

Tr(pO) = Quh) ™" f L Wo(X)0(X)dX, (11.74)
Rn

where p is a density operator, 0a quantum observable, W,(X) and O(X) are the
Wigner—Weyl symbols, defined in the phase space R?", for p and 0. Our goal now
is to find fermionic analogues for formula (11.74). Here we have to overcome alge-
braic problems to deal with Grassmann variables. We again follow the paper [37].

11.6.3 Wigner—Weyl Functions

Ordering is always a problem for computations in non commutative algebras in
particular for quantization of observables. With fermions even classical variables do
not commute.

To prepare further computations we introduce now two families of operators from
which we can get different quantization procedures with interesting connections
between them,

Tn(y)=Ti(y)=e"7e " (normal ordering), (11.75)
Ta(y) =T 1(y)=e77"%"7 (anti-normal ordering). (11.76)

We have
In) =T()e" =Ty, (11.77)
Ta(y)=T()e T =T_i(y), where (11.78)

) =T’ 7", seRr (11.79)
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We also define
RA(E) = R_1 (&) =fe5'y*‘V'5*Hy,_y dy*dy, (11.80)
Ry(E) =Ri(E) =R_1(£)e" *. (11.81)
Remark that R_| (&) is the Fourier transform in y of IT,, _,,. We also introduce

~ 1 ~
Rs(§) =exp(%s*s)&1@), seR. (11.82)

We now show that R; generates a quantization for each s as well as the translations
T do and that there exists a kind of duality between them.

Proposition 137 For every linear operator H in A" and every real number s
there exist unique symbols Hy s, Hy, s in I such that

i = / Hy o (&) Ry (—&) dE™ dE. (11.83)
il = / Ho o (6)T,(~8) dE™ d. (11.84)
Moreover we have
Hy (&) = Te(Ty(6) H), (11.85)
Hy s (8) = Tr(Ry(©)H). (11.86)

Proof The proof will be done following the method of Sect. 5.2. For simplicity we
only consider the case s = 1 and the symbol Hy ;. The general case is not more
difficult.

First compute the action of R_; (—&) on coherent states. Using the properties of
the coherent state, we get

R_1(—&)Yg (0) = o0+, (11.87)

Hence we get the matrix elements
(Ve R1(—6)Va) = exp((s +a) - (E"+B7) - %(ﬁ* Btat a)>. (11.88)
In particular we get the following representation formula for operators 1, ax, a;':
1=/(1—§-§*)1§_1@)d5*dé, (11.89)
o= [ Cakoierde ds. (11.90)

ay =/§;Z‘1@—1(E)dé*d§. (11.91)
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From this, using that every operator is a polynomial in ¢ and a*, we find that for
any operator H there exists Hg _ satisfying (11.83).

To get (11.85) we apply the following lemma where we see a duality between
quantization by translations and quantization by coherent states. ]

Lemma 76 For every s € R we have
Tr(Ts (§)R- (=) = 8(€ — ©). (11.92)

Proof Using the trace formula with coherent states, we have
TH(T R (-0) = [ [R50y Res-000 )Py, (1193)

In (11.93) we use the properties (11.39), (11.38), (11.87) and after a Berezin integral
computation we get (11.92). 0

Let us consider a density operator 0 which means that p is a linear, non negative,
hermitian operator in ™ such that Tr p = 1.

For physical reason (see [37]) we assume that p is even (it commutes with the
parity operator P).

We introduce the characteristic function x, defined as

Xp(&) 1= Tr(pef @ ~4%7), (11.94)

We can easily see that from properties of trace and translation operators we also
have

Xp &) =Te(pT (©)) = Te(pT (~5)).

In particular yx,, is even. The normal and anti-normal characteristic functions are

Xp.1(§) = Tr(pef @ e, (11.95)
Xp,—1(8) =Tr(pe @& ef "), (11.96)

Using a trace computation with coherent states we have
Xpo1©) = [ 5P (g g e ds. (1197

So xp,—1(§) is the Fourier transform of the matrix element (g, Sy¥_g).
Introduce now the “Fourier transform operator’:

f;’@(y)=/eé'y*‘y'é*ﬁ~(§)ds*ds, (11.98)

R7 (y) = /ey'f*‘f'y*és(é)ds*dg. (11.99)
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In particular we can easily compute:

RZ(»=1,_,, RIyn=0I,_,. (11.100)
where

I, 4 (0) = ¥, (U ).

From Parseval’s relation we get the following representation formula:

I-Alszw’_s(oz)f“S”@(a)doz*da, (11.101)
H= / HY =5 ()R ()7 da* da, (11.102)
where
H" () = /ef'“*—“f*Tr(mé,s(g))ds*dg, (11.103)
HY 5 (a) = /eg'“*_“'é*Tr(ﬁf,x(é))dé*dé. (11.104)
Recall that
8(& — ) =Tr(Ty(§)R_s(=0)).
So we get

Tr(HG) = /Tr(mé,s ) Tr(GT_s(—&)) d&* dt (11.105)
for any operators H, G. Applying the Parseval relation we get
Tr(HG) /HR’_S()/)G“"S()/)dy*dy. (11.106)
Applying this to the density operator p we have
b= [ ros©R(-1d5"de. (11.107)

Now we introduce the Wigner—Weyl function or quasi-probability as the Fourier
transform of the characteristic function

Wp.s(v) =/Xp‘s(é)eyf*_s'y*dé*dé. (11.108)
We see that W, () = pg*s(y) hence

PZ/Wp,s(V)I%gZ’_S(V)dV*dV (11.109)
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and for every observable A,

Tr(pA) = / W, () A~ d?y. (11.110)
This is why W), ;(y) is called a quasi-probability.
In particular for s = 1 (normal ordering) and s = —1 (anti-normal ordering) we
have
p= / P,V dy*dy = / 0,(NIT,, _, dy*dy, (1L.111)

where P,(y) = W, 1(y) and Q,(y) = W, _1(y). These functions are quasi-

probabilities and are similar to anti-Wick symbols or contravariant Wick symbols.
A main application of above fermionic symbolic calculus is computation of mean

values of observables. We know that every observable G on the super-Hilbert space

™ is a linear expression in (a*)*’"a*’"l (g, & € &[n)).

Theorem 49 For any ¢, &' € &[n] we have

Tr(p(a*) a”) =pr(y)(y*)8y€’dy*dy, (11.112)
Tr(pa (a*)°) =pr(y)y8(y*)8’dy*dy. (11.113)

Proof In the normal case we easily compute the matrix elements of G = (a*)fa®

on coherent states then we apply the trace formula with coherent state. The proof is

analogous in the anti-normal case. O
Concerning the Weyl symbols (s = 0) we have the following useful result:

Proposition 138 Lert A , G be two operators in j‘?ﬁ, Then we have

Tr(ﬁé)=2_"/Hw(§)Gw(2§)d2§, where ¢ € 4°. (11.114)

Proof From definition of covariant and contravariant Weyl symbol we have
Ti(HG) = / &y ¢ H" (V)G (@) T (T(=OT7 (7).
A computation using coherent states gives
To(T ()T () = / d*0 (T (), T(My—p) =2"e!2CI70 . (11.115)
Using the Fourier transform we get

Tr(AG) =2" / H“’(%)Gw(z)d2§

and a change of fermionic variables gives (11.114). d
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We have to note a difference from the bosonic case concerning the trace of a
product.

11.6.4 The Moyal Product for Fermions

We have seen before several phase space representations for operators acting 1n
fermionic spaces. That means that if Gisa quantum (fermionic) observable then G
has an integral representation on the phase space, with some symbol G, for example
G =Gy, or G = GY for Weyl quantizations.

As we have already seen for bosons, these representations give what it is called
a symbolic calculus. In particular there exists a formula to compute the symbol of
the product of two operators G H. That means that we have G H = G/@)\H , where
G ® H is a non commutative product of G and H (it can be interpreted as a twist
convolution). Moyal [145] gave an explicit integral formula to compute G ® H for
bosons (see Chap. 2). Our aim here is to give an analogous formula for fermions.
These kinds of formula were discussed in many places, see for examples the book
[19] and the papers [79, 114] and their bibliographies.

Let us start with two operators G, H in the super Hilbert space .7, with their
covariant and contravariant Weyl symbols G,, G*, H,,, H".

We have the following lemma.

Lemma 77 For every Grassmann variables & = (&1, ...,&,) we have the following
properties:

GT ) = 65 where G5 (B) = G (B + £)e!/2FE+5E7),
TG =Gy, where Gy (B) = G(B + n)e” /2B 1+81)
T(~&)GTE) = usG).  where (usG)u(B) = & ¢ G (B).
Proof We have
61© = [ Gu@T -l ©d%

- / Gu(@)T (& — a)e!/2@7 4t g2

= f Gu(B+8)T(—p)e!/2FE4FE0 42, (11.116)
We get the first formula. The two other formulas are easily deduced. |

Let us now give a formula for the Moyal product for covariant Weyl symbols.
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Lemma 78 Here G, ® H,, denotes the covariant Weyl symbol of GH. Then we
have

(Guw ® Hy)(y) = f Gu(y — &) Hy(§)e 2084778 g2 (11.117)

Proof From Lemma 77 we have

GT(-§) =/Gw(a —E)e PEHOT (o) ¢, (11.118)
We have
Gl = / G (—6) Hu(6) 2.
So we get
GH = f f Gu(y —&)Hy (E)e™ PYEH DT (e d®y.  (11.119)
The lemma follows. [l

Now we shall deduce the Moyal formula for contravariant Weyl symbols by ap-
plying a Fourier transform on the covariant Moyal formula.
We need some preliminaries. Left derivative dy was defined putting the fermionic

\B)riable 6 on the left. It will be denoted 59) and its action on a function G is denoted
dp G. We have also a right derivative defined by putting 6 on the right and its action
<
on a function v is denoted G 9y . We have the following relationship between these
derivatives:
Gy = (- O 6. (11.120)

In particular the signs are opposite if G is even.

We also need a fermionic analogue of Fourier multipliers. Let M be an even
polynomial in Grassmann variables (¢, ¢*). It defines a Fourier multiplier by the
usual formula,

MG(S)=/G"Jz({,C*)M({,{*)e5'5*+§*'5d2§. (11.121)
We have the following formula:
MG = M (3, 3)G. (11.122)
Now we can state the following result.

Proposition 139 Let G, H be two linear operators in the super-Hilbert space
H'™ _Then the contravariant symbol G* ® H" of GH is given by the following
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Moyal formula:
(G" @ H")(a) = G" (a)e7 o Dot ) v (), (11.123)
To compute with formula (11.123) it is useful to note that Ba;f . Ba_ ;= —801_/ . Ba;.

Proof Using (11.117) we have
(G" @ H")(@) = / Guly — §)Hy(§)e 10 E 7 D'+ 2 g2,

- f G (B) Hy (§)e™ 3P EHH O f o +Em ko™ tfm g2 g2,
(11.124)

Now we see that the right hand side of this formula can be seen as a Fourier mul-

tiplier in the variables ¢ = (B, &) with the multiplier M (¢, ¢*) = e —3(BE A" 28
using that G (B)Hy () = (G ® Hw)“’(,B,E) (B and & are independent Grass-
mann variables and ® is the associated tensor product). Hence we get (11.123)
using properties (11.121), (11.122) and (11.120). O

Remark 66 From the formula (11.123) we can compute the Weyl symbol of the
commutator [G, H]. Expandlng the exponential in a Taylor series we see that the
first term for the symbol of 1 [G H ] is the Poisson bracket {G, H} as expected
where

(G, H) =i (04G - 3 H — 9o H - 3+ G)

if we assume G, H even.

11.7 Examples

11.7.1 The Fermi Oscillator

We shall see in the next chapter that the fermionic analogue of the harmonic oscil-
lator is H ros = wa*a, w € R. We can compute the Weyl symbol of H s using the
Moyal formula. We get

% x l— — . 1
(a @a)(a):a 1+§8a*-8a 0=« a—}—i. (11.125)

Let us compute the Weyl symbol of e24"¢ for z € C.
Using that (a*a)? = a*a and a Taylor expansion we have

e — | 4 (e —1)a*a.
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The Weyl symbol of a*a is a*a + % So we get a formula analogous to the bosonic
case,

()" (@) = eZTHem“h(z/Z)“*“. (11.126)

Remark that here the right hand side is everywhere smooth, even if z = i%, this is
not true for the bosonic case.

11.7.2 The Fermi-Dirac Statistics

The most popular example is an ensemble of independent fermions in thermal equi-
librium with a reservoir. This system is described by means of the grand canonical
ensemble with the density operator

p=2Z(B, ) e P, (11.127)

where

Z(B, 1) =Tr(e_’5(H_“N)), A= wkaga, N= Z aja.

1<k<n 1<k<n

To compute Z(B, ) we first compute the action of e ##~=#N) on coherent states.
Introduce the following notations for zx € C, yx € I'f: zp = —B(wk — W), Zx =

et — 1 z= (1, %), ¥() = @y, e7y), H@) = X g, 2407 ar, we
have
Lemma 79

@y, (0) = Yy o) (0)e2 VO TO=Y D), (11.128)

Proof 1Tt is a simple Grassmann computation.
First using that (a,’fak)2 = ajay and Taylor expansion we have

%k — | - (ezk — l)a,’(‘ak =1+ Zyaja.

Using that v, is an eigenvector for ay:

n

Oy, 0) = [](1 + Zeaga) v, ©)

k=1
= D ZiZiy Oy 6ry Vi )Wy (6)

ki <ky<---<kpy
— @37 Y
1 * *
— wy(z)(g)ef()/(Z) Y@=rty) (11.129)

O
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Remark 67 Equality (11.128) gives evolution by quadratic Hamiltonian of coherent
states with z; = —itwy.

Then using the overlap formula for coherent states we get
(Y_y, el @y, ) = ey @7 4ry”, (11.130)

So we get for the trace

Tr(eg(Z))=/(¢_y,eﬁ(1)1/fy>dy*dy= [T (1+e%). (113D

1<k<n

In particular we have

ZB.w= [] (1+ePem)| (11.132)

1<k<n

An analogous computation gives the mean number (1\7 ) of Fermions:

A s 1
(N)=Tr(pN)= > e ToremE (11.133)

1<k=<n

11.7.3 Quadratic Hamiltonians and Coherent States

A general quadratic self-adjoint fermionic Hamiltonian has the following form:

~ 1 - M
H:E(a*-MaJra*-La*—a.La)— YRR (11.134)
where a = (ay,...,a,), L,M are n x n matrices, M is hermitian, L is anti-

symmetric (L is the complex conjugate of L, so L = (L*)T where A7 is the trans-
pose matrix of A). We assume for simplicity that L, M are time independent; exten-
sion to time dependent Hamiltonians is straightforward.

The Weyl symbol of H is

1 _
H(a):E(a*-Moz+oz*-Lot*—ot-La).

We also introduce the matrix of the quadratic form H:

- MT
g= <—ML —T> .
5 L

Our goal here is to compare the quantum evolution of H and the pseudo-classical
evolution for the Hamiltonian H = H".
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The equations of motion are
d:{a,H}:iaa;fH, (11.135)
@ ={a", H} =idy, H. (11.136)

We have to remark here that the Poisson bracket {, } is defined according the usual
quantization rule

— 1.~ A

{G,H}= 7[G, H].

i
To solve this problem we introduce an other set of 2n Grassmann variables (17, n*)
so that « = o; = A;n + B;n*, of = B;n+ A;n* where A,, B; are complex n x n
matrices depending on the time ¢. i
Using that {«, H} =i (La™* + %) and {o*, H} = —i (Lo + %) the equations of

motion (11.135) are

(M M
A[:l<LB[+7A[>, BI=l<LAt+TBZ> (11137)

d (A, B Mo A, B
Bl e Y B Y e (11.138)
dt Bl At —L —% Bl A[

M
The matrix ( 25 i) is hermitian. So the “classical evolution” F; is unitary (in

2
fermionic pseudo-classical mechanics unitarity replaces symplecticity for evolution

in the phase space).

Or, equivalently,

The 2n x 2n matrix F; = (g’ g’ ) is a representation of the classical flow because
1 t

M
d (073 2 L o .
— =i _ _ - with og = n, o = n*.
dt <0‘t*> (—L —u ) \ey 0= T =0

Note that F; has a natural action in the Grassmann algebra C[7, n*]. We shall see
in the next chapter that C[n, n*] can be seen as the space of smooth function on
the fermionic phase space so any element g € C[n, n*] is a classical observable
in the fermionic sense. So the natural action of F; in C[n, n*] is (Fyg)(n,n*) =
g(Fi(n,n).

But F, has a natural action in C": ¢ — A,¢ + B,;¢* and C” is identified with R
by ¢ =x +1iy, (x,y) € R" x R". It is not difficult to prove that F; is an isometry
in C" if and only if the matrix F; is a unitary 2n x 2n matrix. So F; can be considered
as a rotation in R?" and belongs to the classical Lie group SO(2n). Conversely for
any G € SO(2n) there exists a flow F; such that F; = G. This can be proved using
a complex diagonal form for G.

we have
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Now we compute the quantum evolution for quadratic Hamiltonians as we did
in the bosonic case. Let us first consider the quantum evolution for the annihila-
tion/creation operators a and a*:

az —itH itH
(at*)_e ! (a*>e’ . (11.139)
az
(at) F; (a ) (11.140)

As an application, we can define a fermionic analogue for the metaplectic represen-
tation which is called the spin representation. For more details about the spin group
we refer to the book [190], Chap. 5. We comment here about its fermionic interpre-
tation. In the e-preprint [67] the authors compare bosonic and fermionic Gaussian
states.

To any F' € SO(2n) we can associate a unitary (even) operator S (F) in the super-
Hilbert space .7 such that

S*(F)( >S(F) (;) (11.141)

Formula (11.141) is known in the physics literature as a Bogoliubov transformation
and in mathematics as a Shale—Weil representation formula.

The map F S(F)isa projective representation: if F € SO(2n) and if S1(F)
and Sz(F ) are to operators satisfying (11.141) then there exists A € C, |A| = 1 such
that S*(F )= AS* (F). This is true because the Fock representation is irreducible.

As in the bosonlc case it is possible to determine the spin representation up to a
sign and we have S(F'F?) = iS'(Fl)S‘(FZ). This can be proved using propagation
of coherent states which will be now studied.

We have seen (11.128) that the Fermi oscillator propagates a coherent state in a
coherent state following the classical motion. We prove now that this is true for any
quadratic Hamiltonian if we replace coherent states by squeezed coherent states as
in the bosonic case. .

Let us denote ¥, ; = e_i’Hwy. It is enough to consider the case ¥, = o =1
because we have

Then we find

e_”Hl/fy — e_itHj:'()/)e”He_itHl//O.

From the first part we have e_”HT(y)e”H T(F,y). So it is enough to compute
Yo, =e ! A Yo. Imitating the bosonic case we consider the following ansatz:

Yo.0(0) = s(t)e2? 1P,

where I is an anti-symmetric complex n x n matrix. We compute

d I
e_%e'ﬂegl/fo,z =5(t) +5(1)0 - 7’9 (11.142)
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and

. 1 _ , 1
e—%Q'Ft@Hl//o,l = 5[9 (MI;+L)0+6-T,LI60 —TrLT; — ETrM s(1).

(11.143)
Identification between anti-symmetric matrices gives the following Riccati equation
for I;:

. 1 _ -
ili=5(MI+ M)+ L+ DL, To=0, (11.144)

and the Liouville equation for the prefactor s:

1 - M
ii(t)Z—ETr<LFt+?>S(t), s(0)=1. (11.145)
If I; = V,W,”! we see that I solves (11.144) if the matrix (“{} vg,) solves

A (Ve W _ (T L\ (Vi W
dt \W: Vi) \-L —% W vi)°
We have to solve this linear differential equation with the initial data (
find
Vi W\ _ (0 T\ _ (B A
7 *\1 0 AT B*)"
So we get V; = B and W, = AT and hence I = BT (A7)~ as far as A, is invert-

ible.
Concerning the prefactor s we get

01

. 0). So we

§(t) = %Tr(I:F, + %)S(I) = %Tr(W,W,)s(t) = %Tr(A,A;I)s(t),
hence using the Liouville formula, we have
s(t) = det(A;)?. (11.146)
Finally we get the following result:
Proposition 140 For any Grassmann generators a = (a1, ..., &) the evolution of

the coherent state Yy, Yo s i= e tHy,, for the quadratic Hamiltonian A obeys the
following formula for 0 <t < T, with T, €10, o]:

af s 17 *
Vit (0) = det(A,) 2% (T~ @) FO—0)), (11.147)
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where T, = inf{t > 0| det A; = 0} and

()=re)=G 2)()

is the pseudo-classical flow and I'; = B,T (A,T)_l.
Moreover the formula (11.147) extends holomorphically for t € C\Z where
Z ={t € C,det A, =0} is a discrete subset of C.

Proof t — Yy, is clearly holomorphic in C. So it is enough to prove the formula
(11.147) for 0 < ¢t < T.. We have already proved (11.147) when o = 0 using that A,
is invertible for # small enough. Now we have

Vo, = 7A"(Olt)lﬁo,t-
Using that
Py m e E e rerr's

and e_y*'“f(e) = f(6 — y™) we get (11.147) for any «. O

Remark 68 The solution v, ; is everywhere smooth in time ¢ € R but its Gaussian
shape breaks down when A; stops to be invertible. We do not analyze here what
happens in general when det(A;) vanishes, even if it is an interesting question. An
important difference from the bosonic case is the sign of the %-power of the deter-
minant for the prefactor.

Let us consider the particular cases when L =0 or M =0.

If L =0 we find A, = ¢"M/2 and B, = 0. Then I, = 0 at every time and the
shape of the coherent state is constant.

If M =0, we have

Fo_ cos(itL) sin(itL)
"=\ —sin@itL) cos(itL) )"

The spectrum of L is {iv;}1<j<n, v; € R, hence

,_ @kt

kel.
21)j

det(A;)) =0 <+—

The shape of the coherent states breaks down at these times as we clearly see in the
following example.

Assume thatn =2 and L = (_01 (1)) :=J. We find

A; =cos(it]), B; = —sin(itJ), I; =tan(itJ),
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where we have used cos(itJ) = cos# (1) and sin(izJ) =i J sint. Hence we have
Y01 (01,62) = cosre™ 2000 — co51(1 4 tan(irJ)6162).

Fort = %, Yo,:(01,62) = i6162 which is no more a Gaussian (a Gaussian function
of Grassmann variables is always invertible). We can only say that it is a degenerate
Gaussian.

In the next paragraph we want to compute the matrix elements (Vg, Usy)

where U; = e~ and deduce from that a computation of the integral kernel of U,

(fermionic analogue of the Mehler formula), hence a formula for the Weyl symbol
of U; (fermionic analogue of the Mehlig—Wilkinson formula).

11.7.4 More on Quadratic Propagators

Proposition 141 With the notations of the previous section, for every pair of Grass-
mann generators & = (&1, ...,0,), B=(B1,..., Bn), we have

(Vg Uptha) = det(At)%e%<ﬁ~ﬁ*+a,-a,*>+ﬂ*~ate(ﬁ*—af)»(%)(ﬁ*—a;*) (11.148)
fort e C\Z.

Proof 1t is enough to prove (11.148) for o = 0 using the formula

1 * *
(Wp, Urhg) = e2 Pt (g Uiy).

Let us introduce the notations: 1, (9) = e?? and

fi(y*) =y, Uo).

Our strategy to compute f; is to show that it satisfies a quadratic Schrodinger equa-
tion, noticing that fo(y*) = 1.

We have i0; f; = (ﬁny, Usno). An easy computation using a*n, (6) = 61, (0)
and an, (0) = yn, (0) gives that

N 1 - TrM
Hny(6)=§(9~My+9-L9—y-Ly—T)ny(e). (11.149)

Plugging this formula in (H Ny, Uino) and the formula

<if>* — (_1)1+7T(f)i*f

83/] 3Vj

we get

i0,fi(v*) = (A £)(r").
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Using the previous section’s main result we get
1 x It %
ﬁ(y*) =det(A;)2e” 27 .
This proves (11.148) for « = 0 hence for any «. O

Using formula (11.54) we get a kind of fermionic analogue of the Mehler formula
for oscillators.

Corollary 33 The integral kernel K, (6, y*) of the quadratic propagator U, has the
Sfollowing expression, fort € C\Z:

K, (,9, )/*) — det(Al)%69')’,*+%(V[*'Vr—l/*‘l/)e((?—)’t)‘%(9—%)' (11.150)

To conclude this section on quadratic propagators for fermions we now compute

the contravariant Weyl symbols U;” of the quadratic propagator U, =e"H Al the
computations can be extended to time dependent Hamiltonians H ().

Let us introduce the notations: Sp X' the spectrum of the Hermitian matrix X of
H and

2k +1
QPHZ{%

,AeSpE,keZ}.

Theorem 50 Let us consider a quadratic fermionic Hamiltonian like (11.134). Then
the contravariant Weyl symbol U}” of e "H s given by the formula

UP ) = det<Ft;_]l)7 exp<<5;) (F = D(F + 1) (5)) (11.151)

for t such that |t| < Ty where T is the first time when det(F; + 1) = 0.
More generally the formula (11.151) is satisfied for every t € C\ Zy.

Proof First remark that t = U,” (£) is holomorphic in t € C, so it is enough to prove
formula (11.151) forO <t < Tj.

It could be possible to compute the Weyl symbol U,” from the kernel of U, using
Fourier computation of Gaussians but in this way it does not seem easy to have a
direct expression with the flow F;. So we choose a more direct approach, as we did
for bosons, making the following ansatz:

wien L(EY (€
U} <s>—f<t>exp<2 (s) Al (5»

where f(t) is a complex valued function and A}” is a 2n x 2n anti-symmetric matrix.
Applying the Moyal formula (11.123) to the equation

QUM =H®UP
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we get
. 1 — = <« —
i(f0)+ F O] OV €) = HEOU©) + 3 H (5 - 5 + e - 56Uy
1 — =« —\2 .
+ gH(ag* O + O -35*) Ur, (11152

where @;" is the quadratic form associated with the matrix A}":

. 1 w_ (E -5
O (€)= 36 B +E Ki§*+§Gi§ and A Z(Gt K,
2 t

(11.153)

We also introduce the matrix of the quadratic form H:

— MT
5 L

the matrix # = () {) and ¥ = _# & the generator of the flow F; =e/*.

It will be useful to remark that ¢ is the fermion analogue of the J matrix of the
symplectic form and that the flow F, leaves ¢ invariant: FI #F,= ¢.
Now we can compute the right hand side of (11.152) applying carefully the

fermionic computation rules we get, with X = ( 5* ),
H(Jg 0 + 3 -9 ) U == FEX - ATXUY, (11.154)
2
H(Jg 9 + 0 00 ) U =Te( 7 5 7 AY) + AVX - 73 FAVX. (I1155)

Plugging this into (11.152) and identifying the quadratic and the constant parts in X
we get for A}" a Riccati equation and for f a Liouville equation as is expected:

. 1 1
iA;”=E—§(A/:—E/A;”)—ZA;"}E}A;”. (11.156)
It is convenient here to introduce &; = _# A}". So we get
. 1
i@,:Z(Z—@,)E(Z—F@);), ©=0. (11.157)

Equation (11.157) is easily solved by a Cayley transform: &; = 2(A4;] — 1)(A4} +
1)~'. So we find A, = F,_l and we get

AP =2 g (F,—1)(F,+1)"". (11.158)

Using this result we find for f the Liouville equation

f=3TlRE DO, FO=1, (11.159)
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and we get

1
F+1\2
Pt ) . (11.160)

t) =det
f(1)=de ( >
This achieves the proof of (11.151). O

From this result we can compute the covariant Weyl symbol U, ,, using the
Fourier Gauss formula in Proposition 127.

Corollary 34 Assume that the quadratic form H is non-degenerate (so the matrices
E and X are non-degenerate).
Let T, be the smallest time t > 0O such that det(F; — 1) =0. Then for 0 <t < T

we have the formula

1
Utw(y) = fw(t)exp<1 <;/*> - J(FA+DF -1 (;;)) (11.161)

where f¥(1)> = det(F, — 1).
The formula (11.161) is also true fort € C, t # 2an3 keZ,xeSpX.






Chapter 12
Supercoherent States—An Introduction

Abstract In previous chapters we have considered coherent states systems for
bosons and for fermions separately. Here we introduce superspaces, where it is pos-
sible to consider simultaneously bosons and fermions. Our aim is to give a short
introduction to this deep and difficult subject by considering some elementary ex-
amples where coherent states and quantization are involved.

12.1 Introduction

We have seen before that a general setting for coherent states is related to unitary
irreducible representations of Lie-groups. Then we have defined fermionic coher-
ent states associated with a “group of translations in fermions coordinates”. Here
we shall consider states of systems mixing bosons and fermions. This is more diffi-
cult but very essential to give a mathematical model of supersymmetry. Recall that
supersymmetry is a mathematical theory built to describe transformations which ex-
change bosons and fermions. Up to now it is not known if such transformations exist
in Nature.

Anyway it is useful to understand mixed systems with bosons and fermions from
a classical and a quantum point of view as well and to compare them.

In short, superspaces are spaces where it is possible to define classical supersym-
metry.

Supercoherent states are a useful tool to build a bridge between the classical
world and the quantum world as they do in the more familiar case for finite number
bosons systems. So we shall construct here a family of supercoherent states and we
shall see that they have many similarities with the coherent states of the harmonic
oscillator. In particular they can be obtained in several ways: by translations through
a super Weyl-Heisenberg group, as eigenfunctions of a super annihilation operator
or by a minimum uncertainty principle.

We do not give here the more general setting, our aim here is to give a first ap-
proach and compute some interesting examples, in particular concerning the Bose—
Fermi oscillator or super-harmonic oscillator.

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 353
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0_12, © Springer Science+Business Media B.V. 2012



354 12 Supercoherent States—An Introduction

12.2 Quantum Supersymmetry

At the formal mathematical level quantum supersymmetry can be easily imple-
mented with a unitary involution t in an Hilbert space H (see [184, 200] for de-
tails). Denote H = ker(t — 1) and Hy =ker(t +1). If [Ty = 3(1 £ 7) then [T+
are orthogonal projectors and we have Hp =1 . H, Hr = T1_H.

Definition 33 Let H be a self-adjoint operator in H with a r-invariant domain
D(H).

H is said to be even if [I:I, 7]=0 (I:I and T commute).

H is said to be odd if [I:I , 7]+ =0 (I:I and T anti-commute).

Every Hamiltonian H in H have a matrix representation in the decomposition
H=Hp®HF,
ﬁ = (I;[—H_ Ii—'—_)
H_, H__
So H is odd if and only if FLJF = H__ =0and H is even if and only if I—AL+ =
H,_=0.

A supersymmetry is determined by its generators {Qk}lfks ~ where the Oy are
self-adjoint and odd operators, so we have [Qk, 7]+ =0, and Qk send bosons on
fermions and vice versa.

The Hamiltonian H is said supersymmetric if [I:I , Qk] =0forl <k < N.Butto
have better algebraic properties it is assumed that [Qk, Qj]+ =2Hbj;, <j,k<N.
Here for simplicity suppose that N = 2. We write the Hamiltonian in the symmetric
form

H=-(01+03)

N =

or, if we denote Q = Qi1+ e have the complex form:

S

A 1,2 4
H= E[Q, Q*]+, with the relations

2_0 (12.1)

(A, 0]=[H,0"]=0, 0*=(0")
Q0 is usually called a supercharge for H.

The main physical problem in supersymmetry is to check if it is broken or pre-
served. In [200], E. Witten said:

“The most important question about supersymmetry theory is the question
whether there exists in the Hilbert space H a state |§2) which is annihilated by
the supersymmetry operators Q;, Q;|§2) =0."

Assume the spectrum of H is purely discrete. So its energy levels are non neg-
ative real numbers E. If E > 0 the eigenstates for E are pair (¥, ¥r) where
Vr=Q0VYs. . . A

If E=0then HyY =0if and only if Q1¥ = Q¢ =0 then it is said that super-
symmetry is preserved.



12.2 Quantum Supersymmetry 355

But if there exists ¢ € D(Q) N D(Q*) such that Qw =0 and Q*w # 0 then we
say that supersymmetry is broken. Then the vacuum energy E satisfies £ > 0.

Let us now consider the well known Witten example of a quantum mechanical
system with supersymmetry.

It is a spin % exchange model in one degree of freedom.

So H = L2(R, C?) with the unitary involution o3 = (| °, ). The supercharge is

0—1
0= %(% + V’(x)>o_, o= <(1’ 8) (12.2)
O = %(% - v’(x)>a+, oy = <8 é) (12.3)
An easy computation gives the following Hamiltonian:
A= %(—j—; n V’(x)2)112 _ %V”(x) (12.4)

Assume for simplicity that V (x) is a polynomial of even degree: V (x) = cox?k +
e e Cpx KM with ¢g > 0. Then I:I isa self—adjgint operator with a discrete spectrum.
It is easy to solve equations Q¢ =0 and Q*y = 0. We find

Oy =0 < Y(x)=y(xye’0V® (12.5)
v =0 < Y =yxe’ @Vt (12.6)

So we see that QI// = 0 has non-zero L? solution and Q*l// =0 has no non-zero L?

solution, hence the supersymmetry is broken.

x2

A supersymmetric harmonic oscillator is obtained with V (x) = %5-, @ > 0. So
we get the Hamiltonian

It is easy to get the spectral decomposition for Hyos using the Hermite basis {{¢ }xen
0 .
E;ee Clz)ap. 1). Denote ¥ (1/2,x) = () and Y (=1/2,x) = (, " ,,), with
—1=0.

For k > 1, {yx(1/2,-), ¥r(—1/2,-)} is a basis of eigenvectors for the eigenvalue
k of multiplicity two and O is a non degenerate eigenvalue with eigenvector ('/’()éx ) )

Let us remark that besides the position x we have here another degree of freedom
s =1/2,—1/2 which is discrete and represents the spin of a fermion.

We can rewrite the supersymmetric harmonic oscillator with creation and anni-
hilation operators for bosons and fermions:

1 d 1
ap = j((l)Bq + h@), ar = TO:F (127)
B F
1 d 1
ay = wpqg —h— |, ay=——o_ 12.8
e SRl S s
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We get the super-harmonic oscillator,

A

H = wglay,agly + orlay, ar] (12.9)

where (az, ap) satisfies (CCR) or Weyl-Heisenberg algebra relations and (a;, ar)
satisfies (CAR) or Clifford algebra relations. We shall see that His supersymmetric
if w B = WF.

It is possible to consider systems with n bosons generators and m fermions gen-
erators as well, writing ap = (ag.1,...,ap.n) and ar = (ar 1, ...,ar ) satisfying
(CCR) relations for ag, (CAR) relations for ap.

The goal of a supersymmetry theory is to put bosons and fermions on the same
footing. For example we would like to consider the parameter s for the spin as
a classical variable on the same footing as x for the position. In other words the
question is to find a kind of classical analogue for the spin. The question seems
strange because the spin is purely quantal and disappears in the usual semi-classical
limit.

Nevertheless Berezin has invented new spaces where this is possible after quan-
tization; he called them superspaces with different super-structures (linear spaces,
algebras, groups and manifolds (see [20])). We shall give here an introduction to
this wide subject, explaining only enough details to understand some semi-classical
properties of supercoherent states. Concerning a more complete presentation we re-
fer to the wealth of literature [20, 65, 132, 190].

12.3 Classical Superspaces

The problem considered here is to find a classical analog for the algebra defined
in (12.1). In other words we want to construct classical spaces mixing bosons
and fermions. We already know classical spaces for bosons: real or complex vec-
tor spaces or manifolds and classical spaces for fermions: Grassmann algebras
K[Oy,...,6,], K=RorC.

It is not obvious to understand in geometrical terms what is a classical space
for fermions. We shall come back to this point later. First notice here that it is not
the algebra K[0] but instead a mysterious space B such that the space of “smooth
functions” on B with values in the Grassmann algebra K is K[6]. In particular B is
a set of dimension 0. This was more or less implicit in the previous sections.

12.3.1 Morphisms and Spaces

The configuration space of a classical system with n bosons and m fermions will be
a symbolic space denoted R”1" such that

CX®(R"™) := C®(R") (61, ..., 0,1 := C®(R") ® G
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where G, is the Grassmann algebra with m generators. In other words C > (R"I"™)
is a C*°(R") module with basis {61, ..., 6,}.

(x,0) is interpreted as a coordinates system of a point in the symbolic space
R"M: x = (x1,...,x,) are the even coordinates and 6 = (01, ..., 6,,) are the odd
coordinates. As for Grassmann algebras, C*(R""™) is a super-module, with a parity
operator P, C*°(R")-linear. So

Co(RM™) = [C™(R"™)], @ [C™(R"™)]_

where [e]; is the even part and [e]_ is the odd part.

For applications we need to understand transformation map between different
superspaces R RIS,

A first approach to define a map @ : R"" — Rl is to use coordinates system:
@ (y,n) = (x,60) where x, y are even coordinates, 6, n are odd coordinates. But the
symbolic spaces are defined implicitly by the C* functions defined on them. So we
interpret ® as a change of variables in functions f € C*(R"l¥),

D*(f)(x,0) = f(®(x,0)) (12.10)

where f — @*(f) is alinear map. It is important to underline here that the meaning
of the right hand side in (12.10) is given by the left hand side because superspaces
are only symbolic and are defined by their algebra of functions and not by a well
identified geometrical object in the usual sense.

To define supermanifolds it is necessary to define local superspaces in an open
set U of R". Then U"™ is the superspace defined by its algebra of C*° functions:
C® UMy := C*®(U) ® G. So we have a natural definition for morphisms from
U™™ in V51" where V is an open set of R®. Let us give now some more formal
definitions following [20, 132, 190].

12.3.2 Superalgebra Notions

Definition 34 (Superlinear spaces) A superlinear space V is a vector space on
K =R or C with a decomposition (Z;-grading) V = Vy @ V;. V} is the set of even
vector, V7 is the set of odd vectors. Then on V there exists a parity (linear) operator
P, defined by Pv = v for v € Vj, Pv = —v for v € V;. Elements in VU V; are called
homogeneous.

A linear map F from the superlinear space V into the superlinear space W is said
superlinear, or even, if it preserves parities, so I sends V; in W;, j =0, 1. A linear
map from V into W is said odd if F(V;) € W,y (j € Zp).

The parity number 7 (v) is defined for homogeneous elements: 7 (v) = 0 if
veVo,m(v)=1ifv e Vy.

Let us remark that every linear map from V into W is the sum of an even map
and an odd map. The following notations will be used:
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SHom(V, W) is the linear space of even maps V into W and Hom(V, W) is the
space of all linear maps from V into W. Then Hom(V, W) is again a superlinear
space and it even part is the space of even maps from V into W.

(Hom(V, W)), = SHom(V, W)

Definition 35 (Superalgebras) A superalgebra is a linear space .A with an associa-
tive multiplication with unit 1 (fg) +— f - g, such that for every f, g € Ay UA_ we
have the parity condition:

7(f-g)=n(f)+m(g

The superalgebra A is said (super)commutative if
frg= ()T f
Examples: Grassmann algebras K[61, ..., 6,] are super-commutative algebras.

Definition 36 (Superspace) If B is a superspace (for example defined by a Grass-
mann algebra) the set of B-points of the superspace R”!" is the set R/ (B) defined
by the following equality:

R™™(B) = Hom(C*(R"™), C*(B))

The interpretation is that R”" (B) = Hom(B, R""™) so R (B) can be seen as
the “points of R"/"” parametrized by B. An other important trick for a correct inter-
pretation of superspace concerns the product of superspaces. We should like to have
for example R = R™0 x RO (of course R”!° is the usual space R” and R%" is
the space whose C*°-functions are R[0, ..., 6,,]).

Let us consider 3 classical superspaces X, Y1, Y>. We can understand identifi-
cation between Hom(X, Y7 x Y2) and Hom(X, Y1) x Hom(X, Y») through iden-
tification between Hom(C*°(Y; x Y»), C*°(X)) and Hom(C*°(Y;), C*®°(X)) x
Hom(C®°(Y3), C°°(X)). This is done as follows.

If @/ is a morphism from C*°(Y}) into C*°(X) then we get a unique morphism
IT* from C*° (Y| x Y3) into C*°(X) satisfying

D*(fi® L) =P (f)P;(f2), for fi e C(Y) (12.11)

Conversely if @* is given we get @ (f1) = @*(f1 ® 1) and @5 (f2) = *(1 ® f2).
So the identification is determined by (12.11).

12.3.3 Examples of Morphisms

We compute here morphism between some superspaces.

(1) @ is amorphism from R” in R". It is known that we have @*(f)(x) = f(®(x))
with @ smooth function R" — R”.
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(2) @ is a morphism from RO jnto RR. Using parity we have @*(f) = bo(f) where
bo(f) is real, linear and multiplicative in f. So there exists xo € R such that
@*(f) = f(x0), which means that @ is constant, as it should.

(3) @ is a morphism from R!!! into R. Using parity, we have @*( f) = co(f) where
co is a morphism from C*°(R) in C*°(R). Hence there exists a smooth function
@ :R — Rsuchthat @*(f) = f o .

(4) @ is a morphism from R!!' into RO!. Using parity, we have @*(1) = 1 and
@*(0) = c16. (1 is the constant function 1). So we have @*(by + b10) = by +
b] C1l 6.

From (3) and (4) we clearly see that (x, ) are coordinates for R!I!.

(5) @ is a morphism from RY2 into R!. We have

D*(f)=bo(f) +b1(f)0162
The superalgebra even morphism conditions give

bo(f8) =bo(f)bo(g), f.g€CTR), bo(1)=1 (12.12)
b1(fg) =bo(f)b1(g) +b1(f)bo(g) (12.13)

From the first condition, there exists ¢ : R — R such that by(f) = f o ¢. Then
the second condition means that b; is a derivation at ¢(x). So there exists x (x, t),
smooth in a neighborhood of the graph of ¢ such that

d
bl(f)(x)=x(x,t)d—]: (12.14)
t=¢(x)

12.4 Super-Lie Algebras and Groups

Standard symmetries (at the classical or quantum level as well) are described
through the group action. Supersymmetries will be described through the action of
super-groups. Moreover these super-groups are derived by exponentiating super-Lie
algebras as in the usual case of Lie groups.

12.4.1 Super-Lie Algebras

Definition 37 A super-Lie algebra s is a superlinear space on K = R, C with a bi-
linear bracket (A, B) — [A, B] satisfying the following identities for homogeneous
elements A, B, C:
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[A, B] = () TTADTB) g 4] (12.15)

7([A, B]) =n(A) + 7(B) (12.16)

(—D)" T OTA (B, Cl] + (=) BTV, [C, A]] + (=)™ O™ B[, [A, B]]
=0 (12.17)

Remark 69 The first equality means that [A, B] is anticommutative excepted if A
and B are odd. In this case the bracket is commutative.

The second identity means that the bracket of two even or two odd elements is
even and the bracket of an even and odd element is odd.

The third identity is the super-Jacobi identity.

As in the standard case of Lie algebras, many examples of a super-Lie algebra
are realized as matrix superalgebras. Let us consider a supervector space on the field
K=R,C, V =Vy& V| where the even space Vj has dimension n and the odd space
V1 has dimension m. Any superlinear operator A in V has a matrix representation

_(A++ Ao
Denote End(V) the space of all superlinear operators in V. We have seen that

End(V) is a supervector space with parity 7. It is a super-Lie algebra for the super-
bracket:

[A, B] — AB — (_1)”(A)7T(B)BA

Choosing basis in Vp and V) the superspace V is isomorphic to K" @& K™. This
space is denoted K™ (not the same meaning as K"") and the super-Lie algebra is
denoted gl(n|m).

We denote sl(n, m) the sub-super-Lie algebra of gl(n|m) defined by the super-
traceless condition: StrA = 0.

su(n, m) is the sub-super-Lie algebra of matrix A such that

A++ = —Ai+, A_+=_l.Aj__
For m = 0 we recover the classical Lie algebras gl(n), sl(n), su(n).

Definition 38 Let A be a superalgebra (not necessarily associative). A linear opera-
tor D in A is called a superderivation if it satisfies, for every homogeneous elements
f» g in End(A),

D(f-9)=D(f)-g+(=1)"P7"D ¢ . D(g) (12.18)

The basic example is D = ady where A is a super-Lie algebra and ad4(B) =
[A, B] (like in standard Lie algebras).
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In the superalgebra C°(R"I™), X i = ai and O = % are superderivations (the
. N X
first is even, the second is odd). And if & € C®(R"I™), hX; and h®; are again
superderivations.

12.4.2 Supermanifolds, a Very Brief Presentation

To define supermanifolds it is necessary to define local superspaces in an open
set U of R™. Then we denote U™ the superspace defined by its C* functions:
C® UMy := C*®(U) ® Gn. So we have a natural definition for morphisms from
U™™ in V5" where V is an open set of R*. U”!"™ is a superspace of dimension 7|m.

As for a standard manifold, a supermanifold M of dimension n|m is a topological
space My (called the underlying space) such that for each point m € My we have
an open neighborhood U and a superalgebra Ry isomorphic to C*(V"1™), where
V is an open set of R”. Moreover a gluing condition has to be satisfied (see [190],
p- 135). In particular My is a standard manifold of dimension #.

We have discussed here the super-analogue of real C* manifolds. It is possible
to define real analytic or holomorphic supermanifolds. For that we have to replace
C°°(U) by the space C®(U) of analytic functions in U. In the complex case U is
an open set of C" (recall that complex analytic = holomorphic).

Nowadays there exist essentially two kinds of (almost) equivalent definitions of
supermanifolds. One defines supermanifold by its morphisms [22, 132, 190], it is
called the algebro-geometrical approach; the other is closer to the standard definition
where a manifold is a set of points but the field of real numbers is replaced by a non-
commutative and infinite dimensional Banach algebra [62, 169]. Here we shall use
the terminology of the algebro-geometrical approach. See [169] for a discussion
about comparison of these two definitions.

We only give here a very brief and sketchy introduction to this rich subject. Our
goal is only to have a better intuition of what is going on some few examples, in
particular concerning the Fermi—Bose (or super) oscillator.

Definition 39 Roughly speaking, a C*°-supermanifold of dimension n|m is a su-
perspace M defined by an underlying manifold of dimension n such that M is
locally isomorph to U"1™, where U is a chart (open set in R") of the underlying
manifold My. There are gluing compatibility conditions between the charts as for
manifolds where C®(U"™) replaces C*°(U).

If U is an open set of R”, the supermanifold U™ is defined by the underlying
space U and with C® UMMy =C®W)[by,...,6m], 61, ...,0, are generators of a
real Grassmann algebra.

Definition 40 A vector field in the super domain U”!" is a derivation in the super-
algebra C*°(U"I™).
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As in the standard case the set V(U"!™) of vector fields in U"!"™ is a super-Lie
algebra. Note that it is a module over C°°(U"!"™) with the following basis in coordi-
nates (x, 6):

d a 9 d
axy  Ox, 001" 96,
In a supermanifold M the tangent superspace at “P € M” of coordinates (x, 6) is

defined locally in a chart U nlm ag the space V(U nlmy restricted at (x,0) (see [190]
for a more precise definition).

12.4.3 Super-Lie Groups

In short, a super-Lie group is a supermanifold and a super-group where the group
operations are morphims. It is not the place here to define rigorously all these terms;
we refer to [62, 132, 169, 190] for a detailed study of supermanifolds and super-
groups.

A super Lie-group is defined as a supermanifold where the group structure is
defined by morphisms

nw:GxG— G, =G — G, vo:R0|0—>G

These morphisms define, respectively, the multiplication, the inverse element and
the unit element. Of course we need conditions to translate the group properties on
morphisms (see [190] for details).

We have defined before the superspace R It is a commutative Lie group for
the “natural” addition with the following morphisms:

x,H+.0=x+y,0+2) (12.19)

Addition rule has to be defined in terms of morphisms as follows.

Recall that the space R”!"™ is defined by its morphisms and for every superspace
B, R"™(B) is the set of B points of R*"™ R"™(B) = Hom(C>(R"™), C*°(B)).
Addition in R"” (B) is defined as follows. It is first noticed that a morphism ¥* €
R™™(B) is determined by its images on the following generators of R”1":

fi(x,0) =x;, gk(x,0)=0r, 1=<j=<n, 1<k=<m

Y*(f;) and ¥*(gx) determine y*. Hence the additive group {R"", +} is defined
by the rule, ¥}, 5 € R"™(B),

(W7 + ) (D =v1(H +¥3(f),  for f=fj, gk,

forany yf, ¢35 € R*™(B) and any superspace B.
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For simplicity, assume n = m = 1. Practically if f € C*(R!!) we have
f(x,0) = fo(x) + f1(x)6 and the meaning of (12.19) is

W (), 5,0,8)= folt +5)+ fit +5)0 + fi(t + )¢

It is easy to explicitly write (* and vy.

As in the standard case, it is very important to have connections between super-
Lie algebras and super-groups. Without going into details of the theory of super-Lie
groups, (see [22, 190]), let us recall here a definition (up to super-isomorphism) of
the super-Lie algebra of a super-group SG of dimension n|m.

Definition 41 The super-Lie algebra sg of the super-group SG is the superlinear
space of left invariant derivations in the algebra C*°(U"™) where U is a neighbor-
hood 1 of the underlying Lie group Gy.

The easiest example is the superlinear group GL(n,m) corresponding to the
super-Lie algebra gl(n, m). The details can be found in [22].

Elements g of GL(n,m) are superlinear isomorphisms in R™"™. They are
parametrized by matrices

wo=(377 57)

where the matrices A4y, A__ have even elements and A;_, A_ have odd ele-
ments. The real component of A(g) is

Aols) = (Ag+ A(_’_)

Ao(g) is invertible if and only if det(A4)det(A__) #£ 0. Denote Gy = GL(n) x
GL(m). G is a standard manifold of dimension n2 + m2. So we see that the super-
manifold GL(n, m) is defined by the sheaf of smooth function

C®(GL(n, m)) :=C®(Go) ® R*"™"
It can be proved that it is a super Lie group [22].

Remark 70 One very useful tool to compute in superanalysis is what Berezin called
“the Grassmann analytic continuation principle” [22]. It was sometimes applied im-
plicitly above and we shall often apply it later without more justifications. There ex-
ist several ways to explain this principle in a more mathematical rigorous approach
(see [65, 105]).

The practical rule is the following. Let f be a real function of n real vari-
ables x1, ..., x, and n nilpotent Grassmann numbers &1, ..., &,. That means that

(ieG,and §; = Z|E|>0a£95 where 61, ..., 0, are generators of G,. Denote x =
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(x1,...,xp) and & = (&1, ..., &,) (using the usual notation in several variable func-
tions), the Grassmann analytic continuation principle says

9
f(x+§)—Z—,8—af( x) (12.20)

Recall that @ = (oq, ...ap) € N, EY = Six' .-~ £ hence we have £ = 0 for || >
2n so the Taylor expansion (12.20) is finite.

We consider now more interesting examples, where even and odd coordinates are
mixed, which gives supersymmetries after quantization.
Let us begin by the toy model R'!! with the law super-group:

(t,0)(5,0)=(t +5—i0,0 +7) (12.21)

Let us denote SG(1]1) this super-group (it is easy to prove that it is a super-group
with a non-commutative product) and sg(1|1) its Lie algebra.

If fe COO(R”]), f(t,0)= fo(t)+6f1(¢), and (s, n) the coordinates of a super-
vector v in R!!', the left translation of f by v is defined by

T f(1.0) = f(t —s+in0,0 —n)
= fot =) +inbfg(t =)+ O —m fit —s)  (12.22)

Here we have used the Grassmann analytic extension principle. But we have the
group property: E'L'(s’,]) =t T(s,0) OZ T(0,n) and

Kr(s,o)f(t, 0) = f(t —s,60), (usual translation by a real number s) (12.23)
.0 0
“r0.0f(,0) = f(t,0)+ 5(195 - £>f(t, 0) (12.24)
So we can conclude that the super-Lie algebra sg(1[1), has the two generators

{0;, Dy}, where 0, = 5 is even, dy = and Dy = i00; — dg are odd. We have
the commutation rule

— 90

[Dy, Dol+ = —2i0;

By analogous computations we get a basis for right invariant vector fields. Only the
odd parts is modified. We get

Qp =100, + 9
Only the last commutation rule is changed:
[Qp, Qol4 =2i0; (12.25)
Moreover we have the following commutation:

[Q,D]=0 (12.26)
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In mechanics the generator of the time translations is the Hamiltonian H. So equa-
tion (12.25) is a classical analogue for a supersymmetric system.

Consider now a more physical example leading to a classical analogue for the
Witten model [200]. This kind of model was considered before by several physicists
in the 1970s (Wess, Zumino, Salam).

On R!12 define the following multiplication (non-commutative) rule:

(1,6,0%)(5,, %) = (t +5 — i (0" —£6%),0 +¢,6% +*) (12.27)

For f € C®(R!%) we have f(z,0,0%) = fo(t) + fi1(1)0 + fo(1)0* + f3(1)06*. The
multiplication morphism p* is determined by w*(f;) for 1 < j <3 (recall that pu*
is a superalgebra morphism). For every f € C°°(R) the meaning of (12.27) is

W), s5,6,0%,¢6,8%) = f(t+5—i(0C" —£6%),0 +¢,60"+¢)
= F(t+s)—i(0CF — 0% 't +5) — 00%CC* £ (1 + 5)

¢* and vy are easily computed such that {RY2 11} is a super Lie group that we shall
denote SG(1]2).

As we have done for SG(1|1) we can compute generators for the super-Lie alge-
bra sg(1|2) by identifying left invariant vector fields.

Denote ers,n,n* the left translation by (s, n, n*), eTn the left translation by
(0,n,0) and ern* the translation by (0,0, n*). As above we get easily for every
feCRP),

1, f(1,0) = ft,m) + (60 — 39) £ (1,6) (12.28)

e f(1,0) = f(t,m) + 060 — 0g=) £ (1,6) (12.29)
So we have got the following basis for sg(1]2):
or, Dy =i0%0; — 0p, Do+ =i009; — 0g=

with one even and two odd generators. The commutation rules of this algebra are

Dy? =Dp:>=0 (12.30)
[Do, 8] = [Dg+, 3] =0 (12.31)
[Do, Dg+14 = —2i0; (12.32)

By analogous computations we get a basis for right invariant vector fields. Only the
odd parts is modified. We get

Qp =i60%9, + dp, Qp+ = i00; — g+
Only the last commutation rule is changed:

[Qp, Qo]+ =2i0; (12.33)
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Moreover we have the commutation
[Q,D]=0 (12.34)

So (12.33) is a classical analogue for the quantum supersymmetric system of Witten.
This will become more explicit later.

12.5 Classical Supersymmetry

12.5.1 A Short Overview of Classical Mechanics

There are many books concerning this very well known subject. For our purpose we
recall here some basic facts concerning Lagrangians and Hamiltonians. We refer for
more details to the following books [7, 92, 182].

In physics classical dynamical systems are usually introduced with their La-
grangian £ and their action integral S = f dx L(x) if x is a coordinate system for
classical paths. For a point particle moving in R"” with coordinates ¢ = (g1, ..., gn)
we have S = ftf)‘ dt L(q,q), ¢ is the time derivative of g. The equations of motion
(Euler—Lagrange equations) are deduced from the least action principle,

AL d [(dL
I adl P 12.35
dq dt<36}) ( )

Euler-Lagrange equation may be very difficult to solve. Much information of its
solutions can be obtained studying its symmetries. According the Noether famous
theorem, symmetries give integral of motions /, functions of ¢, ¢ conserved along
the motion %I (g, ¢) =0. In particular the Hamiltonian energy function H is con-
served:

0L .
The canonical conjugate momentum p is defined as
oL
P=3g

p is a cotangent vector in (R")*. We consider here for simplicity systems without
constraints and that the configuration space is the Euclidean space R" (see [7] for
manifolds).

Let us recall now a statement for the Noether theorem concerning symmetries
and integrals of motion.

Theorem 51 Let V(q) = Zlgjgn vj(q) 5.~ be avector field and ¢y, its flow:

9
aq;

d
79 @) =v@s). qo=g. where v(ig) = (vi(q),....va(q)  (12.37)
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(NI) Assume that L is invariant under ¢y, for s close to 0. Then

oL
Iy(q,q) =v(q) - 8_
q

Lo L dly _
is an integral of motion: =z~ = 0.

(NII) Assume that there exists a smooth function K on R" x R" such that
oL oL d
(g — = —K(q, 4 12.38
v(q) 2 +0(q) bq ~ dr (4.9 ( )
then I =v(q) - % — K (q, q) is an integral of motion.

Remark 71 1t is convenient to state Noether’s theorem with finite small deforma-
tions of size e. Denote §.q = ev(q), 8:L = L(q + 89,4 + 3:9) — L(q,q). The
invariance assumptions (12.38) means that

d
agc=saK(q,q)+0(82) (12.39)

The energy Hamiltonian H was defined as a function of (g, ¢). It is convenient to
replace the velocity ¢ by the momentum p using the Legendre transform in g — p.

H(q.p)=p 4(q.p) = L(q.4(. p)) (12.40)
If the matrix % is non-degenerate, H is a smooth function of (g, p) only (at least
locally).

In order to quantize the classical system with Lagrangian £ it is assumed that H
is defined globally.

We shall see that for fermions it is not true for interesting examples where the
Lagrangian is degenerate: ¢ — p is not onto. But in order to quantize canonically a
classical system we have to compute an Hamiltonian and a Poisson bracket. Dirac
has proposed a method [69] to do that in the degenerate case.

Let us describe roughly the Dirac method which will apply to fermions. We fol-
low here [112] where the reader can find many details.

When g + p is not onto the range of the mapping (¢, g) — (¢, p) (p = %) is
a non-geometrically trivial part of the phase space. In particular it is not possible
to recover ¢ from p. In this situation we say that the Lagrangian is singular or
degenerate.

Following [69], it will be assumed that this is a smooth manifold C described
by equations x;(g, p) =0, 1 < j < m where the differential dx; are everywhere
independent.

The energy Hamiltonian H is always a function of ¢ and p (as in the regular
case) but is defined here only under the constraint (g, p) € C. Dirac assumed that
H has an extension to the whole phase space R"” x R" (R” is identified with (R")*)
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and he computed a modified Poisson bracket {e, e}p; such that for any observable
F € C*(R" x R") the equation of motion is

F={F,H}pi, inparticularg={q,H}pi, p={p,H}pi (12.41)
On C, using definition of p we have

) oL oH oH
dH:qdp—a—dqz—dq+—dp (12.42)
q dq

Then there exists u (¢, g), 1 < j < m, such that

. 0H axi

g=7-+ > uj=t (12.43)
P52,

. oH 3)(]'

p=—— > u 2 (12.44)
Ig | SZ, 04

So we have for every observable F

F={F.Hy+ > u;{F.x;} (12.45)

l<j<m

The constraints x; have to be preserved during the time evolution, which gives the
conditions

b HY+ ) il xj} =0, forl<k<m (12.46)
1<j<m

For simplicity assume now m = 2 and {x1, x2} = A # 0. From conditions (12.46)
we can compute uq, u:

{x2, H} {x1, H}
= s M2=— .
A A

ui

Then the Dirac bracket has the following expression:

1
{F.G}pi ={F,G} + X({F’ xiX{x2, G} = {F, x2}{x1, G}) (12.47)

It is easy to see that (F,G) — {F,G}p; is a Lie bracket on the linear space
C®[R" x R™).

Let us consider the following example in the configuration space R?: L = xy —
yx — V(x,y), V is a smooth potential. This Lagrangian is degenerate. We have

3£M aLM
=Y, = —_—Q =X
Y y Dy 3y

(12.48)

Px:
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The energy Hamiltonian is H = V (x, y). We have the two constraints x| = pyx + y,
x2 = py —x and {x1, x2} = 2. Then the Dirac bracket is

2

9px % - % dpx

(12.49)
We can check that the Hamiltonian H and the Dirac bracket (12.49) give the Euler—
Lagrange equation for the motion. We find

1<8F8G BFBG) 1<8F oG OF 8G>

1
F,Glpi=-{F.G}— - =2 =22
tF. Gloi = H1F. G = 3| 30 3y 9y ox

av

. 10V . 1
x={x,Vlpi=—z—; y={y,Vipi=z—
2 0x

; 12.50
2y (12.50)

To prepare a canonical quantization of the Lagrangian £js we write the commuta-
tion relations

1
{x,y}pi ={px, Py}Di =-3 (12.51)
1
{x, px}pi ={y, pylpi = > (12.52)
{v, px}pi = {x, pylpi =0 (12.53)
A Dirac quantization F F satisfies
{F.G)pi — —i[F,G]
So we get a representation of the Lie algebra (12.51) in L?(R?) satisfying
.1 n 0 .1 d
X ==X — |, = — —_—
2 P9y Y=o\ o
(12.54)

1 9 s (0
=50 0 ) Ty

Notice that this representation in L%(R?) is not irreducible because we have the
constraints py +y =0, p, — X =0 and the relations (12.54) define an Heisenberg
Lie algebra of dimension 3. So we can get a quantization equivalent to the Weyl
quantization in L2(R).

12.5.2 Supersymmetric Mechanics

Supermechanics is an extension of classical mechanics. In supermechanics a point
has real (or even) coordinates x = (x, ..., x,) representing the bosonic degrees of
freedom and Grassmann coordinates, £ = (£, ..., &), representing the fermionic
degrees of freedom. To encode the two kinds of degree of freedom in the same
object one introduces a “real super variables” X living in the configuration space
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of all the system. A super Lagrangian is a function Lg of X and its derivative DX,
with values in a Grassmann algebra. In coordinates we can write X = (x, &) where
x has real dependent components, & have fermionic (real) components.
In coordinates we get a pseudo-classical Lagrangian L(x, x, £, £). The conjugate
momenta are
oL oL

_ ok == 12.55
3% Sy (12:59)

p
Assume for a moment that we can define the Hamiltonian H as the Legendre trans-
form of £ in (x, §). Let F be an observable on the phase space defined by its coor-
dinates (x, &, p, w). Along the motion we want to have as usual

F ={F, H)

where F is an extension of the usual Poisson bracket. A direct computation, using
equations of motion, gives

(12.56)

0HOF O0HOF 0HOF O0HOF
(Bp ox ox Bp) <8n 3§+8§ 87r)
Recall that H and F are in the superalgebra C°°(R™+"I"+™) The right side in
(12.56) is the super Poisson bracket {F, H}, the first term is the usual antisym-
metric Poisson bracket in bosonic variables, inside the second parentheses we have
a symmetric form for the contribution of fermionic variables.

For any homogeneous observables F, G the Poisson bracket is a super Lie prod-
uct in C*® (R?"12™) satisfying

(UG BP0, pyin (3G, 2706

——> (12.57)
9E am | om 0f

First consider a simple system with one bosonic state and one fermionic state with-
out interaction. Its states are represented by the superfield:

X =x+i0f (12.58)

x is a real number depending on time ¢, £ is an odd number living in a Grassmann
algebra. We want that X is even and “real”. We introduce two Grassmann complex
conjugate generators {7, n*} and choose &(t) = ¢(¢)n + c(t)n™ where c(¢) is a com-
plex number. Then we have (i0§)* = i0& so X is even and real. Remark that X is
not a C* function on R because the coefficient £ is not a complex number but a
Grassmann variable.

As we have seen the superfield X has to be understood as a morphism from
C*®(R) in C*°(R!"); using the Grassmann analytic extension principle we have

X*()x,0) = f(x) +if (x)0&
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Let us introduce the super Lagrangian
1
Ls= EDX -D(DX)

where D = Dy.
In coordinates we get the pseudo-classical Lagrangian

1. .
Lper = /d9 Ls= E(x2 + lé'g)
We can easily solve the Euler-Lagrange equations. We get
i=0, £=0

We can consider the same model with three superfields X ; = x; +10§;,1 < j <3,
L. . ..
Lper = E(x X —i& 'E)
Here we have three constraints
i
Xj=mj+38j

But we have {x;, xx} = —id; x so the constraints are second order. This system is
invariant by any rotation in R3. Its Dirac canonical quantization gives a spin system
[182].

The super-group SG(1|1) transforms X by right translations, so we have

X(@—i0n,0+n)=X(t,0)+n0X(t,0)

where Q = Qy. So a variation of X is given by §, X = nQX, where §, is a deriva-
tion in C*°(R)[6, n, n*] considered as a R(n, n*] module (coefficients of X are in
R[n, n*]), 8, F =[nQ, F].
In coordinates we have 6, X = 6,x +i05,& where
Spx =ing, Spé =nx

So we compute the variation of the Lagrangian and the variation of the correspond-
ing action S = [ dtd L. Using that 8, is a derivation, we get

Sy Ls =nQLs =n(i60; + d9) L (12.59)

8,,S=fdt 3 </ d9i9£s> (12.60)

By extension of the Noether theorem to the fermionic case we see that the vec-
tor field Q is the generator of a symmetry for the Lagrangian Lg. This symmetry

Hence we get
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is called supersymmetry because it concerns supervariables mixing usual numbers
(real or complex) and Grassmann numbers.
For the corresponding variations of the pseudoclassical Lagrangian £ ,.; we have

3in 0 _ .
S = 757554

According to Noether’s results we have the conserved charge

! ,§8£+,8£ 3i3§. 2ii
=if—+x—— ——&x=-2iéx
O7% %% TT9E 20
We can compute the Hamiltonian H by Legendre transform. The phase space here
is the superlinear space R?!!, We get for the conjugate momentum
aL j
N=—=— l—f;:
& 2
. 2
So this Lagrangian is degenerate, with the constraint y =7 + 5&. We get H = %
where p is the conjugate momentum to x.
Now we shall consider a more interesting example involving the super-harmonic
oscillator. We consider the superfields:

X=x+60y"+y0*+ yo06* (12.61)

This field may depend on time ¢, so x, y, ¥, ¥* are time dependent, where x, y are
real numbers, 0, 6* are conjugate Grassmann variables, v, * are necessarily odd
numbers. As above, to compute these numbers we have to introduce an other pair of
Grassmann variables {¢, *}, anticommuting with the pair {6, 6*}. So we consider
that ¥ = ¢¢ + d¢* where ¢, d are complex (time dependent) numbers.

As we have already remarked, to avoid mathematical difficulties it is necessary
to add extra Grassmann variables.

Recall that the superfield X defined in the formula (12.61) is a morphism from
R!* in R which means that it is defined by a morphism X* from C*®(R) in
C*®®)[6O, 6%, ¢, ¢*] which can be computed by the Grassmann analytic continu-
ation principle:

(X*f)(x,0) = fFx)+ /) (Yo" +0y™) + f/(x)y00™ — f"(x)00™ Yy (12.62)

There exist other rigorous interpretations of this formula. For a detailed discussion
we refer to the paper [105].

Let us introduce a super potential V (X) where V € C*°(R) and the super La-
grangian

1
Ls = 5D XDpX + V(X) (12.63)

Assume that V is polynomial for simplicity. Then the Lagrangian has the supersym-
metry defined by the odd generators Qp and Qp+ defined before. The infinitesimal
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transformations on fields are 8, X = n*Qg 4+ 1nQg+X and as above §,, is a derivation.
n, n* are Grassmann variables, independent of the other Grassmann variables. We
also have 8,V (X) = n* Qg + nQp+V (X) and

8,Ls =n*Qp +nQp+Ls

As for the above toy model, it results that the Lagrangian L is again supersymmet-
ric with generators Qg, Qg+.
Now we shall compute in coordinates with the pseudo-classical Lagrangian.
Compute

Qo X = Y* +0%(ix +y) —i00 y* (12.64)
QpeX = —Y +0(ix — y) —i00*y (12.65)

So we get
8y X =y =y +0n(y —ix) + 0" (y +i80)0* —i (™t +ny)06*  (12.66)

Hence in coordinates the supersymmetry has the following infinitesimal representa-
tion:

Syx =y —ny (12.67)
Sy = n*(y +ix) (12.68)
Sp¥* =n(y —ix) (12.69)
Syy = —i(n*y* +nv) (12.70)

Now we compute the pseudo-classic Lagrangian: £,¢ := [ d6 d6* Lg. Using the
computation rules for Berezin integral we get

] . . 1
Lo == (#+y)) = V'(x)y+ ’E(w* — )+ SV Uyt (27

N =

The real variable can be eliminated because we have a%.,ﬂ pel = 0. From Euler—
Lagrange equation we get a%ﬁl’fl =0so y = V/(x). We now get the following
Lagrangian:

)‘62 V’(x)2

Loy=—
) 2

ST =)+ 3V (12.72)

We can compute the two Noether charges associated with the generators Qg, Qg+.
The results are

0= —iVW)y, Q' =(+iV@)y* (12.73)
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An easy exercise is to compute the dynamics for the Fermi oscillator, well known
for the Bose (or harmonic) oscillator. The Lagrangian is

| . . 1
Lr= l§<‘”‘”* — ) + seyy’ (12.74)

The Euler-Lagrange equation gives v/ = —iwy; hence we get ¥ (1) = ne "',
where 1 is any Grassmann complex variable.
It is more suggestive to write down the dynamics in real coordinates:

vO+yr@ 1
V2 V2
vO-y® 1
iv2 iv2

£1(1) = (ne™'" +n*e'") (12.75)

£(1) = (n*e'" —ne~'e) (12.76)

12.5.3 Supersymmetric Quantization

The first step is to compute the Hamiltonian H,, for the Lagrangian £,,.
The momenta are defined as usual

0Ly .
p=Lw (12.77)
0x
g e L (12.78)
v 2
o= 1y (12.79)
ayr 2

Hence the Legendre transform is not surjective: the Lagrangian is degenerate. We
can extend the Dirac method (see more details in [112]) to fermionic variables with
the two constraints

X1=(ﬂ+%¢*), X2=<ﬂ*+%¢)

Recall that here {-} is the super-Poisson-bracket. We have {x1, x2} = —i, so the
constraint is of second order. Denote

H=xip+ym+d*n*—L,= %(p2 + V(@) =V Oyy*

According to Dirac’s method we compute multipliers u1, uy such that the evolution
of any observable F obeys the equation

F={F,H}+u{F, x1} + u2lF, x2}
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u1, up are computed with the compatibility conditions x; =0 for k = 1, 2. We get
uy=—iV"(x)v, uy =iVvV"(x)y*
The total Dirac Hamiltonian is here, after computation,
1 .
Hpi = H +uixi +uje = (p* + V' (0 + iV 0@ 7" = )

To achieve the quantization of our system we define, as in the bosonic case, the Dirac
bracket. Let F, G depending only on fermionic variables. Then the Dirac bracket is

{F,G}pi ={F,G} + ({F. x1}{x2. G} +{F. x2Hx1, G})

1
{x1, x2}

So we have

[ 1
{wv 1lf*}Di =—i, {n?n*}Di:%’ {w,n}z{w*,ﬂ*}zi (1280)

A quantization F F has to follow the correspondence principle. For F = x, p we
consider the usual Weyl-Heisenberg quantization with the commutator rule [x, p] =
ih. If F and G are fermionic variables then

ih{F,G)=[F,G] (12.81)

where the brackets are symmetric (anticommutators).
In particular we have

. . —h . A —ih
[0 ]=h  mAI=—  [FA]=[NA]=5 28
The Dirac quantum Hamiltonian is
Hp; = %(ﬁZ + V@) +iV ) (FF R — PR) (12.83)

A realization of the commutation relations is obtained with the Pauli matrices:

Vio_,  {*=+ho, (12.84)

:_’5% ﬁ'*:—%a_ (12.85)

v

D

For i = 1 we get the Witten supersymmetric Hamiltonian considered at the begin-
ning of this chapter:

A 2 2 o3
H= _<_— +V'(x) )112 —=V"(x) (12.86)
X 2
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We can also remark that the supercharges O and Q* are obtained by quantization
of the Noether charges Q, Q*.

. . . . 2 .
In particular we can consider an harmonic potential V (x) = “5~. Choosing a

quantization such that 7 = — ’ilﬁ* and 7% = —’51} we get the super-harmonic oscil-
lator
q 1 &? 2.2 e
Hyps==—— +o°x" | +0y™y (12.87)
2\ dx?

We can realize this Hamiltonian with 1& =6 and I//}* = 0y in the super Hilbert space
Hs:=L2R) @ HP. It is nothing but a Grassmann algebra interpretation of the
Witten model introduced before with 7® in place of CZ.

The scalar product in the Hilbert space Hs is defined as

(F,G)= /dx dodo* e’ ! F*(x,0)G(x, 0), (12.88)

where x is a real variable, 6 is an holomorphic Grassmann variable.

12.6 Supercoherent States

As canonical coherent states are built on the Heisenberg—Weyl Lie group, super-
coherent states are built on the super Heisenberg—Weyl super Lie group. We first
consider the simplest case with one boson and one fermion. So we have creation
and annihilation operators ag, a’;, ap, ar for bosons and fermions. They satisfy the
super-Lie algebra commutation relations:

lap,ap]l=1, lap,aply =1 (12.89)

All other relations are trivial.
We have a supersymmetric harmonic oscillator Hy,g with supersymmetry gener-

ators Q*, Q,

A A

Hyos = ajap +apar, Q =agay, 0* = aray (12.90)

This deﬁnitior} of I:{sas may differ from others by a constant.
We have [Hy,s, O] =0 so (Q, Q%) generates a global supersymmetry defined by
the following unitary operators:

U, = e "0

where (1, n*) are any complex conjugate Grassmann numbers.
Super-translations T (z, y) are parametrized by (z, ¥), z is a complex number, y
is a Grassmann (complex) number,

7A"(Z,)/)=6Xp(za§ —ZzZagp+ayy —y*ar) (12.91)
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Using the Baker—Campbell-Hausdorff formula we have the following useful prop-
erties:

1 _
T(z,y)= CXP<§)’*V - Iz|2) exp(zap) exp(ary)exp(—zap) exp(—ary™)

(12.92)
1
T(z,y)T(u,d) = eXP(E(Zﬁ —Zu+8y + SV*))T(Z +u,y+9) (12.93)
In particular T'(z, y)~! = T (—z, —y) is unitary and
T(z.y) 'agT(z,y) =ap+z (12.94)
Tz y) 'arT(z,y) =ar+y (12.95)

The ground state of I-}ms is the state ¥, := @o ® Yo where ¢y and g are the
normalized ground states of the bosonic and fermionic oscillators. So we define
super-coherent states by displacement of the ground state of the super-harmonic
oscillator by super-translations:

Yoy =T(z,¥)V0,0 (12.96)
Using (12.92) we have

= )(|z,0> +1z, 1Y) (12.97)

1s”z,y = (1 +
where we use the notation |z, &) = ¢, ® 6, ¢ =0, 1.
The coherent states family i, , has the following expected properties. The

proofs follow easily from results already established for bosonic and fermionic co-
herent states.

1. (Normalization)

1oy 1P = ey Yzp) =1 (12.98)
2. (Non-orthogonality)

1 1 _
(Wzps Vo) = exp(y*a— 5(y*y+6*6)> exp<—5(|z|2+|u|2) +zu) (12.99)
3. (Over-completeness) For every i € Hg we have

W(Xﬁ)Z/(l//z,y,W)xﬁz,y(x,@)dzdy*dy (12.100)

4. (Translation property)

1 _
Tz, y)Yus = exp(i(zu —Zu+8y + 3V*))¢z+u,y+a (12.101)
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5. (Eigenfunctions of annihilation operators)

ap¥zy =2y, arVzy =yV¥zy (12.102)
In particular we have the averages for energy and supercharges
(Weys HyosVzy) =122 + %y (12.103)

(Yzys QVrzy) =277, (V2 Q"Vrzy) =2y (12.104)

Remark 72 Definition and properties of supercoherent states with one boson and
one fermion can easily be extended for systems with n bosons and m fermions. Then
z2=(1,...,z20) €C", y = (y1,..., ¥m) represent a system of m complex Grass-
mann variables, agp = (ap.1,...,a,n), ar = (ar,1,...,ar m), etc. The formu-
las are the same using the multidimensional notations: y* -ap = | j<m y]’.*a F,j-

Then the energy Hamiltonian can be H= wp -ajap + a)Fal*, -ar, wp,F are real
numbers.

The Hilbert space of this system is ., = L>(R") ® H™ To have a supersym-
metric system we need that n =m and wp = wr.

12.7 Phase Space Representations of Super Operators

As is well known for bosons and as was studied before for fermions we can extend
to mixed systems bosons+fermions representations formulas for operators in the
super-Hilbert space H. Phase space representation means that we are looking for a
correspondence between functions on the phase space and operators in some Hilbert
space. This correspondence is called quantization in quantum mechanics. Our goal
here is to revisit Weyl quantizations for observables mixing bosons and fermions. It
could be possible to do it also for anti-Wick quantization.

To have a better analogy between the bosonic and fermionic variables it is nicer
to write bosonic Weyl quantization in complex coordinates ¢ := 42 ¢ e C",

V2
g, p € R". The Lebesgue measure in C" is d*c =\dc Adc*|.
Assume for simplicity that H, G have smooth Schwartz kernels in S(R>"). We
consider their Weyl symbols H;}/, G in complex coordinates. Using the same proof
as in the fermionic case we have the following Moyal formulas for the Weyl symbols

of GH:

(Gw ® Hy)() = f d*n Gy (¢ — ) Hy (e 2E1=5D(12,105)
Cn

D
-0z — 0z

(G¥ ® H”)(¢) = G¥(¢)e' PP % =% %) g ¢ (12.106)

The first formula gives the covariant symbol, the second formula the contravariant
symbol. We have the following relations:

G (n) = /dzz;e?"‘f‘ﬁGw(g) (12.107)
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Guw(n) = (2n)—2”/d2; S 15N G () (12.108)

It is not difficult to get a Moyal formula for classes of operators in the superspace
Hpm = L*R") ® H™ . As usual it is enough to establish formulas for smoothing
operators then the formulas are extended to suitable classes of symbols. So we shall
assume that G, H are linear continuous operators from &' (R") ® H™ into S(R") @
H™ (that means that their Schwartz kernels are in S(R¥ ® G¢)). The covariant
symbol H,, is defined such that

A= fd% d*y Hy(¢, T (=¢, —y) (12.109)
Hy(¢,y) =Stw(HT (&, p)) (12.110)

where Str is defined as the usual trace in bosonic variable { and the super-trace in
the fermionic variable y . More precisely, for any trace-class operator H in H,, ,,, we
have

SuH =Tr(HA ® x))
where x is the chirality operator in %™ defined in Chap. 11.

The contravariant symbol is the symplectic Fourier transform of the covariant
symbol:

HY(,y) :/dzndza Hy (), a)es—n-é+ay+ay” (12.111)

So we get the following Moyal formula for super symbols:
— = = — = < —>
(G¥ ® H")(Z, ) = G¥ (¢, ae!/2 %% =00 Fus b o) o (¢ o) (12.112)
Many results explained before for bosons and fermions could be extended to mixed
systems. Instead to do that we now discuss a simple application.

12.8 Application to the Dicke Model

This model was studied in [1] as a supersymmetric system. The Hamiltonian for this
model is

N 1
H=Qa*a+ Ewa3+g(a*+a)al (12.113)

It concerns a two-level atom interacting with a monochromatic radiation field.
a* and a are one particle creation/annihilation operators, the Pauli matrices o =
(01, 02, 03) denote the radiation field with frequency £2, w is the level distance of
the states of the atom, g is a coupling constant.
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The matrices o4 satisfy the (CAR) relation, so we can identify them with
fermionic creation/annihilation operators. So we can introduce a pair of complex
conjugate Grassmann numbers (S, 8*) such that o = ,3* =dg,0_ = /§ is multi-
plication by S (see Chap. 11) and 03 = 2B*B — 1. But with this choice H is not an
even operator. To overcome this problem we add a new Grassmann pair of complex
variables (0, 6*) and the real Grassmann number 1 = 6 +6*. We have 7 = 1 (in [1]
1 is denoted ¢ and is called a Clifford number, see Chap. 11 for more explanations).
Hence we have the two pairs of Grassmann variables (8, 8%), (6, 6*) to represent
the Pauli matrices:

oy <« np*, o_ <> np
where we denote /) =6 + dg, b= B, b* = dg. We have to remark that (b7))*b# =

b*b. With this substitution the Hamiltonian H is transformed into an even Hamilto-
nian defined in the space L2(R) @ H?

R 1
Hs = Qa'a+ so(b" —1) +g@* +a)(ib* +bi) (12.114)

Its (contravariant) Weyl symbol is
1 -
Hs(¢.B.0) = 9(|§|2 - 5) +wp B+ (¢ +)mB* + B)

Our aim is to study the dynamics for the Hamiltonian Hg. 1t is determined by the
von Neumann equation

i% =[Hs, /1], Pr=0 = po (12.115)
where p is a density operator (a positive operator of trace 1), o; is the contravariant
Weyl symbol of p; (also called the Weyl-Wigner Distribution Function).

Let us remark that A s depends only on a and y where y = 7, because we have
b*b = p*y. Moreover we have [y, y*]; = 1.

pr satisfies a Fokker—Planck type equation which can be computed using the
Moyal product formula applied to Hs ® p; — p; ® Hs. So we get

— <~
S S (12.116)

+
s 1= =
+g(§+§ +5(3c*—3c))

— 1l - =
+(9+89)<,3*—,3+§(3§—3§)). (12.117)



12.8  Application to the Dicke Model 381

Hs being time independent we also have

—l'lI‘A]S A eitl:ls

pr=e £0

So we start to consider the propagation of the dynamical variables a and y. We first
compute the commutators

[As, 7] =—7 +g@+a"2P*p — 1) (12.118)
[As, 7] =7* - ga+a")(2p*p —1) (12.119)
[As,a] = —g(P* +7) — 2a (12.120)
[As,a*] = g(9* +7) + 2a* (12.121)

So we find the non-linear differential system

L0 R A
i V==V +g@a+a")Q2y/y —1)

.0 . R A
ZEV;* =7 —g@+a")Q2yy -1
(12.122)

.0 PO
i = -V +97) — L2a;

0 P
lgaj‘ =—g(P+7") + Ra;

Assume now that the initial Weyl-Wigner distribution ¢ depends only on a, a*,
7,7*. Then p; has the following shape:

~ ~ ~ n A1, ~ ~ s A
Pr = pr (@, af) + o/ (as, a7 + B, (ar, a)) P + o7 (ag, a) PP
Using (12.122) we find that a,, a}, p,*y, are functions of 7 and a, a*, y, p*. So p;

can be written as follows:

pr=5"(a,a% + 5" @.a")p + 5 @ ah) P + 57 (aa)pty (12.123)

Now we can give the physical meaning of the bosonic operators ﬁt(') (a;, af) by
taking the average on the fermionic variables (8, 6).

We shall see now that we recover the dynamics generated by the Hamiltonian H
taking the basis {1,, 04, 0_, 03}.

We have to compute the relative trace Tr?;L2 (o (1 ® G)), where G is a fermionic

operator in #», using the formula
. A 1
Trg, (5:(18 G)) =5 [ @’ .0)Gu(B.0) B d%s
We compute the covariant Weyl symbols of 15, y, p*, 7*p:

Lu(B,0) = B*B + 070
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Yuw(B.0) = B(O —0)
Vo (B, 0) = (0" —0)B*
(v yw)(B,0) =0"0

Then we get effective distribution functions pefr (for simplicity the time ¢ is not
written explicitly nor the contravariant bosonic variable ¢)

Pt = / px (0*0+p*B)d*0d*p = p©

Pt = / p x BO+07)(0 — 0" d20 &2 = —2pV

phi* = f px (0 +0)B O — 0%)d%0 d2p = —2pD*

P = 2/ 0 x 0% 0d*0 d*p =2p?

Finally after a direct computation we recover the dynamics for the Hamiltonian H

defined by (12.113) from the dynamics for the super Hamiltonian Hy defined by
(12.114) [99, 100]:

0 1 1), 2
peti = P 12 + P 04 p "o + o



Appendix A
Tools for Integral Computations

A.1 Fourier Transform of Gaussian Functions

This result is the starting point for the stationary phase theorem.

Let M be a complex matrix such that M is positive-definite. We define
[det M ]i/ 2 the analytic branch of (det M Y12 such that (det M)'/? > 0 when M is
real.

Theorem 52 Let A be a symmetric complex symmetric matrix, m x m. We assume
that IA is non negative and A is non degenerate. Then we have the Fourier trans-
form formula for the Gaussian eiAvx/2

/ ei.Ax~x/2e—ix‘S dé — (ZiT)m/z[det(—z.A)];l/ze(lA)_lS5/2 (Al)

Proof For A the real formula (A.1) is well known: first we prove it for m = 1 then
for m > 2 by diagonalizing .4 and using a linear change of variables.

For A complex (A.1) is obtained by analytic extension of left and right hand
side. U

A.2 Sketch of Proof for Theorem 29
Recall that critical set M of the phase f is

M={xe0.3f()=0,f(x)=0}.
Note that if a is supported outside this set then J (w) is O (w™°).
Using a partition of unity, we can assume that O is small enough that we have
normal, geodesic coordinates in a neighborhood of M. So we have a diffeomor-
phism,

x:U— O,
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where U is an open neighborhood of (0, 0) in R x R4=*_ such that
X(x/,x”) eM < x"=0
and if m = x(x’, 0) € M we have
x' (" 0)(RY) = T M,
x'(x',0) (Rf,,_k) = N, M, (normal space atm € M).

So the change of variables x = x (x’, x”) gives the integral
J(w) = / eiwf(X(x’,x/’))a(x/’ x//)l detx’(x’, x//) | dx' dx". (A.2)
R4

The phase

clearly satisfies
{ﬂ/,(x’,x”) =0,f?vf(x/,x”) =0} < x"=0.

Hence, we can apply the stationary phase Theorem 7.7.5 of [117] in the variable x”,
to the integral (A.2), where x’ is a parameter (the assumptions of [117] are satisfied,
uniformly for x’ close to 0). We remark that all the coefficients ¢; of the expansion
can be computed using the above local coordinates and Theorem 7.7.5.

A.3 A Determinant Computation

Here we give the details concerning computations of the determinant (9.33) in
Chap. 9.

We write o = (&', a4) where o' = &) +i cos yé;. The gradient of the phase (9.28)
isix + G(p) where G(p) is given by

2 , _
G = o Dy & TPl — e @) =K()M(p),
where
K(p)= 2
P = ptas(p = 1)
and
/ 2p /
M(p)=o + 1+p2(a4—a - p)

K: R®=C, M: R — C3.
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Since x is a constant the hessian of (9.28) is simply DG(p) where DG (resp.
DK, DM) is the first differential of G (resp. K, M). We want to calculate at the
critical point p¢ with

o= ( cos B cosy sin 8 0>.

I —sinBsiny’ 1 —sinBsiny’

Let 8p be an arbitrary increase of p. One has
DG(p)(8p) = (DK(p) - 8p) - M(p) + K (p)DM(p) - 8p.
We can write
(DK(p) - 8p)M(p) = (M(p) ® (DK(p))”) - 8p.

where DK (p)* € (R®)* 4 i(R3)* ~ C3. Using the dual structure the identification
of (R3)* +i(R3)* with C3 is performed via the isomorphism: u — (v > u - v). We
have

K(p) =e (1 —sinBsiny),
M(p°) =o' + (isiny —eP)p©.
Thus
DG(p°) =e (1 —sinBsiny)DM(p°) + M (p°) ® (DK (p°))".
It is convenient to choose as a basis of vectors (p©, ¢¢, €3) where
q¢=a' + (isiny —e'f)pc.

The vectors p¢, g¢ are C-linearly independent for y # % + kx. Simple calculus
yields

DM(p€) = (isiny —eP)1ps — (1 —sin Bsiny)p ® (¢°)",
DK(p€) = —e 2P (1 —sin Bsiny)*(«’ + aap®).
Thus we get
DG(p°) = e P (isiny —e”)(1 —sinBsiny)1gs
—e (1 —sinBsiny)?p’ ® (qc)>k
—e 2P (1 —sinBsiny)?q° ® (¢° + P p°)". (A.3)

Let H(p) be the Hessian matrix in the basis (p€, ¢¢, €3) and denote

_ H(p
Hi(p) = 1 —sinBsiny
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The second line of (A.3) yields a matrix in the plane generated by (p¢, g¢) of the

form
d dy
d; dy

that we calculate using

We have
( c)2 _ 14 sinBsiny
1 —sinBsiny’
c ¢ . i —elf sin 8
q°-pf=siny —————,
1 —sinBsiny
(49 = =",
We get

di = —(1 —sinBsiny),

dy = —e " (1 —sin Bsiny),
dz = —e_iﬁ(l +isin ye_i’s),
dys=0.

Thus the three-dimensional reduced Hessian matrix Hj equals

d dy O
Hi=|ds 0 0
0 0 ds

with ds = e~ (i siny — e). Its determinant equals
det H = —d»d3ds.
One has

|det Hy|*> = (1 —sin Bsiny)?[1 — 2sin Bsiny + sin® y][1 +2sin Bsiny +sin? y].
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Finally we get the result:

|det H(p") |

= (1 —sinf siny)4\/[sin2y +2sinBsiny + 1][sin2y —2sinBsiny + 1].

We see that it does not vanish provided sin S siny # 1.

A.4 The Saddle Point Method
A.4.1 The One Real Variable Case

This result is elementary and very explicit. Let us consider the Laplace integral
a
I = / e O F(r)dr
0

where a > 0, ¢ and F are smooth functions on [0, 1] such that ¢'(0) = ¢ (0) =0,
¢"(0) >0, ¢ (r) > 0if r €10, 1]. Under these conditions we can perform the change
of variables s = /¢ (r) where we denote r = r(s) and G(s) = F(r(s))r'(s). So we
have

Proposition 142 For every N > 1 we have the asymptotic expansion for . — +00,

IW= > Cp Uth2y o W+, (A4)
0<j<N-1

where

j G(A/’)(O)
Ci=I|l=+1 .
’ <2+ ) 2!

In particular Co = F(0)(¢" (0))~!/2.

Proof This is a direct consequence of Taylor expansion applied to G at 0 and using
that, for every » > 0 and ¢ > 0,

b .
2 ge = L (4 a2 4 o (et
/Oe s’ds 3 2+ + (e ) 0

A.4.2 The Complex Variables Case

This is an old subject for one complex variable but there are not so many refer-
ences for several complex variables. Here we recall a presentation given by Sjos-
trand [179] or [178].
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Let us consider a complex holomorphic phase function in a open neighborhood
AxUof (0,0)inCk xC", AxU> (a,u) — ¢(a,u) €C.
Assume that

e ¢(0,0)=0, 9,¢(0,0)=0.

. det8(2u’u)<p(0, 0) #0.

o Mo >0Vuel, Rp > 0 for all u € 0Ur where Ur :=U NR" and oUR is the
boundary in R" of UR.

By the implicit function theorem we can choose .4 x U small enough such that the
equation 9,¢(a, z) = 0 has a unique solution z(a) € U, a — z(a) being holomor-
phic in A. Then we have the following asymptotic result.

Theorem 53 For every holomorphic and bounded function g in U we have, for
k — 400,

k9(a.2(@) / k0@ g (1) gy
R

n/2
= (%T) [det(3Z, . ¢ (a. z(a)))]_l/2g(a) +Oo(k"*h). (AS)

A.5 Kihler Geometry
Let M be a complex manifold and /2 an Hermitian form on M:

h:Zhj,dej@)de, hjk(2) = hi j(2).
J.k
h is a Kéhler form if the imaginary part w = Jh is closed (dw = 0) and its real part
g = MNh is positive-definite. We have
w=1I Zhj,k(z)dz,- ANdzZg.
J.k

(M, h) is said a Kihler manifold if 4 is a Kdhler form on M.
Then on M exists a Riemann metric g = Mh and symplectic two form w.
Locally there exists a real-valued function K, called Kihler potential, such that

82
- 3Zj32k

h],k
The Poisson bracket of two smooth functions ¢, ¥ on M is defined as follows:

{6, ¥}(m) =Xy, Xy),
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where Xy is the Hamiltonian vector field at m defined such that
dy(v) =w(Xy,v), forallveT,(M).

More explicitly:

oy 0 d0¢p 0
W, ¢>}(z)—12h’k()< Voo ——‘u”),

0z 8%k 0u 0z

where h/+*(z) is the inverse matrix of /1 x(z).
The Laplace—Beltrami operator corresponding to the metric g is

A=Y ni*
Z (Z) 9z 3Zk

In particular for the Riemann sphere we have

, , dedg
RRTEaTIEEs (4.6)
_ 2y2( W 3¢ 0990V
W, ¢} =i(1+1z[%) <8z % 9 az)’ (A7)
82
= (14122 == Pwrr (A.8)
For the pseudo-sphere we have
decde
ds2=4ﬁ, (A.9)
(1= o222 2¢ _ 00
(V. ¢}(2) =i(1—1z°) (az 7 s az)’ (A.10)
82
A=(1- |z|2)2@. (A.11)






Appendix B
Lie Groups and Coherent States

B.1 Lie Groups and Coherent States

In this appendix we start with a short review of some basic properties of Lie groups
and Lie algebras. Then we explain some useful points concerning representation
theory of Lie groups and Lie algebras and how they are used to build a general
theory of Coherent State systems according to Perelomov [155, 156]. This theory is
an extension of the examples already considered in Chap. 7 and Chap. 8.

B.2 On Lie Groups and Lie Algebras

We recall here some basic definitions and properties. More details can be found in
[72, 105] or in many other textbooks.

B.2.1 Lie Algebras

A Lie algebra g is a vector space equipped with an anti-symmetric bilinear product:
(X,Y) — [X, Y] satisfying [ X, Y] = —[Y, X] and the Jacobi identity

[[X,Y1.Z]+[lY. 2], X] +[[Z. X1, Y] =0.

The map (adX)Y = [X, Y] is a derivation: (ad X)[Y, Z] = [(ad X)Y, Z] +
[Y, (ad X)Z].

If g and b are Lie algebras a Lie homomorphism is a linear map x : g — b such
that [x X, xY]=[X, Y].

A sub-Lie algebra h in g is a subspace of g such that [h, h] € b b is an ideal if
furthermore we have [f, g] C b. If x is a Lie homomorphism then ker y is an ideal.

In the following we assume for simplicity that the Lie algebras g considered are
finite-dimensional.

M. Combescure, D. Robert, Coherent States and Applications in Mathematical Physics, 391
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0196-0, © Springer Science+Business Media B.V. 2012
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g is abelian if [g, g] = 0.
g is simple if it is non-abelian and contains only the ideals {0} and g. The center
Z(g) is defined as

Z(@)={Xeg [X,Y]=0, VY eg].

Z(g) is an abelian ideal.

If g has no abelian ideal except {0} then g is said semi-simple. In particular
Z(g) = {0}.

The Killing form on g is the symmetric bilinear form B(X, Y) defined as

B(X,Y)=Tr((ad X)(ad X)).

g is semi-simple if and only if its Killing form is non-degenerate (Cartan’s criterion).

B.2.2 Lie Groups

A Lie group G is a group equipped with a multiplication (x, y) — x -y and equipped
with the structure of a smooth connected manifold (we do not recall here definitions
and properties concerning manifolds, see [105] for details) such that the group op-
eration (x, y) — x - y and x — x~! are smooth maps.

We always assume that Lie groups considered here are analytic.

A useful mapping is the conjugation C(x)(y) = xyx~!, x,y € G. Its tangent
mapping at y = e is denoted Ad(x). Ad(x) € GL(g) and x — Ad(x) is a homomor-
phism from G into GL(g). It is called the adjoint representation of G and Ad(G) is
the adjoint group of G.

We denote ad the tangent map of x — Ad(x) at x =e.

The Lie algebra g associated with the Lie group G is the tangent space T,(G) at
the unit e of G. The Lie bracket on g is defined as follows:

Let X,Y € g = T,(G) and define [X, Y] = (ad X)(Y). g is the Lie algebra as-
sociated with the Lie group G. A first example of Lie group is GL(V) the linear
group of a finite-dimensional linear space V. Here we have g = £(V, V) and the
Lie bracket is the commutator [X, Y] = XY — Y X.

Much information on Lie groups can be obtained from their Lie algebras through
the exponential map exp.

Theorem 54 Let G be a Lie group with Lie algebra g. Then there exists a unique
function exp : — G such that

(1) exp(0) =e.

(i) Lexp(tX)|i—o=X.
(iii) exp((t +5)X) =exp(tX)exp(sX), forall t,s e R.
(iv) Ad(exp X) = e X,
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There is an open neighborhood U of 0 in g and an open neighborhood V of e in
G such that the exponential mapping is a diffeomorphism form U onto V. This
local diffeomorphism can be extended in a global one if moreover the group G is
connected and simply connected.

Other properties of the exponential mapping are given in [72].
A useful tool on Lie group is integration.

Definition 42 Let 1 be a Radon measure on the Lie group G. u is left-invariant (left
Haar measure) if [ f(x)du(x) = [ f(yx)du(x) for every y € G and p is right-
invariant (right Haar measure) if [ f(x)du(x) = [ f(xy)du(x) for every y € G.
If 1 is left and right invariant we say that p is a bi-invariant Haar measure.

If there exists on G a bi-invariant Haar measure, G is said unimodular.

Theorem 55 On every connected Lie group G there exits a left Haar measure L.
This measure is unique up to a multiplicative constant.

If G is a compact and connected Lie group then a left Haar measure is a right
Haar measure and there exists a unique bi-invariant Haar probability measure i.e.
every compact Lie group is unimodular.

Remark 73 The affine group Gy = {x — ax + b, a,b € R} is not unimodular
but the Heisenberg group H,, and SU(1, 1) are. This remark is important to un-
derstand the differences between the corresponding coherent states associated with
these groups. Coherent states associated with the affine group are called wavelets.

In many examples a Lie group G is a closed connected subgroup of the linear
group GL(n, R) (or GL(n, C)).Then we can compute a left Haar measure as follows
(see [172] for details).

Let us consider a smooth system (xl, ...,x™) on an open set U of G and the
matrix of one-forms @ =A=', _;_, 24 dx/. Then we have the following [172]:

Proposition 143 2 is a matrix of left-invariant one-forms in U . Moreover the linear
space spanned by the elements of 2 has dimension n. There exist n independent left-
invariant one-forms o', ..., " and ' Awy A --- A @" defines a left Haar measure
onG.

Explicit examples of Haar measures:

(i) On the circle §; =R /(2w 7Z) the Haar probability measure is du(x) = g—;
(i1) Haar probability measure on SU(2). Consider the parametrization of SU(2) by
the Euler angles (see Chap. 7).

—i/2(e+¥) i/2(¢—¢)
cos(6/2)e sin(6/2)e ) . (B.1)

86.9.¥)= (sin(9 J2)e=120=0) cos(/2)el 20+
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(iii)

(iv)

B Lie Groups and Coherent States

A straightforward computation gives

el go— [ TilcosOde +dy) eV (do — isinf dy)
8 8=\ (a0 +isin0dg) i(cosOdg+dy) )

So we get, after normalization the Haar probability on SU(2):

sinf dO de dy.

1
dp(, ¢, ) =
o0 0) = 1—

Haar measure for SU(1,1). The same method as for SU(2) using the
parametrization

COSh Lel (W'H/f)/z Slnh Lel((ﬂ—'l/f)/z
glp.t,9) = 2 :
o sinh Lei(V—9)/2 cosh Le~i(etv)/2 | ©

After computations we get

ro-lgy — [ i(coshtdg+dy) e 'V (dt +icoshtdg)
& 48=\eiv(dr—icoshrdg)  i(coshrdep —dy)

and a left Haar measure:

du(t,¢, ) =coshtdtdepdy. (B.2)
Let us consider the Heisenberg group H,, (see Chap. 1). This group can also be
realized as a linear group as follows. Let
1 x1 xp -+ x5, 8
o1 0 -+ 0 ¥
0 0 1 -+ 0 »m
gy =1 . . . . ]
0 0 0 -+ 1
o o0 o0 -~ 0 1
where x = (x1,...,x3) €R", y = (y1,...,yn) € R", s € R. We can easily

check that {g(x, y,s), x,y € R",s € R} is a closed subgroup H,, of the linear
group GL(2n + 1, R). H,, is isomorphic to the Weyl-Heisenberg group H,, by
the isomorphism

( )}_)( X-y x—iy)
X, y,8 §— —, — ).
e 22

The Lebesgue measure dx dy ds is a bi-invariant measure on H, i.e. the Weyl-
Heisenberg group is unimodular.
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We shall see that when considering coherent states on a general Lie group G itis
useful to consider a left-invariant measure on a quotient space G/H where H is a
closed subgroup of G; G/H is the set of left coset, it is a smooth analytic manifold
with an analytic action of G: for every x € G, t(x)(gH) = xgH. The following
result is proved in [105].

Theorem 56 There exists a G invariant measure dug,;g on G/ H if and only if we
have

|det Adg (h)| = |det Ady (h)

, VYheH,

where Adg is the adjoint representation for the group G.
Moreover this measure is unique up to a multiplicative constant and we have for
any continuous function f, with compact support in G,

[r@ausw=[ ([ remannm)aneuem.
G/H\JH
where diug and duy are left Haar measure suitably normalized.

In this book we have considered the three groups H,,, SU(2) and SU(1, 1) and
their related coherent states. In each case the isotropy subgroup H is isomorphic
to the unit circle U(1) and we have found the quotient spaces: H,,/U (1) = R*",
SUR)/U(1) =S, and SU(1,1)/U (1) = PS, with their canonical measure. Each
of these spaces is a symplectic space and can be seen as the phase space of classical
systems.

B.3 Representations of Lie Groups

The goal of this section is to recall some basic facts.

B.3.1 General Properties of Representations

G denotes an arbitrary connected Lie group, V1, V,, V are complex Hilbert spaces,
L(Vy, Vo) the space of linear continuous mapping from Vi into Vo, L(V) =
L(V,V), GL(V) the group of invertible mappings in £(V), U(V) the subgroup
of GL(V) of unitary mappings i.e. A € U(V) if and only if A~! = A*.

Definition 43 A representation of G in V is a group homomorphism R from G in
GL(V) such that (g, v) — R(g)v is continuous from G x V into V.
If R(g) e U(V) for every g € G the representation is said to be unitary.
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Definition 44 The subspace E C V is invariant by the representation Rif ﬁ(g)E c
E forevery g € G.

The representation R is irreducible in V if the only invariant closed subspaces of
V are {V, {0}}.

Definition 45 Two representations (1@ 1, V1) and (ﬁ2, V,) are equivalent if there
exists an invertible continuous linear map A : V| — V5 such that

R2(g)A=AR1(g), VgeG.

Irreducible representations are important in physics: they are associated to ele-
mentary particles (see [194]).

Let du be a left Haar measure on G. Consider the Hilbert space L*(G,d )
and define L(g) f(x) = f(g~'x) where g, x € G, f € L>*(G,du). L is a unitary
representation of G called the left regular representation.

The Schur lemma is an efficient tool to study irreducible dimensional represen-
tations.

Lemma 80 (Schur) Suppose Ry and R, are finite-dimensional irreducible repre-
sentations of G in Vi and V», respectively. Suppose that we have a linear mapping
A Vi — Va such that ARl (&)= Rz(g)A for every g € G. Then or A is bijective or
A=0.

In particular if Vi = Vo =V and Alé(g) = Ii’(g)Afor all g € G then A = A1 for
some ) € C.

Suppose that (I:’ , V) is a unitary representation in the Hilbert space H then it is
irreducible if and only if the only bounded linear operators A in V. commuting with
R (Alé(g) = Ié(g)AfOr every g € G)are A= A1, A eC.

A useful property of a representation R is its square integrability (see [93] for
details).

Definition 46 A vector v € V is said to be admissible if we have
A 2
/|(R(g)v,v)| dp(g) < +oo. (B.3)
G

The representation R is said square integrable if R is irreducible and there exists at
least one admissible vector v # 0.

If G is compact every irreducible representation is square integrable. The discrete
series of SU(1, 1) are square integrable (prove that 1 is admissible using the formula
(B.2) for the Haar measure on SU(1, 1)).

We have the following result due to Duflo-Moore and Carey (see [93] for a

proof).

Theorem 57 Let R be a square integrable representation in V. Then there exists a
unique self-adjoint positive operator C in V with a dense domain in V such that:
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(i) The set of admissible vectors is equal to the domain D(C).
(i) If v1, v2 are two admissible vectors and w1, wy € V then we have

fG (R(2)v2, wa)(R(g)v1, wi)dg = (Cvi, Cva)(wi, wa).  (B.A)
(iii) If G is unimodular then C = A1, A € R.

Remark 74 If G is unimodular coherent states can be defined as follows. We start
from an admissible vector vg € V, |lvg|l = 1 and an irreducible representation R
in V. Define the coherent state (or the analyzing wavelet) ¢, = Ié(g)vo. Then the
family {A’1/2g0g|g € G} is overcomplete in V:

A—I/G?gog,wlxsog,wz)du(g):(Wm eV,

where A = [, (R (g)vo, vo) > d1u(g).

B.3.2 The Compact Case

Representation theory for compact group is well known (for a concise presentation
see [129] or for more details [130]). Typical examples are SU(2) and SO(3) consid-
ered in Chap. 7. Here G is a compact Lie group. The main facts are the following:

1. Every finite-dimensional representation is equivalent to a unitary representation.

2. Every irreducible unitary representation of G is finite-dimensional and every uni-
tary representation of G is a direct sum of irreducible representations.

3. If R 1 1%2 are non equivalent irreducible finite representations of G on Vj and V;
then

/ (Ri(g)v1, wi)(Ra(g)v2, wa) =0, forall vy, wy € Vi, vo, wy € Va.
G

4. If R is an irreducible unitary representation of G, then we have

(dim V) /G (R(g)vi, w1 )(R(g)v2, wa) = (vr, va) (w1, wa),

for all vi, wy € V1, vy, wp € V;. (B.5)

5. (Peter—Weyl Theorem) If we denote by (IQ’;L, Vi), A € A, the set of all irre-
ducible representations of G and M}, .., (g) = (R, (g)v, w), then the linear space
spanned by {M) . w(g)|lg € G, v, w € V,} is dense in L%(G, du).
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B.3.3 The Non-compact Case

This case is much more difficult than the compact case and there are not yet a general
theory of irreducible unitary representations. The typical example is SU(1, 1) or
equivalently SL(2, R) considered in Chap. 8.

These groups have the following properties.

Definition 47 (i) A Lie group G is said reductive if G is a closed connected sub-
group of GL(n, R) or GL(n, C) stable under inverse conjugate transpose.

(i) A Lie G is said linear connected semi-simple if G is reductive with finite
center.

Proposition 144 [If G is a linear connected semi-simple group its Lie algebra g is
semi-simple.

It is known that a compact connected Lie group can be realized as a linear con-
nected reductive Lie group ([127], Theorem 1.15).

Let us consider the Lie algebra g of G. The differential of the mapping ®(A) =
A~1* at e =1 is denoted 6. We have #2 = 1 so 6 has two eigenvalues +1.

So we have the decomposition g = [ p where [ =ker(6 — 1) and p = ker(6 + 1).
Let K = {g € G|0g = g}. The following result is a generalization of the polar de-
composition for matrices or operators in Hilbert spaces.

Proposition 145 (Polar Cartan decomposition) If G is a linear connected reductive
group then K is a compact connected group and is a maximal compact subgroup
of G. Its Lie algebra is | and the map: (k, X) — kexp X is a diffeomorphism from
K xpontoG.

B.4 Coherent States According Gilmore—Perelomov

Here we describe a general setting for a theory of coherent states in a arbitrary Lie
group from the point of view of Perelomov (for more details see [155, 156]).

We start from an irreducible unitary representation R of the Lie group G in the
Hilbert space H. Let ¥ € H be a fixed unit vector (|||l = 1) and denote ¥, =
R (8)yo for any g € G. In quantum mechanics states in the Hilbert space H are
determined modulo a phase factor so we are mainly interested in the action of G
in the projective space P(#H) (space of complex lines in H). We denote by H the
isotropy group of ¥y in the projective space: H = {h € G|§(h)1/f0 =¢e/%4).

So the coherent states system {¢|g € G} is parametrized by the space G/H of
left coset in G modulo H: if 7 is the natural projection map: G — G/H. Choos-
ing for each x € G/H some g(x) € G we have, with x = 77(g), Yo = €@ y().
Moreover v, and ¢, define the same states if and only if 7 (g1) = ¥, := x; hence
we have ¥y, = e/ g () and Vg, = %29 (y).
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So for every x € G/H we have defined the state |x) = {ei‘)‘l//g} where x = 7 (g).
It is convenient to denote |x) = ¥g(r) and x(g) = ¥ (x). This parametrization of
coherent states by the quotient space G/ H has the following nice properties.

We have ¥, = ¢/?®)|x(g)) and 0(gh) = 60(g) +0(h) if g € G and h € H. The
action of G on the coherent state |x) satisfies

R(gn)lx) =@ g x), (B.6)

where g1.x denotes the natural action of G on G/H and B(g1,x) =0(g1g) —0(g)
where 7 (g) = x (8 depends only on x, not on g).
Computation of the scalar product of two coherent states gives

(x1]xz) = &/ @€N=0@D (0] R (g, 7" 2)10), (B.7)
where x; = x(g1) and x; = x(g2). Moreover if x; # x, we have [(x1|x2)| < 1 and
(g.x11g.x2) = &/ PET=PEXD () ). (B.8)

Concerning completeness we have

Proposition 146 Assume that the Haar measure on G induces a left-invariant mea-
sure du(x) on G/H (see Theorem 56) and that the following square integrability
condition is satisfied:

/ |(01x)|* dx < +o0. (B.9)
M
Then we have the resolution of identity:
1
E,/ (x|Y)xdpu(x) =y, V¢ eH, (B.10)
M

where d = fM |(0|x) |2 dx. Moreover we have the Plancherel identity
1 2
WW)ZE/ [(x[v) " dpu(x). (B.11)
M

Remark 75 (i) As we have seen in Chap. 2, using formula (B.10) and (B.11), we
can consider Wick quantization for symbols defined on M = G/H.

(i) When the square integrability condition (B.9) is not fulfilled (the Poincaré
group for example) there exists an extended definition of coherent states. This is
explained in [3].

Remark 76 When G is a compact semi-simple Lie group and Risa unitary irre-
ducible representation of G in a finite-dimensional Hilbert space  then it is possi-
ble to choose a state ¥ in H such that if H is the isotropy group of vy then G/H
is a Kéhler manifold (see [148]).

Some results concerning coherent states and quantization have also been obtained
for non-compact semi-simple Lie groups extending results already seen in Chap. 8
for SU(1, 1).






Appendix C
Berezin Quantization and Coherent States

We have seen in Chap. 2 that canonical coherent states are related with Wick and
Weyl quantization. Berezin [20] has given a general setting to quantize “classical
systems”.

Let us explain here very briefly the Berezin construction. Let M be a classical
phase space, i.e. a symplectic manifold with a Poisson bracket denoted {-, -}, and an
Hilbert space H. Assume that for a set of positive numbers 4, with 0 as limit point,
we have a linear mapping A +— Ay, where A isa smooth function on M and Ap isan
operator on H. The inverse mapping is denoted Si(Ap). In general it is difficult to
describe in detail the definition domain and the range of this quantization mapping.
Some example are considered in [187, 188].

Nevertheless for a quantization mapping, the two following conditions are re-
quired, to preserve Bohr’s correspondence condition (semi-classical limit):

Jim Sr(ApBr)(m) = A(m)B(m), VmeM, (C1)
;Limo %sﬁ([éh, Br])(m) = (A, BY(m), Vme M. (C2)

We have seen in Chap. 2 that these conditions are fulfilled for the Weyl quantiza-
tion of R?". In [20] the authors have considered the two dimensional sphere and
the pseudosphere (Lobachevskii plane). In these two examples the Planck constant
h is replaced by % where n is an integer parameter depending on the considered
representation. The semi-classical limit is the limit n — +o00. For the pseudosphere
n = 2k, where k is the Bargmann index.

In this section we shall explain some of Berezin’s ideas concerning quantization
on the pseudosphere and we shall prove that the Bohr correspondence principle is
satisfied using results taken from Chap. 8.

The same results could be proved for quantization of the sphere [20], using results
of Chap. 7.

Nowadays the quantization problem has been solved in much more general set-
tings, in particular for Kihler manifolds (the Poincaré disc ID or the Riemann sphere
§2 are examples of Kihler manifolds), where generalized coherent states are still
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present. This domain is still very active and is named Geometric Quantization;
its study is outside the scope of this book (see the book [201] and the recent re-
view [173].

We have defined before the coherent states family v, ¢ € D, for the representa-
tions D; of the group SU(1, 1) which is a symmetry group for the Poincaré disc D.
Recall that {y/; };ep is an overcomplete system in H,(ID); hence the map ¢ > ot
where ¢ (z) = (¥, @), is an isometry from #,, (D) into L2 (D).

Let A be a bounded operator in H,, (D). Its covariant symbol A.(z, w) is defined
as

(W2, Ayry)
Vo V)

It is a holomorphic extension in (z, w) of the usual covariant symbol A.(z, 7). More-
over, the operator A is uniquely determined by its covariant symbol and we have

Ac(z, w) =

Ag(z) =/DAC(Z, W)@ (W) (Y2, Yw) dvy (w). (C.1

From (C.1) we get a formula for the covariant symbol product of the product of
two operators A B.1f (AB). denotes the covariant symbol of AB then we have the
formula

(AB)(z,7) = /D Ac(z, ) Be(w, D) | (W2, Yu) | dva(w). (C2)

From our previous computations (Chap. 8) we have

—|z» (1 - |w|2>>"

1 —zw]|?

1
| (W ¥) | = <(

We have to consider the following operator:

C2V(T — 123\ 7
F(w,u'))<(1 lz19)(1 — |w| )) dp(w)
D

11— zw]2

_ n
ToF(z,2) = yy

for F bounded in D and C2-smooth.

Proposition 147 We have the following asymptotic expansion, for n — +00:

1 2 3°F

— _ n
ﬂF(Z,z)ZF(z,z)(l—m)+;(1—|z| ) W(Z ,2). (C.3)

Proof Using invariance by isometries of ) we show that it is enough to prove for-
mula (C.3) for z =

Let us consider the change of variable w = 1 =
then we get 7, F(z,7) = 7,G(0, 0). A direct computatlon gives

= F(w, w);
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3°G 2 0%F
= 20,00 = (1—12z])’ —=(z,2) = AF(z; 7),
YT (0,0) = (1 — |zZ]) 5295 @ 9 (z;2)

where A is the Laplace-Beltrami operator on ID. So we have proved (C.3) for any z
if it is proved for z = 0.

To prove (C.3) for z = 0 we use the real Laplace method for asymptotic expan-
sion of integrals (see Sect. A.4).

We write

-1 2 1 ) )
7, F(0,0) = ”T f do / dr F(re', re™0)re= (=200, (C.4)
0 0

where ¢ (r) = log((1 —r*)~1).

Note that ¢ (r) > 0 for r €]0, 1] and ¢(0) = 1. So we can apply the Laplace
method (see Sect. A.4 for a precise statement) to estimate (C.4) with the large
parameter A = n — 2. Modulo an exponentially small term it is enough to inte-
grate over r in [0 1/2]. Using the change of variable ¢ (r) = s2, s > 0, we have

ris)=+v'1 e=s% and
n—1 2 c )
T.F(0,0) = T/ d@/ ds e_’\SK(r(s))se_S + O(A_OO),
0 0

where K (r) = F(re!?, re™1%). Now to get the result we have to compute the asymp-
totic expansion at s = 0 for L(s) = K(r (s))se_sz. Note that L(s) is periodic in 0
and we have to consider only the part of the expansion independent in 6. If Lo(s) is
this part, we get after computation

2 (n 2 (n 0707

and formula (C.4) follows. U

n—1 n—1 3’F 1

It is not difficult, using Proposition 147, to check the correspondence principle
(C1) and (C2).

We get (C1) by applying the Proposition to Fap(w, w) = Ac(z, w)B:(w, 7). So
we have

(AB)c(2,2) =Ta(z, 2) e Ac(@:2)Be (2. 2).

For (C2) we write

Fap(z,2) = Ac(z, 2) Be(, 2)<1 - ﬁ)

+%(l—|z|2)2<

g, z)) + 0(%)
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So we get

0A., _ 0B, _
n(Fap(z.2) — Fga(z.2) = (1 - [z?)* = @D @)

3A, 3B, 1
- @z )—(@+0[-)
9z 0z n

But we know that F4p — Fp4 is the covariant symbol of the commutator [A, é] and
the Poisson bracket {A, B} is

PE (z z))
So we get (C2).

We have seen that the linear symplectic maps and the metaplectic transformations
are connected with quantization of the Euclidean space R?". Here symplectic trans-
formations are replaced by transformations in the group SU(1, 1) and metaplectic
transformations by the representations g +— I%(g) =D, (g). Then we have

Qz)

{A,B)(z,D) =i(l - |z|2)2<

Proposition 148
(i) For any bounded operator A in Hu (D) the covariant symbol Ag of I%(g)AA X
R(9)~"is
Ag()=Ac(g™'¢.87 %), (C5)
(ii) The covariant symbol R(g). ofié(g) is given by the formula

; 1—¢)?
R(2), — ein arg(ﬂt+l3§)< _ ) C.6
(8)c(g)=¢ %1 At —pr —alP (C.6)

whereg—(ﬁﬂ)

Proof (i) is a direct consequence of definition of D, (g) and computations of
Chap. 8.
For (ii) using formula (8.74) of Chap. 8 in complex variables we get, after com-

putation,
(ot Bz )" 1-I¢f? )
<1/’¢"/’g‘f>_<|a+ﬂz|> <&+B5—ﬁc—a|;|2

which gives (C.6). ]
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